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PREFACE 

This tutorial provides an introduction to the determination of mechanical properties 

of biological membranes and methods of analysis useful in their interpretation. These 

methods are based on fundamentals-of continuum mechanics, thermodynamics, and 
mechanics of thin shells. The displacements and material deformations involved are 

often quite large; therefore, finite deformation theory is required. The molecular struc- 

ture of biological membranes is distinctly anisotropic. Consequently, the approach 

taken here considers a membrane to be a continuous, two-dimensional material made 

up of a strata of molecular layers. Treatment of the membrane as a two-dimensional, 

Or surface, continuum implicitly integrates over the molecular discontinuity in the 
membrane thickness dimension. The result is that properties are defined for the mem- 
brane as a surface composite material. 

We give a brief personal perspective of the field of biomembrane mechanics. Most 

of the applications that are discussed have been developed only in the last few years. 

We establish first the more classical aspects of the analysis of surface deformation, 

rate of deformation, and mechanical equilibrium of a thin membrane material. Then, 

we derive elastic constitutive equations from thermodynamics of the membrane; these 
equations include surface elasticity (area compressibility and surface shear) and cur- 

vature, or bending, elasticity for multilayered membranes plus chemically induced cur- 

vature changes. Next, we demonstrate that thermoelasticity provides the decomposi- 

tion of reversible mechanical work into internal energies and heats of deformation. 

We follow the aspects of reversible membrane deformation with a phenomenological 
treatment of irreversible processes that occur for different regimes of material behav- 

ior. These are abstractly represented by viscoelastic solid, semisolid relaxation and 

creep, and viscoplastic flow relations. Finally, we outline several contemporary exper- 

iments on biomembranes and demonstrate the previously developed methodology 

through the analysis of these experiments. 

This article is intended primarily for engineering and physical scientists who are 

interested in the physical behavior and structure of biological membranes. It is hoped 
that the presentation will also be of interest to biologists, physiologists, and medical 

scientists for whom the mathematics and mechanics involved may be less familiar, but 

who are interested in the physical properties of biological membranes. For this reason, 

the treatment has been given in a detailed manner, without presupposing a knowledge 

of tensor theory. 

This manuscript grew out of mutual research interests related particularly to the 
mechanical behavior of red blood cells and amphiphilic layer systems. We feel that a 

documented account of the modest degree of understanding which has been achieved 

will be useful to a wide variety of research workers. We hope that it may help to 

develop further the complementation of biological membrane sciences, as developed 
through the perspectives of anatomy, biochemistry, physiology, engineering, physics, 

and mathematics. The ultimate goal is to relate material behavior to biological function 
and molecular organization of membranes. 

The account would not have been possible without the collaboration and encourage- 
ment of many teachers, colleagues and collaborators. Professor Y. C. Fung and Dr. 
Shu Chien have been especially important and helpful in lending guidance and support 
in many ways. Two particularly close and essential collaborators, Professor R. M. 
Hochmuth and Dr. P. LaCelle, have contributed significantly to progress in the field 
of red cell membrane mechanics and to the development of this manuscript. Many 
students have been instrumental in the research developments, particularly Dr. R. 

Waugh, Dr. R. P. Zarda, and Dr. A. Tézerin. The editorial assistance of Karen Bux- 
baum and helpful comments of Dr. S. Horan have been greatly appreciated, along



with the participation of students at Duke University who have experienced most of 

this manuscript in classroom tectures. We thank Ellen Ray for her steady support 

throughout the typing of the manuscript. We also gratefully acknowledge the research 

support received over these past years from the National Institutes of Health, the Na- 

tional Science Foundation, and the American Heart Association. 

The subject of biological membranes is a frontier of exploration of life processes 

and this account is necessarily fragmentary at this time. However, we hope that the 

assembly of the elements of the theoretical foundations and experimental studies pre- 
sented here on biological membranes will serve to accelerate future developments. 

E. A. Evans 

R. Skalak 

September 8, 1978
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SECTION I 

1.1 Introduction 

Experiments aimed at the determination of mechanical properties of biological mem- 

branes were begun in the 1930s using sea urchin eggs (Cole, 1932)° and subsequently, 

nucleated red blood cells (Norris, 1939).° These early experimentalists concluded that 

the typical cell membrane is a composite material made up of two molecular layers of 

lipids plus additional materials presumed to be proteins (Seifriz, 1926; Norris, 

1939).*-79 This general picture of the cell membrane ultrastructure has been confirmed 

and refined in recent years by advances in electron microscopy, biochemistry, and 

other sciences. Singer and Nicolson (1972)* examined the available evidence and pre- 

sented the conceptual view that the cell membrane is a fluid mosaic in which the mo- 

bility of the molecules comprising the membrane is restricted to the plane of the mem- 

brane. Such a fluid mosaic would-behave as a two-dimensional fluid layer. However, 

experiments also showed that cell membranes exhibit solid properties to some extent, 

e.g., elasticity. Since the lipids are in a fluid state, solid characteristics of the membrane 

must be attributed to connections of proteins and other molecules associated with the 

membrane (Evans and Hochmuth, 1977).7 A schematic view of this type of material 

structure is illustrated for a red blood cell membrane composite in Figure 1.1. This 
figure idealizes the work of Marchesi et al. (1969, 1970),57-5* which indicated that a 

protein called spectrin lies on the cytoplasmic face of the red blood cell membrane. 

The fluid mosaic model, therefore, was expanded to include the spectrin network 

(Steck, 1974; Singer, 1974).°?-86 In Figure 1.1, the spectrin network is shown as provid- 

ing structural rigidity and support for the fluid component of the membrane and is 

often referred to as a ‘‘cytoskeleton.’’ Biochemists are currently studying the associa- 

tion of the spectrin network with the outer lipid and protein mixture (Bennett and 

Branton, !977).? In cells which are more complex than the red blood cell, a variety of 

additional structures may exist in association with the cell membrane, e.g., connective 

tissue, cytoplasmic elements, microtubules, etc. These can also provide structural rig- 

idity and even active deformation. An example of a complicated membrane structure 

is that of the sea urchin egg. The sea urchin egg has a cortical layer on the order of 3 

um thick adjacent to the plasma membrane (Hiramoto, 1970),*? and the surface of the 

membrane is formed into small studded projections (microvilli), which create a carpet- 

like appearance. 

The anisotropic or lamellar configuration of thin membrane structures is peculiar 

to the preferential assembly of amphiphilic molecules (e.g., lipids, proteins, etc.) into 

multicomponent mixtures. Strongly anisotropic chemical behavior of an encapsulating 

membrane surface is evidenced by the very slow rate of exchange of membrane mole- 

cules with the adjacent aqueous phases. Consequently, the encapsulating membrane 

of a biological cell or artificial lipid vesicle behaves as a closed system with fixed mass 

for short periods of time (less than the order of hours). Thus, mechanical experiments 

can be used to probe the intact structure of the membrane; these experiments do work 

on the membrane material for limited time periods. Essentially all membrane mechan- 

ical studies related to cells have been done on red blood cells, amphiphilic monolayer 

and bilayers systems, and sea urchin eggs. Because of the relatively distinct separation 

of the membrane complex from cytoplasm and other neighboring media, red blood 

cell membranes and amphiphilic layer systems have been the most popular choices for 

use in physical experiments where the desire is to relate material structure of the mem- 

brane to its composition of lipids and proteins. Most of our examples will involve 

mechanical experiments on red cell membranes and amphiphilic layer systems, empha- 

sizing the relationship between material properties and molecular structure; however, 

the general development and methods can be applied to more complicated membranes.
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FIGURE 1.1. An idealized view of the red blood cell membrane composite. (The underneath 

spectrin network provides structural rigidity and support for the fluid lipid-protein layer of the 

membrane.) 

Mechanical properties characterize the structure of the membrane as a continuum. 

In other words, the scale in time and space over which these properties are measured 

must include a sufficient number of molecules such that the fluctuations due to the 

behavior of individual molecules are small. For a biological membrane, the material 

can only be considered as a continuum in the two dimensions, which describe the mem- 

brane surface. In the third dimension, thickness, the membrane exhibits molecular 

structure and discontinuity that preclude treatment as a continuous material in this 

direction. Consequently, membranes are appropriately represented as two-dimensional 

continua, with possible isotropy in the surface plane.* The fluctuation in a surface 

property is inversely proportional to the square root of the number of molecules con- 

sidered within the scale of the continuum. Therefore, if a macromolecule occupies 100 

A? of the membrane surface, then the surface scale would have to be on the order of 

0.1 pm or greater to limit the fluctuation to less than 1%. Consequently, surface prop- 

erties represent the effects integrated over the composite molecular structure in the 

thickness dimension and over ascale of fractions of a micrometer in the surface. 

Although knowledge of the ultrastructure of cell membranes may suggest theoretical 

models, definitive evidence of membrane mechanical] structure is provided only by di- 

rect experimental measurement. Concepiually, deformation is produced by applied 

force; then the deformation is related to the force as a function of time. These results 

are interpreted in tcrms of intrinsic propertics such as clastic moduli and coefficients 

of viscosity. In practice, the small scale of the cell membrane makes the measurement 

of forces and membrane geometry extremely difficult and imprecise. Consequently, 

progress in membrane mechanics has not come easily. Developments in the field of 

red cell membrane mechanics provide insight into the difficulties that are encountered. 

This history shows that the determination of intrinsic mechanical properties is not a 

simple application of a mathematical formulism to the analysis of an experiment. On 

the contrary, considerable biophysical insight and creative thought are essential. The 

* Surface isotropy means that the material properties do not depend on the orientation of surface coordi- 

nates chosen at a specific location; however, properties may be nonuniform, i.e., depend on surface 

location.



following discussion gives some highlights and nucleating steps in the evolution of red 

cell membrane mechanics and thermodynamics. In Section V, we will describe and 

analyze many of the experiments referred to in this discussion. 

The first estimates of an elastic modulus for the red blood cell membrane (Katchal- 

sky et al., 1960)*” were based‘on osmotic swelling experiments in which the transmem- 

brane pressure had to be derived from the equations of chemical equilibrium. Based 

on these experiments and Igter on micropipet suction experiments (Rand and Burton, 

1964; Rand, 1964),’°-7* the estimates of the so-called Young’s elastic modulus of human 

red blood celis were on the order of 10° dyn/cm?. These results also involved an esti- 

mate of the membrane thickness, which was assumed to be on the order of 10™* cm, 

but could not be accurately determined. This particular difficulty arose because the 

investigators (Katchalsky et al; Rand and Burton)*’-”' treated the membrane material 

as continuous in the thickness dimension. Such approaches give elastic constants in 

stress units of force per unit cross-sectional area (dyn/cm’). However, as we have em- 

phasized from the outset, biological membranes are essentially continuous materials 

only in the two dimensions of the surface. Hence, for a membrane, the surface elastic 

constants have units of force per unit length (dyn/cm). In these terms, the elastic mod- 

ulus obtained in the early experiments would be directly equal to the product of the 

Young’s modulus times the thickness. Therefore, the surface elastic modulus based on 
the experiments of Katchalsky et al. (1960)*” and Rand and Burton (1964)’' would be 

on the order of 10? dyn/cm. On the other hand, Rand and Burton (1964)’' also esti- 

mated the red blood cell membrane stiffness to be only on the order of 10°? dyn/cm 

when the membrane was not forced to assume a spherical shape. The same low order 

of magnitude was obtained by Hochmuth and Mohandas (1972)** from experiments 

on red blood cells attached to glass and extended by the fluid shear stress of a con- 

trolled flow over the cells. The apparent variation of the elastic modulus of the red 

blood cell membrane by several orders of magnitude in different tests was a result of 

oversimplification of the analyses. The situation was remedied by recognizing that dif- 

ferent material properties were being measured in each experiment, as will be explained 

below. : 

Fung (1966)?? discussed the mechanical equilibrium and deformation of red blood 

cell membranes as a problem in the theory of thin shells. He pointed out that the 

effects of bending are likely to be smail and that the red blood cell could change shape 

only to a limited extent without some stretch of the membrane surface. His discussion 

was based on the extensive developments of the classical theories of thin shells (see, 

for example, Flugge, 1973)7* and differential geometry (see Struik, 1961).°? In shell 

theory, small deformations and three dimensionally isotropic material properties are 

usually assumed. Removing the first restriction, Fung and Tong (1968)*! introduced 

large deformation theory into an analysis of the osmotic sphering of red blood cells. 

However, even with the proper equations of large deformation and equilibrium, the 

results did not correlate with experimental results. The assumption of a three-dimen- 

sionally isotropic material was not an appropriate description of red cell membrane 
material structure. 

The resolution of the widely different estimates of the red blood cell membrane 

elastic moduli was accomplished when the restrictions imposed on membrane behavior 

by its ultrastructure were recognized. A membrane such as shown in Figure 1.1 is 

highly anisotropic. It can be isotropic with respect to directions in the plane of the 

membrane but has a discontinuous, molecular structure in the membrane thickness 

direction. Further, experiments showed that it is difficult to increase the surface area 

and that area increases of a few percent resulted in rupture (Rand, 1964: Evans and 

Fung, 1972; and Chien et al., 1973).*-**-7! On the other hand, large extensions were 

readily achieved at constant area (Hochmuth and Mohandas, 1972).*? These observa-
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tions and the apparently conflicting moduli were resolved by the introduction of elastic 

constitutive equations which separated the effects of changes in area from extensional 

deformations at constant area (Skalak et al., 1973: Evans, 1973).'5*5 These models 

suggested that the large moduli deduced from sphering experiments were associated 

with the large resistance to changes in membrane area. The small forces needed to 

sireich flaccid, unswollen cells were attributable to a smafi elastic modulus for mem- 

brane extension or shear deformation at constant area. Recent experiments and anal- 

yses have confirmed this view (Evans, 1973; Hochmuth et al., 1973; Evans and La- 
Celle, 1975; Evans et al., 1976; Evans and Waugh, 1977; Waugh, 1977; Waugh and | 

Evans, 1978), '%:224.25.27.44.91.93 The representation is something like a two-dimensional 

analog of rubber. Rubber greatly resists volume changes as indicated by its large vol- 

umetric compressibility modulus, but is capable of very large extensions at nearly con- 

stant volume due to its comparatively low shear modulus. However, rubber in the form 

of a thin sheet is very different from biological membranes because the surface area 

of rubber sheet can be easily increased with commensurate decrease in thickness (see 

Green and Adkins, 1970).75 

Another important aspect of the behavior of biological membranes, which is differ- 

ent from that of macroscopic isotropic materials, is the strong effects of the chemical 

environment on the shape and properties of cell membranes. In the case of the red 

blood cell, a range of shapes is observed, including the normal biconcave shape (dis- 

cocyte), cup shape (stomatocyte), tightly crenated spherical shape (echinocyte), and 

many other variations which depend on the chemical environment surrounding the 

cell. Reversible changes of red blood cell shape were first described by Hamburger in 

1895.°° In the 1930s, Ponder (1971) accumulated a vast amount of information on 

the multiplicity of agents and conditions which induce these transformations. Exten- 

sive observations of the specific chemical agents and the shapes that they produce have 

been assembled by Bessis (1973).? 

The biconcave disk shape of red: blood cells is considered the normal or natural state 

because it is commonly observed under normal conditions in blood samples from 
healthy individuals. In addition, micropipet experiments and theoretical considerations 

indicate that the membrane is unstressed or at very low stress levels in the biconcave 

state. The pressures inside and outside of the cell cannot be appreciably different in 

the biconcave state (Fung, 1966).?? The extraordinary symmetry and smoothness of 

the normal red cell discocyte have stimulated a great deal of interest, study, and spec- 

ulation. The normal red cell has a surface area which is about 40% in excess of that 

required to enclose a sphere of the same volume as the cell. If one imagines the red 
blood cell being formed by collapsing a larger sphere or by inflating a flat double sheet 

of membrane material, it is evident that considerable bending or curvature alterations 

of the membrane must take place. Such ideas led Canham (1970) and Lew (1972)** to 

postulate that the discocyte was a configuration of minimum bending energy. Com- 

putations based on this concept have also been carried out by Zarda (1974),”’ using 

realistic moduli for the membrane properties. The computations show that the bicon- 

cave discocyte could in fact be produced by partial deflation of an unstressed sphere 
and that only a small negative pressure would be required to maintain the shape. How- 

ever, the process of formation of mature red blood cells in vivo is not a simple deflation 

of a sphere (Bessis, 1973).* The red cell experiences a complicated history of dynamic 

shear stresses in the circulation. Consequently, the biconcave shape must be regarded 

only as a reference geometry, not to be confused with the intrinsic material structure. 

As Fung (1966)?” pointed out, bending effects are often negligible compared to the 

effects of membrane force resultants (tensions) in large deformations of red blood 

celis. This is indeed the case in micropipet experiments and large deformations pro- 

duced by fluid shear. However, as Fung also noted, many situations arise in which



tensions are small, and bending moments are essential to maintain the stability of the 

observed shapes. An example is the series of shape changes of the red blood cell during 

intermediate states of osmotic swelling before the spherical state is reached (Zarda, 

1974; Zarda et al., 1977).9:?°" The bending energy and intrinsic rigidity of bilayer mem- 

branes have been related to the physical properties of the component monolayers by 

Evans (1974)'” and discussed by Evans and Hochmuth (1978)? for multilayer mem- 

branes. In addition, it was shown that alterations in chemical equilibrium of one or 

more of the layers could induce bending moments and changes in curvature of the 

membrane as a whole. Similar ideas led Helfrich (1973, 1974)>’-3* and Dueling et al. 

(1974)'3* to postulate the existence of a ‘‘curvature elastic energy’’ which is similar to 

bending energy in shell theory. Chemically induced changes in curvature correspond 

to changes in the ‘‘spontaneous curvature’’ introduced by Helfrich (1973).°’ This spon- 

taneous curvature may be regarded jas the curvature which specifies the minimum en- 

ergy configuration of any portion of a membrane. 

Quantitative correlation of material behavior with membrane chemistry is provided 

through thermodynamics. Ideally, this would be carried out in a calorimeter that would 

measure the heat exchange from the membrane when deformed by external forces. 

Since it is impossible to construct a calorimeter to measure the heat exchange that 
occurs during micromechanical experiments on cell membranes, the thermoelastic be- 
havior of red cells is being used to deduce the relative changes in internal energy and 

heat content that are produced by membrane deformation (Evans and Waugh, 1978).*° 

This is possible because the elastic properties of a closed membrane system are associ- 
ated with reversible thermodynamic changes in the membrane that are produced by 

deformation. The elastic coefficients are derivatives of the free energy density at con- 

stant temperature (work per unit area of the membrane) taken with respect to intensive 

deformation, i.e., change in surface density and in-plane extension at constant surface 

density (Evans and Waugh, 1977; Evans and Hochmuth, 1978).*?7+ Temperature-de- 

pendent mechanical experiments provide data for decomposition.of membrane ther- 

modynamic potential changes into internal energy and configurational entropy contri- 

butions (Evans:and Waugh, 1977; Evans and Waugh, 1978).74-?* Comparison of well- 

defined chemical systems {i.e., vesicles made of specific combinations of lipids, pro- 

teins, etc.) with ‘composite, cell membrane systems gives quantitative data on the chem- 

ical state of the composite or natural membrane ‘‘mixture’’. For example, we can 

determine whether the configurational state of molecular complexes is more or less 

ordered by the deformation and whether the energy of these complexes is appreciably 

changed by the deformation. For a biological membrane or amphiphilic layer system, 

thermoelasticity’ can provide a direct assessment of thermal repulsive forces and natural 

cohesive forces in the membrane or layer. 

The time-dependent deformation of biological membranes under applied forces has 

also been explored to some extent. This dissipative behavior is represented by visco- 

elastic and visdoplastic models for membrane rheology. Viscoelastic models for red 

cell lysis were proposed by Katchalsky et al. (1960)’’ and Rand (1964).”° However, the 

unusually large viscosities derived from their osmotic lysis and micropipet experiments 

(surface viscosities in the range of 10 to 1000 dyn-sec/cm) do not represent a viscous 

flow process. On the contrary, the results are derived from the temporal dependence 

of the lytic phenomenon itself, without any perceptable rate of deformation of the 

surface. Viscoelastic recovery of red blood cells was observed by Hoeber and Hoch- 

muth (1970)** in red cells expelled suddenly from micropipets. The time constants in- 

volved were on the order of 0.1 sec. This measurement has been combined with known 

elastic properties and a proposed viscoelastic model to estimate that the surface shear 

viscosity for the.red blood cell membrane is on the order of 107? dyn-sec/cm (Evans 

and Hochmuth, 1976; Waugh and Evans, 1976).'”°* Recently, viscoelastic recovery of 
£
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red cell extensional deformation has corroborated the earlier estimate (Hochmuth et 

al., 1978).** Irrecoverabie deformations of red‘blood cell membranes have been stud- 

ied, e.g., plastic behavior produced by membrane shear forces that exceed yield (Evans 

and Hochmuth, 1976)?° and the time-dependent relaxation from solid to plastic behav- 

ior (Evans and LaCelle, 1975).??* However, these phenomena are complex, and the 

data only represent an initial stage of investigation. 

The historical notes above have focused on experiments and theoretical develop- 

ments connected with red celi membranes. This ts because many of the advances and 

the motivation for the membrane experiments originated in studies of blood rheology. 

However, the basic mathematical descriptions and the physical concepts employed are 

applicable to other cell membranes and macroscopic biological membranes as well. 

With regard to the relation of membrane properties to the gross rheology of blood, 

there are several recent reviews which summarize the information and theories (Chien 

et al., 1973 and 1975; Goldsmith and Skalak, 1975}.*:*4 On the other hand, an entirely 

separate development has taken place in the study of the membrane-cortex complex 

of sea urchin eggs. Even though membrane mechanics has its roots in the early exper- 

iments of Cole (1932)” on sea urchin eggs, the recent work on red cell membranes and 

amphiphilic layer systems has proceeded independently of the investigations on the sea 
urchin egg. Nevertheless, extensive mechanical studies have been underway on the sea 

urchin egg. Several notable early references include the works of Mitchison and Swann 
(1954),*' who developed a micropipet aspiration technique, followed by Hiramoto 

(1963)*' and Yoneda (1964),°* both of whom used the compression of the egg between 

two plates as an experimenta! method (originally developed by Cole). Even osmotic 

swelling was used to investigate the mechanical properties (Mela, 1967).°° Excellent 

articles have appeared in recent years by Hiramoto (1970) and Yoneda (1972),”’ which 

give insight into the interests and approaches of investigators in this field. Hiramoto 

(1970) describes an innovative experiment utilizing a small magnetic particle to test 

the mechanical properties of different cellular components, including the membrane 

cortex. The most significant aspect of the membrane cortex of the sea urchin egg (other 

than its obvious complexity) is the dynamic changes which occur in its properties as a 

result of the life processes of the cell, i.e., from fertilization through subsequent divi- 

sion. As outsiders to this field, we cannot presume to contribute significantly to the 

efforts currently in progress on the biomechanics of sea urchin egg membranes; how- 

ever, we hope to suggest an approach to the development of membrane constitutive 

relations which can be of use to scientists interested in complicated membranes like 

that of the sea urchin egg. We will make this suggestion in the form of examples in 

Section V, where we wil! analyze a sea urchin egg compression experiment and present 

a simple model for the magnetic particle experiment of Hiramoto (1970).*” 

SECTION H 

2.1 Intensive Membrane Deformation and Rate of Deformation 

Experimentally, the determination of material properties of biological membranes 

(e.g., elastic moduli and viscosity coefficients) involves applying prescribed forces and 

observing the resulting change in shape of the membrane and the lime rate of change 

of membrane conformation. As we discussed in the introduction, cel! membrane ma- 

terials can only be treated as continuous media in the two dimensions that characterize 

the surface. Usually, the radii of curvature which describe the cellular envelope are 

much larger than the thickness of the membrane structure. Consequently, the mem- 

brane can be considered to be a thin surface material (as its name implies). Both defor- 

mation and rate of deformation are quantitatively analyzed in terms of alterations in 

wee
, 

—
 
—
-
.



  

    
gf 

FIGURE 2.1. A conceptual view of the membrane surface as a mosaic of small 

elements. Although the entire surface may undulate in space, each element of mem- 

brane is sufficiently small that we may consider it approximately flat. 

the surface geometry of the encapsulating membrane. For this purpose, we concep- 

tualize the surface as a mosaic of differential elements that are sufficiently small to be 

approximately ‘‘flat’” when compared to the overall terrain of the surface (see Figure 

2.1). The coordinates are considered locally flat, but may traverse ridges and valleys 

of the surface like roads in the countryside, becoming curvilinear coordinates in gen- 

eral. The relative displacement in time of the material points in each small element 

specifies the intrinsic deformation of the surface, and the time rate of change specifies 

the rate of deformation. We will show that the intrinsic deformation of surface mate- 

rial elements can be represented by a sequence of geometric alterations: a dilation or 

condensation of surface area followed by extension of the surface element at constant 

area. Similarly, the rate of deformation of the surface can be decomposed into the 
fractional rate of area change and the fractional rate of extension at constant area. 

Most membrane materials are essentially laminatéd structures. Since the distance 

between layers are of the order of molecular dimensions (much smaller than the scale
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of the membrane continuum and radii of curvature), each layer experiences nearly the 

same surface deformation and rate of deformation. However, deviations from the 

mean membrane surface deformation are produced within the layers of the surface 
composite by changes of curvature. The small variations are determined by the inter- 

layer distances and changes in curvatures. We will consider these effects in Section IV 

when we investigate curvature elastic phenomena. 

2.2 Deformation 

The instantaneous position, Po, of a single element of the surface mosaic is specified - 

by its cartesian coordinates (&,, €., €;) in space. There are two orthogonal axes, x, and 

x2, that form a plane tangent to the surface at the point, Py. Positions in the tangent 

plane are given by independent coordinates that are functions of the coordinates in 

space, 

Xj = xi(E, 5 Ea, E5) (2.2.1) 

Here, the index subscript, i, is used to catalog the two tangent plane coordinates (x,, 

X2). Equation 2.2.] represents two independent functions, one for each plane coordi- 

nate. For the simple case of an infinite plane, the tangent plane coordinates may be 

identified with the spatial coordinates (é,, .). However, at a specific point, Pn, ona 

curved surface, only a small region local to the point can be treated as coincident with 

the tangent plane. In this differential region around Po, the axes, x, and x2, provide 

orthogonal bases for determining the locations of neighboring points such as P, in 

Figure 2.1. Therefore, in the elemental region surrounding Po, any other point, say 

P., is specified by the infinitesimal cartesian coordinates (dx,, dx2). The scalar distance 

between P, and Px is given by ds, 

ds = Wdx,? +dx,? . (2.2.2) 

Since ds is the measure of distance between local points on the surface, changes in ds 

will specify the intrinsic deformation of the surface continuum local to P» and subse- 

quently over the whole surface. This measure or surface ‘‘ruler’’, Equation 2.2.2, can 

be written in a quadratic form called a metric, 

ds? = dx,* +dx,?= dx, dx, (2.2.3) 

Here, the repeated subscript is an implicit rule for product summation, 

2 

dx, dx, = = dx, dx, = dx, dx, “+ dx, dx, 

k= 1 

(This shorthand summation convention will be employed throughout the manuscript. 

It is important to recognize that the scalar quantity, ds?, is independent of the sub- 

script, k, and that such ‘‘dummy”’ indices should not be confused with independent 

subscripts that label individual quantities as in Equation 2.2.1.) 

Because deformation is determined by changes in the distance between points, we 

will introduce a reference state called the initial state. In the initial state, locations in 

a plane tangent to the surface at P, are defined by coordinates, a;. These are functions 

of the spatial coordinates as well, 

ay = ale, »£,,&3) (2.2.4) 

—
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The initial distance between local points, P, and P,, in the differential surface element 

is obtained in an analogous manner to Equation 2.2.2 by assuming again that the da; 

are infinitesimal cartesian coordinates, 

ds, = da, ? + da? 

The initial metric is given by the sum, 

ds,? = da, da, (2.2.5) 

The difference between the two metrics, Equations 2.2.3 and 2.2.5, gives the change 

in length of the line segment (P, P,) as the surface deforms from the initial to the 

instantaneous state. Specifying such changes for all points in the neighborhood of P, 

determines the total deformation in the tangent plane at Po. This is the local deforma- 

tion in the domain of a point on thé’surface. In such a manner, deformation is defined 
intensively, and the degree of deformation will be quantified by a set of functions that 

are continuous over the entire surface envelope, i.e., from point to point. 

The instantaneous and initial surface coordinates are assumed to be analytically re- 

lated in the vicinity of the point, Po, because the surface is considered to be a two- 

dimensional continuum. This means that a functional relationship exists between the 

two sets of tangent plane positions: 

Xj = X;(@,,a,) 

and, 

a = a(x,,x,) 

Consequently, in the elemental region close to Po, locations (differential coordinates) 

of neighboring surface points are simply related by the chain rule of differentiation: 

first, the instantaneous location in the deformed state is related to the initial location 

by 

  

    

    

Ox; 

dx; = da; 

0a; (2.2.6) 

or in full, 

ax, ax, 
dx, = da, + da, 

da, 3a, 

ax, ax 
dx, = da, + da, 

da, a, 

and second, the initial location in the undeformed state is related to the instantaneous 
location by 

0a; 
da; = — dx; 

8X; (2.2.7) 

The initial and instantaneous metrics may be expressed using Equations 2.2.6 and 

2.2.7 as linear transformations for the differential coordinates,
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ax ax 

ds? = —* da. da, 
da; aaj J (2.2.8) 

dap day 

W5°= Fx, Fx (2.2.9) 

Each differential in the original products must be expanded by the chain rule, where 

the summation of repeated subscripts is over (1,2). (Note: the commutation of alge- 

braic functions has been employed in Equations 2.2.8 and 2.2.9 , c.z., 

ax ax Ox, Ox 
ds? ={—* da) (—* daJ=2—* — aa, aa, 

aa; ga; fay ay 7 

The difference between the two metrics may be expressed in terms of the initial and 

the instantaneous surface coordinates, 

      

  

d * 2 aX, aX, d 

s° — ds,* = —_— - Si a; da; 
0a; aa; (2.2.10) 

da da 
ds? —ds,? = bi; ~ kK _K dxidx; 

OX; ax; (2.2.11) j 

where the identity matrix or Kronecker delta, 6,,, has been introduced. (It is defined 

by 6; = 0 fori # j and d,, = 1 fori = j.) Equations 2.2.10 and 2.2.11 suggest the 

definition of strain components, €,; and é,,, 

ds? — ds? = 26; da; da, 

ds? -- ds,? = 2e;; dx; dx; 

  

where 

Ox, Ox 
te. sul kK Wk — . 

ej = 4 (= 3a; | (2.2.12) 

da: da 
. = I . = _k ok = (5 Ix; =) (2.2.13) 

£;, is called the Green’s strain tensor or material strain. e,, is called the Almansi strain 

tensor or spatial strain tensor (Prager, 1961).°° The strain components quantitatively 

determine the deformation Jocal to Py. They are four in number for the surface and 

may be written as a matrix. The strain matrix is always symmetric. The strain compo- 

nents are a way of cataloging the partial derivatives that represent the deformation. 

The relative changes in clemeni dimensions may be related to the strain components 

most conveniently from a particular perspective called the ‘‘principal axes system’’. 

This perspective can always be selected by rotation of the axes about Pu. As will be shown 

from the development of the principal axes system, any surface deformation can be 

simply decomposed into a change in the area of the element and an extension of the 
element at constant area.
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FIGURE 2.2. Extension of a plane, square element along the a, axis with.no change in the az 

direction. 

It is apparent from Equations 2.2.10 and 2.2.11 that the changes in point-to-point 

distances (determined by the metric) may be defined relative to either the initial or the 
instantaneous state. This distinction disappears when infinitesimal:deformations are 

involved. In much of classical physics, it is common to use the initial state as a refer- 

ence for the deformation and variables are called material or Lagrangian. On the other 

hand, in fluid dynamics where the initial state is difficult (if not impossible) to define, 

the instantaneous state becomes the reference and the corresponding:variables are re- 

ferred to as spatial or Eulerian. Therefore, the strain representations;.<,, and e;,, are 

called the Lagrangian and Eulerian strain, respectively. If the strain matrices are iden- 

tically zero, then no deformation has occurred because all local points remain the same 

distance from Po. 

The following examples demonstrate the analysis of deformation. The first two ex- 

amples utilize plane geometry to illustrate characteristics of the strain components. 

The last two examples are analogs of the first two for an axisymmetric,, curvilinear 

surface element (i.e., conical annulus). The latter examples show the application of 

the deformation analysis to axisymmetric curved surfaces. General surfaces: without 

symmetry may be similarly treated, but the geometry may create algebrai¢:complexity 

without a commensurate increase in the insight into the analysis ofi deformation. 

Therefore, we have chosen to treat the axisymmetric case and direct readers:to refer- 

ences related to differential geometry for more general equations (e:g:, Struik, 1961, 

Naghdi, 1972).°-°? 

Example i 

Consider the extension of a plane, square element along the a, axis-with no change 

in the a direction as shown in Figure 2.2. The components of the strain matrices are 

calculated from the relations between (x,, Xz) and (a;, a2) given by 

pp
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Constant d, specifies the extension. The Lagrangian strain components are obtained 

from Equation 2.2.12, 

  | i | WY (A,?— 1) 

+ l i} e
 

H 2
 

Ox, OX, OX, Ox, 

(i. = 6, * Al ot 
da, da, du, da, 

ax, Ox, Ox, Ox, 

If a simultaneous extension in the a; direction is included, then the relation between 

x, and a, would remain the same; but for the a2 direction, we have 

A, = Asa, 

Xo 
2 = <_< 

3 
A 

and the strain components are 

6, 22 O?~ ) 

Eng = ¥%(aA,?- 1) 

€., = 0 

o u 1 =ha-aAy) 

o t nn = #0 — a) 

ej, = 0 

We associate these COmponents with the principal axes system because e,, = £,2 = 0. 

Elements paralle! to either axis remain parallel and are extended or compressed inde- 

pendently of the other coordinate. 

If the extension ratio, say A,, is close to unity (i.c., small deformation), the nonzero 

strain components are approximately given by 

—
—
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(1 + 26 + e?) -— 1 

1 — (1 — 2e + e? -...) 
Lee te 

2 

where the deviation of A from unity is «. A Taylor series expansion was used in the 
Euierian strain component é.,. It is apparent for small deformations that the distinc- 
tion between Lagrangian and Eulerian variables disappears and that the principal 

strain is simply the fractional change in length. When « is greater than 10%, the small 

deformation approximation (the equivalence of Lagrangian and Eulerian strain com- 

ponents) progressively deieriorates. 

Example 2 ~- 

Consider the shear deformation of a square element, as shown in Figure 2.3, with 

no displacements in the a2 direction. For this deformation, 

X, =a, +a, tang 

a, =x, — x, tang 

X_q = ay 

a, = X, 

The Lagrangian and Eulerian strain components are again calculated from Equations 
2.2.12 and 2.2.13, 

  

  

  

€,, = 90 

tan? 

€o9 = 4 

tan 

&12 2, = 3 

e,, = 0 

tan? ¢ 
fag =~ 2 

- = tan 
fre 6, = e 

  

For small shear deformation angles, tan ¢ ~ ¢ and $? < I; thus, the above relations 

reduce to the classical infinitesimal shear components, 

é, =&, =0 

= ~ o 

12 S21 = > 

In general, <,. and e.2 are called the shear strain components. 

Returning to finite deformations, if we allow for simultaneous extension and
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P(O) 0 aX, 
FIGURE 2.3. Simple shear deformation of a plane, square clement. The shear deformation 

angle, ¢, describes this deformation. 

compression along the coordinate axes in Figure 2.3, the coordinate relationships 

would be given by 

  

xX, = A, a, +aAya, tang 

a _ x tan @ 
1 >" 7 Ae 

ax Ay 

K, F Aya 

Xq 
a a 
a 

where (A,, 4,) are the scaling parameters of line elements parallel to the independent 

axes. The parallelogram in the deformed state is scaled geometrically by the parameters 
(A,, A.) for a fixed angle, ¢. The strain components for extension plus the shear are 

calculated from Equations 2.2.12 and 2.2.13, 

2, =R Aa, -) 

e,, = % (1 — ay) 

&,. = A [A (1 + tan?) - 1] 

faq = A [1 — Ay? ~ A,? tan?9] 

Ay Ay 
  tang 

Go, = &, = WA,’ tang 

(2.2.14)
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FIGURE 2.4. Radial expansion of an axially symmetric surface. The curvilinear distance along 

the meridian is unchanged for corresponding points on the initial and instantaneous surfaces. 

Elements defined by da, and dx; are sufficiently small that we may consider them flat and rectan- 

gular. 

These expressions reduce the previous set for A, = A, = 1. The Equations 2.2.14 specify 

any uniform deformation (i.e., deformations where initially parallel lines remain par- 

allel). For example, consider a deformation which occurs at constant element area. In 

this case, the area of the parallelogram remains constant and A, A, = 1; Equations 
2.2.14 reduce to 

&, =4AaXZ - 1) 

@, = *4(1 - ay?) 

-2 
AX 

=¥4/[——-— i € 
23 cos? 

Ge = A(L — a2 — Az? tan? 6) 

  

  

_ _ tang 
12 * Go, = 3 

tan 
fie = Sy = a2 

Example 3 

Consider the radial expansion of an axially symmetric surface as shown in Figure 

2.4. We specify that curvilinear distance along the meridian (the surface generator) is 

unchanged for corresponding points on the initial and instantaneous surfaces. We now 

define differential coordinate systems for corresponding surface elements local to a 

point, Po, in each state. These are illustrated in Figure 2.4. We assume that the incre- 

ments, da; and dx,, are sufficiently small that the elements can be considered fiat and 

rectangular (the infinitesimal difference between the inner and outer radii of the coni- 

cal annulus may be neglected). Because of axial symmetry, locations possess the same
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azimuthal angle, ¢, in both the initial and final states. Hence, the latitudinal element 

length is proportional to the radial distance from the symmetry axis. Here, we take 

da, and dx, for the differential lengths along a tangent to the latitude circle, 

da, = Ty eo 

dx, = rd@ 

The differential distances along the meridian are defined as 

da, = dx, 

Now, the strain components can be calculated for the Lagrangian representation by 

_| dx, dx, 4 7 

4, = “*\>—- a7! = “AUEY- 1 
i 1 

and for the Eulerian representation by 

e = _ oa a =%[1 — (42)7] 

' dx, dx, t 

frp = &, = 0 

We see by analogy to Example | that the circumferential extension ratio, A,, is equal 

to the ratio of the radial distances (r, ra) of the instantaneous and initial states, respec- 

tively, 

Ay = 

to 

If the incremental length, daz, along the meridian also changes (dx,), then the second 

strain component becomes either 

a,e&l Silex ae-n 
22 da, da, 2 

or, 

G&, = ¥% , ote = ¥%(1 — A?) a2 dx, “dx, 2 

where, 

dx, ds 

da, = ds, 

>
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Not to be confused with the metrics, the curvilinear distances along the meridian, s 

and s, depend on spatial coordinates (r,z) and (ro,z.) for the instantaneous and initial 

states, respectively. The independent variables may be selected as either the axial co- 

ordinates (z,z.) or the radial coordinates (1,1). Parametric representations (s,s.) may 

also be used. The deformation embodied in the principal extension ratios (A,,A2) is 

obtained from relations of the coordinates r, z, ro, Zo, according to 

_f ds(r, z) 
Ay s _, Ag ee 

Ty sy (F912) 

The incremental distances along the meridian are given by these spatial representations, 

“- i wr “ 

Therefore, the second principal extension ratio, A, is determined by the functions of 

the spatial derivatives, 

These nonlinear functions can be significant obstacles te finding analytical solutions; 

however, using a digital computer, these relations are easily evaluated. 

Example 4 

Consider the shear deformation analogous to Example 2 that is produced by twist 

of the axisymmetric surface. Local te a point on the surface, this appears as rotation 

of one circle of the conical annulus, with the other circle fixed, and the incremental 

distance between the two circles along a meridian is constant as shown in Figure 2.5. 

The strain components are obtained using the relations between the differential coor- 
dinates of the instantaneous state (dx,, dx2) and the initial state (da,, da), 

dd 
dx, = da, + {1, — } da, 

ds, 

do 
da, = dx, -{r, &, dx, 

Note that the differential lengths along latitude circles and the differential distance 

along the meridian are unchanged. Consequently, the strain components are calculated 
to be
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/ Zorz} 

  

  

  
PIGURE 2,5. Shear deformation caused by twist of an axisymmetric surface. Note 
that one circle of the conical annulus has been rotated relative to the other. 

d¢ ry de lq do 
— = A I, as, = ; (2 2 dr, & mn 1 dz, 

\ dr, dz, 

2.3 Principal Axes 
Examination of Equations 2.2.10 and 2.2.11, which determine the deformation in 

the region local to point Po, shows that for the four components of the strain matrices, 
Equations 2.2.12 and 2.2.13, depend on the choice of the directions of the unit base 

vectors that define the components da, or dx,. If the coordinate axes at point P, are 

rotated in the plane tangent to the surface (see Figures 2.6A and B), these components 

change value. However, we know that merely changing our perspective by choosing 
different coordinate axes does not change the magnitude of the deformation given by 

the difference in the quadratic distances between any two points, Equations 2.2.10 and 

2.2.11. Therefore, we anticipate that the strain components for any choice of axes will 

be related to those of any other axes system. We will show that the relation involves a 

—
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B dx, X, 

B 

FIGURE 2.6.(A). An illustration of how the differential coordinates may change due to rota- 

tion of the axes in the plane tangent to the surface at the point, Py. ¢ is the rotation angle. (B) A 

rotation of axes similar to that in (A). In general, a different value for the rotation angle js usually 

required to obtain the principal axes in the deformed state. 

rotation angle, ¢, and two separate parameters, which are not functions of rotation. 

These two parameters are called ‘‘invariants’’ of the matrix. They completely charac- 

terize the amount of deformation but not orientation. 

Mathematically, we begin with the fact that the scalar quantities in Equations 2.2.10 

and 2.2.11 are independent of coordinate system. Therefore, using the strain definition 

19
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in Equation 2.2.10, we write, 

exg day dag = ej da; da, (2.3.1) 

where the primes refer to a coordinate system rotated by ¢ as in Figures 2.6A and B. 
Equation 2.3.1 expresses the scalar invariance. We use the Lagrangian strain in the 
development as an example, but the matrix transformation that will be produced may 
be applied generally to any symmetric tensor. (Note that the subscripts are “dummy” 

and are completely summed over in Equation 2.3.1, each side being a scalar quantity.) 
From Figure 2.6A, we see that the primed coordinates, da; , can be expressed in 

terms of the rotation angle, $, and the unprimed coordinates, da,, 

da, = (cos) da, + (sin 6} da, 

da, = (—sin ¢)da, + (cos ¢) da, (2.3.2) 

Equations 2.3.2 can be written in indicial notation, 

dag = Rg; j da; (2.3.3) 

where the rotation matrix Ry; is identified from Equation 2.3.2, 
Qj 

Ro; = cos @ sing 

. — sin @ cos o (2.3.4) 

Using Equation 2.3.3 twice in Equation 2.3.1 with caution that summed indices are 

properly employed, we arrive at the form representing the strain matrix in the un- 
primed system in terms of the primed system matrix, 

é ke Ruj Ro; da; da; = €ij da; da; 

xg Ry Rj = ej (2.3.5) 

To find the primed matrix representation in terms of the unprimed matrix, the re- 

verse operation is performed by a similar geometric analysis of the projection of un- 

primed coordinates onto the primed or rotated system. This is commonly written as 

an inverse Operation or rotation, Riy', 

da; =Rjg 'day (2.3.6) 

From geometry, the simple observation is made that the inverse rotation is the trans- 

pose of the rotation (transposition is the interchange of rows and columns of the ma- 

trix), 

Root = cos@ —singd 

ig sin @ cos } (2.3.7) 

or, 

Rig? = Ry (2.3.8)
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The rotation matrix has the property that Ry; Rj" = 5y9- Therefore the strain matrix 

in the rotated system is given by 

exe = Ry Rap? ij (2.3.9) 

or, 

€ xo = Rig Roy ey 

Writing out all of the components of e’,, in terms of the trigonometric functions of 
the rotation angle gives 

e's, = €,, cos? o + fig sin 2@ + €,, sin? 

Eng = €,, Sin? @ — €,5°sin 26 + €,, cos? @ 

(fr: — €22) 
' é., =- —=— sin 2@ + €,, (cos? @ — sin’ ¢) 

(2.3.10) 

where the trigonometric identity 2 sin? cos? = sin 2¢ has been used. Introducing two 

other trigonometric identities for sin? and cos*>, we can transform Equations 2.3.10 

into functions of twice the rotation angle, >, 

  

  

; (6x2 + €22) (Era — €e2) . 
es, = 5 + cos 26 + €,, sin 2¢ 

' (€,; + €22) (€Es1 — €22) . 
Ease = — cos2@ — €,, sin2o | 

2 2 

t — _ (er, ” En.) . . 

iq ~ 4), 7 7-3". sin 2°¢ + E,_ COS 26 

(2.3.11) 

From the equation for ¢'12, the shear strain component in Equations 2.3.11, it is 

apparent that it is always possible to choose a rotation such that € 2 and ¢2, are zero 

and the matrix is diagonal, i.e., 

when 

2€1 4 
tan 2@ = 

(611 — €22) 

[As illustrated in Figure 2.6B, a different value for the rotation angle is usually re- 

quired to obtain the principal axes which diagonalize the Eulerian strain matrix (or 

any other matrix based on the deformed geometry). An example at the end of this 

section will illustrate the approach and show the difference between rotation angles
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required to obtain principal axes of the deformation in the initial as compared to the 

instantaneous state.] 

If we initially choose the principal axes system, we see that al! other strain represen- 

lations (for coordinate systems rotated relative to the principal axes system) can be 

calculated from the diagonal matrix, 

  

  

, (e, + €,) (€, — 4) 
é,, = 5 + 5 cos 2¢ 

8 (e, + €,) (e, — €,) ; 
>> 5 ~ 3 cos 20 

' r (e, — €,) 

Eyg = €2, = —- ———— sin 2¢ 
2 

(2.3.12) 

The components, €, and e€,, are referred to as the principal values of the matrix. 

From Equations 2.3.12 we see that the rotation angle and the principal values of 

the matrix are sufficient to characterize the components of the strains. The magnitudes 

of the strains depend on two parameters: (€: + €) and |e, — €2|. The results given by 

Equations (2.3.12) may be graphically illustrated by plotting minus e’,. as ordinate and 

£1, OF £22 aS abscissa. The values are mapped on a circle with radius |e, — e2|/2, center 

at (€; + £2)/2, and are located by twice the rotation angle, ¢, as shown in Figure 2.7. 

It is assumed that the principal axes are chosen so that e, 2 ¢.. In order to obtain the 

principal axes system from an arbitrary system, the coordinate system is rotated coun- 

terclockwise (in the positive sense of the angle, $) by $ radians. On the other hand, a 

rotation of minus $ is needed to generate the primed coordinate system from the prin- 

cipal axes system. 

In Figure 2.7, we see that the diagonal components, ¢',, and ¢'2., range between e, 

and ¢,. The maximum shear strain occurs at ¢ = + 45° and is equal to 

€; — € 

2 
€s * lerelMAx 

  

  

From Equations 2.3.12 and Figure 2.7, we see that it is possible to separate the 

matrix into an isotropic part (independent of rotation, and diagonal for any choice of 

axes) plus a rotationally dependent part, called the deviator. The isotropic contribu- 
tion, € ,;, is represented by é ;; = € 6;;, where 

e;, = ef, = ©, ande,, = 0 (2.3.13) 

Therefore, we define € bye = % (e, + £2.) = % &,, with the summation rule. The 

isotropic matrix is proportional to the mean of the principal] components. 

The deviator, e’;;, is obtained from Equations 2.3.12 as 

o
m
 

ee
 
e
e
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FIGURE 2.7. A graphic illustration of the diagonal and shear strain components of a 

matrix as functions of the axes roration angle. Note, the values are mapped on a circle 

with radius, |, — £2{/2, and center located at (e, + £2)/2. 

~ (e, — €2) 
1) + — >— cos 2¢ 

~ (€, —€,) 
f,5- > cos 2¢ 

(, — &) 

  

=F 
2, = 4%, 5 - sin 2¢ 

The deviator is a function only of the maximum shear component and the angle. The 

deviator matrix is written explicitly as 

~, 

Gig = ey — Aen OF (2.3.14) 

The deviator contains all of the rotationally dependent elements of the matrix and 
none of the isotropic or directionally independent contribution. This is verified by 

noting that the trace, é‘4:, is identically zero. The isotropic and deviatoric parts repre- 

sent the mean and deviation from the mean of a matrix with respect to rotation of the 
local coordinates. 

Example | 

Consider the uniform deformation of a square element into a parallelogram with 

equal sides. What are the angles of rotation for the initial and instantaneous coordinate 
systems that will give the ‘‘principal axes systems’’? Equations 2.2.13 give the strain 

components. Note that A, = A, cos ¢ for a parallelogram with equal sides (see Figure 
2.3 for the definition of the shear angle, $). 

rel Ary, - i) 

e,, = “#1 -A,*)



24 Mechanics and Thermodynamics of Biomembranes 

    

ult 4 1 + sin? o 
€ = Fr — A — we fl 

22 x cos? © 
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io = = sin » 
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e _ ay sin 

12 2 cos 

The rotation angles of the initial and instantaneous coordinate axes that define each 

principal axes system are $x, and $x, respectively. Using the strain components, these 

angles are given by 

  

  

2e,5 2A,” sin @ 
tanZop = = —+ oo 

° Ey: — €g2 0 

or 

Op = 45° 

and 

28,4 cos 

tan2¢, = ————— = 
R O1, — Ga, sin 

dp = 20 — 4) 

Therefore, the deformation of a square into a parallelogram with equal sides simply 

involves extension and compression of the element diagonals as shown in Figure 2.8 

for a specific situation where A, = 1.33 and the shear angle ¢ = 30°. The coordinates 

must be rotated by angles of $,, = 45° and >, = 30°, respectively, to give the prin- 

cipal axes systems. 

2.4 Invariants of Strain and Independent Deformation Variables 

For a matrix based on a two-dimensional cartesian space, two parameters specify 

the matrix components for any given orientation of the coordinates. The parameters 

are the mean and difference of the principal components of the diagonalized form of 

the matrix. As we showed in the previous section, these are expressed by the trace of 

the matrix, 

- oe = ,t 
2€é = €,, + €22 = & F €2 = Ex 

and the deviator magnitude, 

3 e, — 6) evr — €22) 4 

lesa Max * (a) eka) te 

Such parameters are referred to as matrix invariants, i.e., they are invariant to rotation 

of coordinate axes. We will demonstrate that in addition to rotational invariance, these



  

  

dx; x 

FIGURE 2.8. Deformation of a square into a parallelogram. The deformation simply involves 

extension and compression of element diagonals. 

variables depend only on the fractional change in area of a material element plus the 

extension of the element at constant final or instantaneous area. 

The principal axes system is the most convenient for evaluation of the two invariants 
that characterize the deformation because the shear strain component is zero in this 

system, i.e., €,, = 0, i # j. The partial derivatives, 9x,/@a; or da,/9x,, k # i, are zero. 

Here, the geometry is simple; the material increments along each axis are either ex- 

tended or compressed independent of the other coordinate. Principal axes deformation 

is demonstrated by the rectangular inserts drawn inside the initial and instantaneous 

surface elements shown in Figure 2.8. The components of the Lagrangian and Eulerian 

strain matrices in the principal axes system are related to the principal extension ratios 

    

  

by 

dx, dx, : 
6, =% -1)=%a?—- 1) 

da, da, 

dx, dx, 
6, = — - = Wy 

> da, da, Qe — D 

(2.4.1} 

and 

e. = 4% _ oN a a) 
dx, dx, , 

4 da, da, . a 

& = *#£f{l - — —)}=% Ul -a,7) 
dx, dx, 

(2.4.2) 

The invariants, therefore, are related to the principal extension ratios by 

€; te, = % (A? + aA? — 2)
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(e, — e,)? = “(A,* — 2A,7A,7 +a,*) 

for the Lagrangian strain matrix. Note that these two invariants are not unique. If we 

use I, to label the first invariant, 

I, =e, te, = BAP + aAZ)- I (2.4.3) 

then the equation for (e, — £2)? can be written as 

(e, ~~ é,)? = I,? ~ 4€,€, , { 

Therefore, £,¢. (When expressed in terms of ¢';,) is also an invariant. As shown in Ex- 

ample 1 below, the second invariant of the strain, I., is derived indirectly from matrix 

algebra and transformation properties, 

I, = -e, €, = % (A? +a. — Aza? — 1) (2.4.4) 

From the perspective of geometry, a significant feature is observed in Equations 

2.4.3 and 2.4.4. The invariants which characterize the deformation are related to the 

sum of the squares of the extension ratios, (A,? + 427), and the product of the extension 

ratios, A,A,. (The extension ratios are always positive numbers, so we can use A,A2 in- 

stead of A,7A,?.) This indicates that it is possible to represent general deformations by 

independent geometric functions. However, these parameters are not completely inde- 

pendent. They are equal when the extension ratios are same, A, = A2. It is possible to 

make the functions independent by normalizing the sum of squares by the product. 

The result is a set of functions that are both linearly independent and invariant to 

rotation of coordinates. Choosing 

= AA, - | 

1 
eT 2 + 2 | 

B 2X, Ay QA, 2 ) (2.4.5) 

we have such a representation. The invariants, I, and I, are given by 

I, =é€, +e, =a t+ pt ap 

I, = ~e,e, = %& (28 + 2ag — a7) 

The two functions, a and #, completely characterize the geometric features of the de- 

formation: (1) change of area of the element, (2) change of aspect ratio (length to 

width) or eccentricity of the element. The parameter, a, is the fractional change in the 

area of the surface element, 

  

dA dx, dx 
OQ = ee — ] = —_ : — | (2.4.6) 

dA, da, da, 

The change in the aspect ratio or eccentricity of the material element is given by
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For an initially square element, the change is (A,/A2 — 1). In order to derive a function 

independent of choice of axes, we,take half of the symmetric sum, which is the param- 

eter, B, 

s=*\~- 1 +% x 7! “hyn, Oa tA27) — 1 

Thus, the deformation parameters, a and 8, are determined by linearly independent 
functions: the product of extension ratios, A,A2, and the quotient, 4,/A2. 

The quotient defines a single extension ratio, A, which represents the element elon- 

gation at the final area. This is demonstrated by scaling each extension ratio by the 
square root of the area ratio, 

x   

(2.4.7) 

and 

From these scaled extension ratios, the deformation parameter, f, is determined to be 

B= %Q? +k?) - 1 (2.4.8) 

which is invariant to coordinate rotation. Therefore, we see that deformation of any 

element can be considered simply as a change in area at constant element shape fol- 

lowed by the scaled extension of the element at constant element area (Figure 2.9). 
The linear independence of a and A is demonstrated by evaluating the Jacobian, J. In 

a domain where a and Aare linearly independent, we require that 

  
  

  

aN OBA 
BN aK 

J = ' x 0 

da ow 

BA, —BAg 

or, 

an do de an 
I= |— - #0 

aA, Bq aa, / \ aa, 

From Equations 2.4.7 and 2.4.8, the Jacobian is equal to A,/A2. Because the exten- 

sion ratios are positive-definite quantities, the deformation parameters, a and i, are 

always linearly independent. 

The independence of a and f is immediately evident if only changes in area occur 

Or extension takes place at constant area. If only area changes of the element occur (a 

# O and A, = A,), it is apparent from Equation 2.4.5 that the parameter, 8, remains 

zero. On the other hand, if the element area remains constant (@ = 0) and extensional



28 Mechanics and Thermodynamics of Biomembranes 

Lo 
  

Lo 

      

AREA 

change 

L 

  

      

AeL 

lines of \[ > ‘~ as 
Maximum ‘ > > RA 
shear if 4 4 

/ Z 

EXTENSION 
at constant area 

  

  

=V/1+0-Lo : A 

    

FIGURE 2.9. An illustration that deformation of any element can be considered simply as a 

change in area at constant element shape followed by the scaled extension of the element at con- 

stant clement area. 

deformation of the square to a rectangle takes place, (A, = 1/4,), the parameter f is 

always greater than zero. When we consider molecular surfaces that contain a fixed 

number of molecules, a is the change in specific area per molecule in the surface; B 

quantifies the extension of the molecular complex at constant area per molecule. 

Therefore, the derivation of mechanochemical equations of state from the material 

thermodynamic potentials will depend on these two parameters if we assume that the 

surface is locally isotropic in the initial state.* 
In an analogous manner, the Eulerian invariants can be expressed in terms of param- 

eters, a and f’, 

  

I —a 
rn 

ApAy 1 +a 

AYA 1 1 
uw [{—+—]-1=¢8 

2 A? aA? 

These functions reflect the intrinsic reference to the instantaneous state. The invariants 

of the Eulerian strain matrix can be expressed in terms of a’ and pf’, 

I = 

I, = 

e, te, = - (a! +f’ + a8’) 

—e,e, = %(28' + 2o'B' — a'?) 

The functional forms are the same for both sets of invariants in terms of (@,f)} and 

(a’,f). 
The existence of principal axes and two invariants, discussed above for the strain 

matrices, is a general property of symmetric matrices in two dimensions. The general 

method of finding principal values and invariants valid for any symmetric matrix is 

given in the following example. 

* Local isotropy means that the molecular structure in the plane of the surface is independent of the 

rotation angle around point P,.
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Example I 

For a symmetric matrix like the Lagrangian strain matrix, choosing a unit vector, 

n,, that lies along a principal axis and contracting it with the matrix will produce a 

vector projection along the principal axis, 

ej nj = en (2.4.9) 

The projected vector is scaled by « which is called a principal value. This may be easily 

verified by considering the case where we are already in principal axes. 
The components, n,, describe a unit vector in one principle axis direction. Since there 

are two principal axes, there will be two such unit vectors and two scalar values for e, 

called principal values or eigenvalues of the matrix. These are diagonal components, 

£, and e2, in the principal axes system. Equation 2.4.9 can be written as 

(6; - e653) nj = 0 “ (2.4.10) 

The eigenvalue equations, Equations 2.4.10, are a set of two linear, homogenous equa- 

tions that determine the components, n,; therefore, Equations 2.4.10 can only be valid 

if the determinant of the coefficients is identically zero. 

ki — <j = 0 

This determinant yields the result known as a characteristic equation, 

(e;, — e(e,, - e} — e?, = 0 

or 

e” — (€,, + e,,)e—(e7, — €1,6€22) = 0 (2.4.11) 

which is quadratic in the principal values of «. The two roots of this equation are the 

principal values, e; and €2. 

The determinant is a scalar quantity that is invariant to rotation. Consequently, the 

coefficients of powers in « in the characteristic Equation 2.4.3 are invariant to rotation, 

e —Il,e - I, = 0 

I, = ey, F €g2 > Sj 

I, = et, — €:3€22 = Beye — eae) (2.4.12) 

The forms of the two invariants, I, and I,, and the other forms previously discussed 

are valid for any symmetric matrix. Other such matrices will be introduced in later 
sections. 

For the deviator of the strain matrix, ¢,,, the invariants are determined using Equa- 

tions 2.4.12 and 2.3.15, 

1 ij Sj 
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Here, I, is the magnitude of the maximum shear component squared. 

2.5 Rate of Deformation 

In the previous sections, we have developed an intensive description of the defor- 

mation of small elements of the membrane surface that is indepedent of the extrinsic 

shape of the membrane envelope. We considered initial and instantaneous states of 

surface element geometry without regard to the time during which the deformation 

took place. The implication is that the surface geometry may be evolving and changing 

with time. Any material deformation always takes time because it is impossible to 

produce immediate relative displacement of molecules. There will always be inertial 

and frictional resistance that limit the rate of relative displacement or deformation. 

Therefore, it is important to analyze the rate of deformation of material. 

The rate of deformation in the vicinity of P, is determined by the time rate of change 

of distances between P, and its neighboring material points, given by the metric, Equa- 

tion 2.2.3. By definition, we regard the initial state and the differential coordinates 

(da;) as fixed in time. Therefore, we can conveniently measure the rate of material 

deformation using the initial state as the reference. The instantaneous state of defor- 

mation is given by Equations 2.2.10 and 2.2.12, 

ds? - ds? = 265; da; da; 

The time rate of change of this equation specifies the rate of deformation, 

(8?) = 28); da; da; (2.5.1) 

where the operator ( ) signifies the time rate of change as viewed from the material 

reference frame (i.e., with the observer fixed at the point, Po, in the material surface). 

We call (ds?) the rate of material deformation relative to the moving point, Po. The 

derivatives, (), of quantities that depend on the initial coordinates and time simply 

become partial derivatives with respect to time; for example, 

  

9€;j 

carro 
. a(ds,” ) (ds?) = o = 0 

‘ ada) 
(day) = —— * 

It is important to emphasize that the differential operator, d( ),, represents local (in- 

finitesimal) spatial variation of a property with respect to the value at P,. For instance, 

the differential coordinates are given by da, and dx, relative to Py. Changes with respect 

to small time variations, dt, will be indicated by the differential operator, d( ). 

Equation 2.5.1 gives the rate of change of the metric using the initial coordinates as 

the reference geometry. This is a Lagrangian representation with the rate of deforma- 

tion being given by the time derivative of the Lagrangian strain matrix as viewed from 

the material point, P,. In general, it is often difficult to keep track of the evolution of 

material points. Therefore, it is also necessary to define rate of deformation based on 

spatial or instantaneous coordinates. This is represented by the rate of deformation 

matrix, V,g, which is an Eulerian variable, with the instantaneous coordinates as the 

reference geometry,
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(ds?) = 2Vyp dx, dx» 

Thus, the rate of deformation for the instantaneous (Eulerian) reference state is ob- 

tained from the transformation of initial to instantaneous differential coordinates and 

Equation 2.5.1, 

    

d d = a; da; a 

V X, dXp = _—- dx, dx ke VA, GAg k “4Q 
Ot OX~ aX» (2.5.2) 

The matrix, 8a;/0x,., obviously represents the deformation of the initial element ge- 
ometry to the instantaneous state. __ 

Rate of deformation (as viewed from a fixed location in space not traveling with 

the material) is evidenced by velocity variations from point to point of material. The 

differential velocities of material pgints near a specified point, say P, (that is, relative 

to the motion of P,), are determined by partial derivatives with respect to time of the 
instantaneous local coordinates. Since 

dx; = f(da;, t) 

1 

a . 
. = me dx.) = (dx. dy x (dx;) = (dx;) (2.5.3) 

Relative velocities, at any instant in time, of material points near P, are also expressed 
by the spatial gradients of the instantaneous velocity field times the differential coor- 
dinates, dx,, because of surface continuity, 

av; 

3 

Ox; (2.5.4) 
  dv; = 

This linear approximation is valid close to P» and is illustrated in Figure 2.10. In Equa- 

tion 2.5.4, the partial derivative, 2( )/@x, implies that time is held constant, i-e., we 

are considering only the spatial variation of velocities of material points at a specific 

time. 

The time rate of change of the metric, Equation 2.5.1, may also be obtained by the 
partial time derivative of dx, dx,, 

a(dx;,) 
ds?) = 2d 
(as) *k Si 

From Equation 2.5.3, the time rate of change is given in terms of instantaneous differ- 
ential coordinates and velocities relative to P, by 

(ds?) = 2dx,, dv, 

the spatial derivatives of the instantaneous velocity field reduce the equation to 

: ov 
(ds) = 2 — dx, ax, (2.5.5) 

aXQ 

As shown in Figure 2.11, the relative velocity, dv;, produces an infinitesimal relative 

displacement, 6 (dx,), of P. for the infinitesimal time increment, dt. Figure 2.10 also 

shows that the infinitesimal displacement, d(dx;), is composed of two parts: (1) a small
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FIGURE 2.10. An illustration of the spatial distribution of velocities close to Pu. 

Relative velocities of points near Py are approximated by the spatial gradients of 

the instantaneous velocity field times the differential coordinates. 

rotation of P, about the origin at Py, and (2) an extension or reduction in the scalar 

distance between P, and Py. Obviously, a rigid body rotation does not contribute to 

deformation and may be extracted from the infinitesimal displacement field. The two 

components of the displacement are simply given by the antisymmetric and symmetric 

parts of the matrix, av,/axg, respectively. 
A symmetric matrix is defined as one in which A,, = A,; for alli,j. For an antisym- 

metric matrix, Ai; = —A,, for i # j, and equals zero for i = j. Any matrix can be 

expressed as the sum of symmetric and antisymmetric components. For example, 

ov ov av, ov av, Duo = k =u k + Q +h k _ Q 

OXp ax9 ax axg Ox, 

_ A 
Dug = Dg + Df 

    

  

  

  

or 

which is an identity relation. The superscripts, S and A, indicate symmetric and anti- 

symmetric parts. 

If we use the decomposition of the matrix, D,» , Equation 2.5.5 is reduced to 

(ds*) = 2(DBp + Diy) dxp dx, = 2D8, dxg dx, (2.5.6) 

The reduction is possible because the product, D4, dx, dxg , is zero: D4, is antisym- 

metric and dxy dx, is symmetric. We illustrate the geometric significance of the terms 

in Equation 2.5.6in the following discussion. 

The infinitesimal displacement, d (dx;), can be expressed as
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FIGURE 2.11. An infinitesimal displacement, d(dx,), of P, pro- 

duced by the relative velocity, dv,, for the infinitesimal time incre- 

ment, dt. Note that d(dx,) is composed of a small rotation of P, about 

  

P, and a change in the scalar distance between P, and Ps. 

8(dx;) = 6(dx,)R + 5(dx,)P 
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illustrated in Figure 2.11. The first term on the right-hand side is a rigid rotation about 

Po, and the second term is the remaining displacement of P, relative to Py 

&(ax,)R 

&(dx,)> 

A 

Dg dx; ét (2.5.7) 

The scalar product of the rotation component, d (dx,)*, with the material vector, dx; 

(i.e., the projection onto the (Po, P,) line element), is zero, 

0 = 8(dx,)R dx, = (Dy dxg) dx, t 

Therefore in the rate of deformation, given by Equation 2.5.6, the term, D',, , com- 

pletely specifies the time rate of change of relative distances between neighboring ma- 

terial points in terms of the instantaneous coordinates (Eulerian variables). By analogy 

to the definition of strain matrices, the rate of deformation matrix, V,,, is defined as 

Vij =y 
av; av; 
— + 
ax; ax; 4 (2.5.8) 
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Consequently, the time rate of change of the metric becomes 

(ds?) = 2V Ew dx, dxg (2.5.9) 

As we discussed previously Equations 2.5.1 and 2.5.9 yield a relationship belween 

the rate of deformation expressed in Lagrangian variables and that in Eulerian varia- 

bles, as given in Equation 2.5.2. Since the differential coordinates are linearly inde- 

pendent functions, the rate of deformation matrix is related to the time rate of change 

of the Lagrangian strain at a material point by 

      

y _ (=) da; da; 

Ke at AX, aX (2.5.10) 

The equivalence of Equations 2.5.8 and 2.5.10 may be directly verified by first tak- 

ing the partial derivative of the Lagrangian strain matrix with respect to time, 

065; -¥, C= aXm ’ aX ~2 

0a; 3a; a; da; 

  

and then multiplying by the coordinate deformation matrices, 0a,/0x, and 4a;/ ax. , 

to obtain 

aa; aa; (= ) -¥ avn 3%m . 8X avn 

Ox, dxp at aX, aXg Xp aXg 

Since the coordinates, (x,), are linearly independent (ij.e., based on orthogonal axes), 

  

  

  

      
  

ax 

= = 5 mg 
aXo 

OX 25 

= "mk 
Oxy, 

and hence, 

ou. da: Oé:- av av i j ij _ Q k - 

mm, 8 (“ -¥( ‘ ) = Vie XE Xa t OX, aX%o 

This is the result derived previously using spatial derivatives of the velocity field. 

By analogy to the development of the strain matrices, we can characterize the rate 

of deformation matrix by its invariants and also by the isotropic and deviatoric parts 

of the matrix. The invariants are 

1, = Vix 

(2.5.11) l = 4 ViVi — Vis Vip 

In the principal axes system, the invariants reduce to
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I =V, + V, 

I, = -V,V, (2.5.12) 

As we have demonstrated, the isotropic part is proportional to the trace of the matrix 

' or its mean, 

Vig = 4 Vin 83g = 2h 63 (2.5.13) 

The mean part describes a uniform rate of area expansion or condensation. The devia- 
tor, which characterizes the rate of shear deformation, is 

ij = Vij -_ Vij = Vij - % I, 555 (2.5.14) 

The second invariant of the deviator is equal to the square of the maximum rate of 

shear deformation, V., 

~ v, - Vv." 
Veh = \-—>— (2.5.15) 

The components of the rate of deformation matrix are given by 

=
 = 41, + V, cos 2¢ 

Vio = 41, — Vy cos 2¢ 

=
 Hi Vi. = —-V, sin 26 (2.5.16) 

for any choice of coordinates rotated by an angle, —$, relative to the principal axes 

system. 

Assuming that the directions of the principal axes are not time dependent, we may 

simply view the surface element as being either extended or compressed at a finite rate 

parallel to each coordinate axis (Figure 2.12). The principal components of the rate of 

deformation are 

  

dv, 
VV, = 

dx, 

dv, 
Vv, = 

Xe Je d (2.5.17) 

Since the principal axes are time independent, the principal axes for V,,, ¢,,, and &;, are 
all the same and 

ae, f da, Y 
Vv, = ee 

ot dx, 

de, fda, \ 
V ee 

> at \ ax, (2.5.18) 

From the principal extension ratios, A, and A,, for each coordinate and Equations 2.4.1. 
the principal components of the rate of deformation are given by 
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FIGURE 2.12. Deformation of a plane, square surface clement at a finite rate parallel to each 
coordinate axis. In this case, there is extension in the x, direction at a rate dv, and extension in 
the x, direction at a rate dv,. 

1 aa, a, 
V; Soe eee eee 

A, at a, 
5 

1 aa, Ay 
Vv, ee ee 

A, at A, (2.5.19) 

which are the dimensionless growth rates parallel to each instantaneous principal co- 
ordinate. The first invariant is 

  

I V V Ay Ay Oo 
= + i 

* ' ; Ay Aa 1 +a (2.5.20) 

where, again, a is the fractional change in area, Equation 2.4.5. Therefore, the iso- 

tropic part of the rate of deformation matrix represents the rate of area expansion or 

condensation of the material in the surface. 

The maximum rate of shear deformation is given by 

  

AL Ay dv, dy, 
Vs ae a 

Ay A, dx, dx, 
(2.5.21) 

as shown in Figure 2.13, and occurs at + 45° to the principal axes of extension in the 
instantaneous state. With the scaled extension ratio, 1, Equation 2.4.7, it can be shown 
that the maximum rate of shear deformation is the growth rate of A referred to the 
instantaneous element area, 

1 BA 
i = 

A at 
s 

  

  (2.5.22) 

The condition of incompressibility of surface material is that the time rate of change 
of element area is zero, a = O, or V,, = 0. From Equations 2.5.17 and 2.5.20 this is 
given by the following two equivalent expressions, 

  

Ay ry dy, dy, 

A, dx, dx, (2.5.23)
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FIGURE 2.13. Maximum rate of shear deformation occurring at +45° to the principal axes of 

extension in the instantaneous state. The maximum rate of shear deformation is the growth rate 

of 4 referred to the instantaneous element area. 

  

  

The second equation is known in fluid mechanics as the two-dimensional continuity 

equation; and because it is an invariant, it has the same form for any choice of instan- 

taneous coordinates (x,), 

avy, 

= 0 (2.5.24) 
  

OX, 

This states that the divergence of the surface velocity, v,, is zero. 

For the incompressible flow of surface material, we see that the maximum rate of 

shear deformation is the magnitude of the growth rate of either principal extension 

ratio, 

A, Ay A, 
Vz =¥Y4i—+ — = a 

A Ay Ay (2.5.25) 

or the One-dimensional divergence of either velocity component, 

dy, 

dx, (2.5.26) 

The second invariant of the rate of deformation matrix in the incompressible case, 

(@ = 0), gives asimple form for the maximum rate of shear deformation squared, 

-(2J- dv, 

7 NYS (= ay av (2.5.27) 

The following set of examples is based on the deformations in Section 2.2 for an 

incompressible surface in which the area per molecule or surface density is constant. 

These examples will provide illustrations of the rate of deformation and the relation- 

ship between Lagrangian and Eulerian variables. 

vi, = % = + 

dx, dx, 
    

dv, dv, | 

    

Example I 

Consider the shear deformation of a square element at constant area presented in 

Example 2 of Section 2.2. If the tangent of the angle, 9, is a function of time, then 

the rate of deformation components are given by
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d€,, 94a, Oa, 0€,, Oa, Oa, BEas da, 08, 
Vi, = +2 17 ee ee     

  

ot 4x, Ox, ot Ox, 4x, at ax, Ox, 

  
    

        
  

      

dé,, Ga, da, O€,, 6a, da, d€>, 9a, Ga, 

Van #[ poe et et 
dt 8x, 3x, at ax, 4x, dt 8x, dx, 

1 

d€,, Oa, Ba, dé, 0a, da, 8€,, Oa, Oa, i 
Vin? Via Fp + —_—_ — 3 

dt dx, ax, at Ox, Ox, ot ax, Ox, 

O€,, Gu, da, 

dt ax, ax, (2.5.28) 

If we use c = tan $ in the coordinate transformations of Example 2, Section 2.2, the 

rate of deformation components are given by 

V,, =@+0+0+0)=06 

dc ac 
Va. = E + 2 (1) A + =] = 0 

at ot 

a 
Var = Vig = (0 + 4+ 0 + o)= 42 

at ot 

ac 
Ve = 4%&Il— 

at 

For the Eulerian variables, the rate of deformation components are 

  

  

  

av, av, av, 
Vi =4(—+ =— 

Ox, Ox, ax, 

Ov. av av 
Vie =i 2. + 2 = _2 

ax, ax, ax, 

av, ov, 
Vo. = Vi, = “’l— + 

ax, Ox, (2.5.29) 

In the instantaneous coordinate system, the relative velocities are given by 

ac 
dv, = —dkx, 

at 

dv, = 0 

therefore,
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Vir = Vaz. = 0 

av; ac 

Vor = Vig = %—— TR 
aX, at 

in which @c/ dt is the relative velocity due to the shear between lines parallel to the x, 

coordinate axis and a unit distance apart. , 

Example 2 

Consider the deformation of a conical annulus illustrated in Example 3 of Section 

2.2, with the assumption that the area remains constant. We need only specify the 

radius as a function of time and initial position because the product of principal exten- 

sion ratios, A, Az, is always equal to unity, 

ALA, = 1 

hence, for example, 

r 
A, = — 

fg 

ds 1 To 
See SF ee 

Xs ds, ‘ r 

where the differential element lengths are defined in Example 3 of Section 2.2. 

This deformation preserves the principal axes directions along the surface. We may 

use Equations 2.5.19 and 2.5.25 to obtain the principal rate of deformation compo- 

nents, 

Ay 1 or 
Vo5—-=eo 

AL r ot 

AY 1 or 
Vv, See ee 

Ay rat 

1 oor 
Vv, =|)-— 

rat (2.5.30)   

The time derivative of the radius is the radial velocity, v., of the point Pa, 

Y= Vy 
s 

r 

  

  

To determine the components of the rate of deformation in terms of Eulerian vari- 

ables, we use Equations 2.5.17. The relative velocities of neighboring points are ob- 

tained from the time rate of change of the differential element length along the merid- 

ian, 

8(ds) 
dv, = = dv, 

at 
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dv, is the relative velocity between points along the meridian of the conical surface, 

taken as the x, direction. The differential coordinate for points on a latitude circle 

relative to Py is given by 

dx, = rd 

therefore, 

ar 
dv, = -——d@ 

ot 

which is the velocity (relative to P,) of local material points on the latitudinal circle of 

the conical surface. Note that the absolute velocity tangent to a latitude circle is zero 

because each material point moves only radially or axially and, hence, either diverges 

away from or converges toward P, as the latitudinal circle moves outward or inward, 
respectively. With the relative velocity components, we obtain 

  

  
  

1 or Vp 
Vv, See Se 

rot r 

dv 8 
VY = 

? ds 

dv v 
s Tt 

=] _ Vv, Us as . 

The equation of continuity is equal to zero because the surface density remains con- 

stant (no area change), 

  

therefore, 

    Vv, = 

  

dv. _ Ve 

ds r 

Next, consider constant surface density flow over a fixed axisymmetric surface shape. 

Flow is along the meridian. In Figure 2.4, we see that the velocity in the radial direction 

is the negalive projection of the velocity along the meridian onto the plane normal to 

the axis of Symmetry, 

VV = Vy, sin @ 

The continuity equation (conservation of surface area) can be expressed in the curvilin- 

ear coordinate, $s, as 

dv v 
+i F= 9 

ds r 

or, 

S
e
e



dv, Vv 5 . 
—— = — sing 
ds r 

The sine of the angle between the surface normal and the axis of symmetry, sin @, is 
given by 

dr 

sn@é=-— 
ds 

Consequently, the continuity equation for surface flow is 

ds r ds (2.5.31) 

and 

dr 

% ~ Ys ds 

The maximum rate of shear deformation is either 

dv, 
V5 =[_— : 

ds (2.5.32) 

or 

y= vg dr _ | ‘| | 
s27|— —] = 

r ds r   

which is the same result as obtained with Lagrangian variables. The maximum rate of 
shear deformation is the magnitude of the gradient of the flow velocity along the me- 
ridian of the surface if the shape of the surface is fixed. 

2.6 Nonuniform Deformation and Rate of Deformation 

In developing the analyses of deformation and rate of deformation of a surface, we 
investigated the change in distances between points local to a position on the surface. 
We chose the local domain to be small enough that we could treat the surface element 
as flat, described by cartesian differential coordinates. We derived differential rela- 
tions, which specify strain matrices and rate of deformation matrices, by using the 
infinitesimal approximation that the deformation is uniform over this small domain. 
Consequently, deformation and rate of deformation variables are continuous func- 
tions of position and are intensive representations of geometry changes, i.e., these 
variables are point definitions that do not depend on the extrinsic size of the surface 
envelope. Clearly, no system of units or scale is required to measure these properties. 
This powerful method, based on differential geometry, may be used to determine non- 
uniform deformation and rate of deformation of a surface, such as variations of sur- 
face extension and density from one location to another. In order to illustrate nonun- 
iform extension and rate of extension in a surface, we will give some simple examples 
for the condition of constant surface density (i.e., the areas of differential elements in 
the surface are unchanged by the deformation). 

Example I 

Consider an infinite flat surface with a hole of radius, Ro, in the center. Now, with
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deformation of the surface al constant area, the size of the hole is changed to a new 

value, given by radius, R. The initial dimensions of a surface element are ro dd and 

dr,, where ry is the radial position in the initial state and d¢ is a differential portion of 

azimuthal angle. The instantaneous or deformed dimensions of the same surface ele- 

ment are rd$ and dr, respectively, where r is the new radial position of the surface 

element (d¢ is the same because of circular symmetry). The material extension ratios 

are given by 

and 

dr 
, =— 

dry 

The assumption of constant surface density or element area is defined by A,A2. = 1, or 

rdr = 1, dry 

This simple relation shows that the area of a thin annular ring is equal before and 

after deformation. By integrating this equation from the common location at the hole 

radius, we establish the equivalence of surface areas in both states (initial and instan- 

taneous), 

? — R? = 1,2 — R,? 

this relation gives the nonuniform distribution of extension ratios throughout the sur- 

face, For instance, in a spatial reference frame (instantaneous state), the extension of 

material along the radius (meridian) line is given by 

dr (R,? — RB?) , To 
ee es Se 

Aa dr, ! rz x r 

The degree of extension is maximum at the edge of the hole and decreases inversely 

with increasing distances from the hole, approaching the undeformed level (A = 1) at 

large radii. If the new radius is smaller than the initial hole size, we see that the surface 

elements are elongated along the meridian or radius line and compressed circumferen- 

tially. For a larger hole size, the opposite deformation occurs. 

Example 2 

Next, consider the rate of deformation that occurs in Example 1] when the radius of 

the hole changes at a finite rate. 

R = R(t) 

For the Lagrangian approach, the extension ratios must be defined relative to a coor- 

dinate system fixed with the material, i.e., ro, 

(R? — Ro’) 

To 

a
e
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The rate of deformation is given by the fractional rate of change of the extension ratio, 

1 —A, 
Dh, at 

1 aA, 

A, at 

  

  
Vv, = \v:| = W.- 

  

Only the rate of shear deformation is nonzero because the surface is assumed to be 

incompressible. Taking the time derivative of the extension ratio in the material refer- 
ence frame, we obtain, 

R oR 

[t)? +(R? —Ry?)] at 

1 aA, 

A, at 

  

        

  

  

This can be written in terms of the instantaneous spatial coordinate, r, 

R aR 
Vio= 

r= at 
s 

    

The rate of shear deformation falls off inversely with the square of the radial coordi- 

nate. 

Now, for the Eulerian approach, the radial velocity field, v., needs to be established. 

For the incompressible flow of surface, the continuity equation gives, 

dv, 

dr 

  

v. 
Tr 

+ — =(6 

Tr 

which can be integrated to yield a conservation relation, 

vy °0 = constant 

The velocity at the edge of the hole is v,° = @R/dt; therefore, the conservation rela- 

tion specifies the radial velocity field, 

and 

y= 

R dR 

ro 
at 

The rate of shear deformation is given by the following equivalent relations: 

Vi =   

dv, 

dr     r   

therefore, we obtain the same result as before the Lagrangian approach, 

Example 3 

As another example, consider the deformation of an initially flat surface into an
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infinile paraboloid envelope at constant surface density. Again, we will only need to 

use one principal extension ratio, say, along the meridional generator of the paraboloid 

surface. This extension ratio, 4, will be given by the ratio of initial to instantaneous 

radial coordinates as demonstrated in Example 3 of Section 2.2. 

to 
=—_— 

i 

The paraboloid envelope is described by the quadratic function of spatial coordinates: 

(4, 1). 

z=er 

The constant element area assumption is stated explicity as 

rds = sydro 

where ds is the differential length of the element along the meridian. It is given by 

dz\¥ 
ds = (=) +10 dr 

dr 

or in particular by 

ds “ye roti dr 

Therefore, surface incompressibility is represented by the integral relation, 

To 
| r, 

iw fact r? +f dr = fer dr’ = z 

o Oo 

and corresponding points are given by 

' 
- . 312 

+3 = St {(4c? 1? + 1) _ 1} 

The square of the extension ratio for differential elements along the meridian is deter- 

mined to be 

1 
N= ——— [er +1)? — 1] 

6ce°r 

  

For small distances from the symmetry axis, r < c, the extension ratio is approximated 

by 

Az 1l+te?r=l+ez 

For large distances from the symmetry axis, r > c, the extension ratio approaches, 

4 4 
Aw — cr = — fez 

3 3
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Therefore, the surface extension increases quadratically near the origin with radius 

but eventually increases linearly with radius at large distances from the origin. 

Example 4 

Consider incompressible flow of the surface over a paraboloid shape as defined in 

Example 3. The flow of magnitude, A, will be assumed to emanate from a “‘source”’ 

at the origin. This flow is the surface area produced per unit time (flux of surface at 
the source). The continuity equation for surface flow excluding the origin is given by 

  

where v, is the velocity of the surface along the meridian of the paraboloid. This equa- 

tion gives the conservation relation in terms of the source area flux, 

rev = ao 

s Qn 

and the distribution of flow velocity along the meridian is 

  

The rate of shear deformation is given by 

Vs or 

r as   

If we take the curvilinear distance, s, along the meridian as positive from the origin 

of the paraboloid outward, the derivative of this distance with respect to radius is 
obtained from Example 3, 

ds 
—— =4fdceer? + 1 
dr 

Therefore, the rate of shear deformation is given as a function of radial or axial posi- 

tion on the paraboloid by 

or
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SECTION HI 

3.1 Membrane Mechanical Equilibrium 

In Section 2, the deformation and rate of deformation of a membrane surface was 

quantitatively described in terms of intensive variables (e.g., the principal extension 

ratios and their time derivatives) defined at each point of the membrane. In this sec- 

tion, we will determine the intensive distribution of forces and moments in the mem- 

brane, which result from external forces applied to the membrane. The membrane will 

be assumed to support the external forces without acceleration, i.e., we assume equilib- 

rium between the forces applied to the membrane surface and the forces and moments 
within the material itself. 

We consider the membrane as a laminated composite of molecular layers. A single 

layer of the composite can only oppose forces that locally act in the plane of the layer. 

Such forces are distributed per unit length in the surface, e.g., dyn/cm or erg/cm? in 
CGS units. This is illustrated in Figure 3.1 where we cut the surface layer and expose 

the force distributed along the edge. The force per unit length along the edge may be 

decomposed into two parts, normal and tangent to the edge. The surface force result- 

ants are called the tension, T,, and shear resuitant, T., respectively. These variables 

are Eulerian because they are measured in the instantaneous state relative to the de- 

formed surface element coordinates (dx,, dx2). Since the force resultants are expressed 

per unit length of the material, they are intensive membrane functions that can vary 

from one location to another on the surface. 

Thin strata of molecular layers under external loads also respond with in-plane 

forces. However, if the layers are strongly associated, then couples of force resuitants 

between layers can be produced that create a moment resultant, M, which acts on the 

exposed edge shown in Figure 3.2. Because these couples are formed by small interlayer 

distances (e.g., the order of molecular dimensions), the moment resultant usually con- 

tributes negligibly to the membrane equilibrium in response to external forces. There 

are important situations, however, where the moment resultant is the dominant re- 

sponse to the external forces. Moment resultants have units of dyn-cm/cm, dynes, or 

erg/cm in the CGS system. In addition to the moment resultant, a transverse shear 

resultant, Q;, may be produced. The transverse shear resultant acts to cut the mem- 

brane normal to its plane and has CGS units of dyn/cm or erg/cm’. Figure 3.2 illus- 

trates the resultants on an exposed edge of a laminated membrane structure. Uncou- 

pled molecular layers only exhibit in-plane force resuitants like individual layers, since 

they can slide relative to each other. The energy produced by moments in a single 

molecular layer is proportional to the angular rotation about a molecule. Therefore, 

it will be negligibly small until the surface radii of curvature approach molecular di- 

mensions. Curvatures of such a large magnitude are essentially incompatible with the 

concept of a continuous medium and are best treated as discontinuities or defect struc- 

tures in the material. Continuous curvature effects in coupled and uncoupled mem- 

brane strata are developed in Section IV. 

3.2 Membrane Force Resultants 

As described in Section 3.1, the surface force resultants are made up of tension and 

shear components along any exposed edge (Figure 3.1). If we excise a small material 

element (as we did in Section II to study deformation), the element will have a set of 

tension resultants, T,, and T.., and a set of shear resultants, T., and T,., as shown in 

Figure 3.3. The first index specifies the direction of the force resultant relative to the 

instantaneous axes (x,, X2), ¢.g., the components T,, act in the x, direction. The second 

index specifies the particular material edge along which the resultant acts, e.g., given
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FIGURE 3.1. Free-body diagram for a surface layer. The total force that is applied to the sur- 

face layer is shown by the heavy arrows. The force resuitants are distributed per unit length along 

with imaginary cut made in the layer and are shown by the light arrows. Here, T, is the shear 

resultant and T,, is the tension. The CGS units of T, and T,, are dyn/cm. (From Evans, E. A. and 

Hochmuth, R. M., Current Topics in Membranes and Transport, Vol. 10, Kleinzeller, A. and 

Bronner, F., Eds., Academic Press, New York, 1978, 1. With permission.) 

by either differential length dx, or dx.. The element edges are defined directionally by 

the normal to the edge. For instance, the edges with length dx, have normal directions 
parallel to the x, axis (taken as positive out of the material element). Thus, the force 

resultants, T;,, act on the element edges having the length, dx.. Figure 3.3 implies that 

all forces are distributed uniformly in the region of the material element because the 

force resultants are balanced identically on opposite sides of the element. For small 

elements, this is correct to first order. The second order departure from uniformity 

will lead to the differential equations of equilibrium for the surface. On an infinitesi- 

mal scale, the intrinsic force resultants will be uniform as shown in Figure 3.3. In 

addition to the balance of intrinsic forces in any direction, the net moment about the 

surface normal at the material element center of mass must be zero for equilibrium 

unless an intrinsic surface couple exists that acts about the surface normal. Without 

molecular surface couples, the moment of the intrinsic forces about the surface normal 

is the sum of the two couples produced by the shear resultant pairs shown in Figure 

3.3, 

(T,,4x,) dx, — (T,,dx,) dx, = 0 (3.2.1) 

where the force components are in parentheses. For the particular sense of the shear 

resultants chosen, it is apparent that the assumption of zero intrinsic moment (no sur- 

face couple sources) about the surface normal implies that the components, T,, and 

Tiz2, are equal. 

The resultant quantities, T,,, T22, F2:, and T,2, have values that depend on the co- 

ordinate axes system chosen at any point, and they form a matrix which transforms 

according to the previous rule for any coordinate transformation. For example, if we 

rotate the axes system (x., X2) 90°, the normal components are interchanged, and the 

shear components are also interchanged with opposite signs as in Equations 2.3.10 or
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FIGURE 3.2. Force and moment resultants which are produced in a thin, multi- 

layer membrane as the result of coupling between adjacent layers. Here, in addition 

to the shear resultant, T,, and tension, T,, shown previously in Figure 3.1, the mem- 

brane may have a moment resultant per unit length, M, (CGS units of dyn-cm/cm) 

and a transverse shear resultant, Q; (CGS units of dyn/cm). (From Evans, E. A. 

and Hochmuth, R. M., Current Topics in Membranes and Transport, Vol. 10, 

Kleinzeller, A. and Bronner, F. Eds., Academic Press, New York, 1978, 1. With 

permission.) 

Figure 2.7. As for any symmetric matrix, the force resultants can be expressed in terms 

of principal components, called principal tensions T, and T,, 

(T, + T,) (T, -T,) 
ae FO ee 

    

T,, = cos 2p 
2 

(T, + 7T,) (1, ~T2) 
Ta, = —_ — ~~ cos 2¢ 

2 

(T, -T,) . 
T,, = Ty, = - TT sin 26 (3.2.2) 

where minus ¢ is the angular rotation from the principal axes system required to arrive 

at the desired coordinate axes by analogy to Equations 2.3.12. Again, it must be em- 

phasized that the intensive force distribution represented by the resultant matrix is 

based on the instantaneous coordinates, i.e., measured in the instantaneous material 

state, and is thus an Eulerian or spatial variable. In the principal axes system, there
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FIGURE 3.3. A diagram of the surface force resultants supported by a small ma- 

terial element. The element has a set of tension resultants, T,, and T22, and a set of 

shear resultants, T., and T,2. Note that the first index specifies the direction of the 

force resultant relative to the instantaneous axes (X:, x2) and that the second index 

specifies the particular material edge along which the resultant acts. The figure im- 

plies that all forces are distributed uniformly in the region of the element. 

are no shear resultant components. The material element is simply subjected to tension 

or compression normal to the material element edges. 

Equations 3.2.2 show that the resultant matrix is characterized by two parts: (1) an 

isotropic or mean, tension, T; (2) a deviatoric part, Tis representing shear contribu- 

tions, 

— 7 

Ty = T8y + Ty (3.2.3) 

The isotropic tension is 

_ T, +T, T= (3.2.4) 

The deviatoric part is given simply by the maximum shear resultant, T,, and the coor- 

dinate rotation angle, $, 

(3.2.5)     

For T, > T:, the deviatoric components are 

Ti, = T, cos 26 

T. = —T, cos 26 

T,, = 7,, = -T,sin2@ = T,. = To, (3.2.6)
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The shear components of the deviator are the same as in the original matrix. Through- 

out the development of equations of mechanical equilibrium, we will implicitly use the 
symmetry property of the force resultant matrix, i.e., Ti2 = Tas. 

3.3 Membrane Equations of Mechanical Equilibrium 

Equilibrium equations relate the external forces applied to a membrane to the force 

and moment resultants within the membrane. The equilibrium equations follow from 

the requirement that for any body in steady motion (constant velocity or at rest), the 

sum of all forces and the sum of all moments that act on the body must be zero. This. 

applies to any part or element of the body if account is taken of the forces exerted on 

the element by the remainder of the body. If an element is in unsteady motion, the 

sum of the forces equals the mass of the element times the acceleration of its centroid. 
Equations which express this fact are called (Newton’s) equations of motion. Similarly, 

the sum of moments that act on the element may be different from zero due to angular — 

accelerations. The equations of mechanical equilibrium describe forces and moment 

balances for the body or membrane without any acceleration, i.e., they are equations 

of motion with the acceleration terms set equal to zero. It is important to recognize 

that mechanical equilibrium is not the same as thermodynamic equilibrium. In me- 
chanicat equilibrium, forces may be dissipative (nonconservative) as well as elastic 

(conservative) in character. Thermodynamic equilibrium is associated with reversible 

(conservative) processes and, consequently, only involves a balance of elastic forces. 

This is sometimes referred to as ‘‘static’’ equilibrium. 

The equations of mechanical equilibrium may usually be applied to biological mem- 

branes even if they do experience acceleration because the product of the membrane 
mass times the acceleration is negligible compared to other forces. This is so because 

the membrane is normally less than a few hundred angstroms thick and, thus, has an 

extremely small surface mass density. In addition, the applied forces and accelerations 

must be small enough that living tissues can survive without damage. However, some 

cases, such as analysis of vibration distal to a stenosis in a massive arterial wall, may 

require taking the inertial terms into account. 

Equations of equilibrium may include body forces proportional to the surface den- 

sity. For a membrane with uniform surface density, body forces are distributed in 

proportion to the area of the membrane element. Examples are gravitational forces 

and forces produced by external electromagnetic fields. Intrinsic surface or body cou- 

ples are also created by external fields. Surface couples can be important if the mem- 

brane’surface contains polarized molecular complexes, but they are not expected to be 

important in most biological membranes and are not included here. (See Naghdi, 

1972 for an exposition including such effects.) 

We will first develop equations of mechanical equilibrium for the specific case of 

surface layers with negligible moment resultants. We will then consider the more gen- 

eral thin membrane case. Plane and axisymmetric membrane geometries will be used 

to develop the equilibrium equations as functions of the spatial coordinates. (For more 

general equations see Naghdi, 1972; Reissner, 1949.)°?-”° 

3.4 Mechanical Equilibrium of a Plane Surface Layer 

An element of a plane layer is shown in Figure 3.4. We first assume that the x,, x2 

axes are the principal axes of the force resultant matrix and that moment resultants 

are negligible. Forces from the adjacent environment produce tractions or stresses on 

the surface layer that are distributed per unit area of the surface. Shear stress and 

pressure are forces per unit area (dyn/cm?) exerted by fluids or solids in contact with 

the surface. The net normal traction is the difference between the pressures, P and P’,
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FIGURE 3.4. An element of a plane layer with the x,, x2 axes as the principal axes of the force 

resultant matrix. Moment resultants are negligible. The net normal traction is the difference be- 

tween the pressures, P and P’, and the net shear stresses in the x, and x. directions are the tangen- 

tial tractions, a, and o2. Shear stress and pressure are forces per unit area (dyn/cm’). 

acting on the lower and upper sides of the surface, respectively. The tangential trac- 

tions, o, and o2, are the net shear stresses in the x, and x. directions as shown. The 

tractions, o, and o2, are the sum of shear forces per unit area that act on both faces of 

the layer. Added to the forces shown in Figure 3.4 are the body forces per unit mass 

of material, which act with components f,, f2, f3 in the x1, X2, X3 directions. 

The balances of forces in three orthogonal (independent) directions define the equa- 

tions of mechanical equilibrium, 

=F, = 0; EF, = 0; =F, 0; 

=F, =0 (3.4.1) 
1 

where =F; stands for the sum of all forces that act on the element in each independent 

direction. Since we are considering an infinitesimally small element of the surface, the 

increments of the force resultant components from one side of the element to the other 

can be approximated by the first order term in a Taylor series expansion. Therefore, 
we write the incremental changes in force resultants from one side of the element to 

the other as differential forms, dT, and dT,. The force resultant components and the 

differential increments are illustrated in Figure 3.4. The balance of forces in the x, 

direction for the small element is given by 

(T, + dT,)} dx, — T, dx, + o,dx,dx, + pf,dx,dx, = 0 (3.4.2) 

where density, @, is the mass per unit area of surface material. The differential incre- 

ment in principal tension in the x, direction is given by its spatial gradient times the 

differential coordinate dimension, 

aT, 
aT, = —= dx, 

ax, (3.4.3)
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Equations 3.4.3 and 3.4.2, divided by the element area, dx, dx,, give the first equilib- 

rium equation, 

aT, 
a + + pf, = 0 

ax, ame (3.4.4) 

Similarly, the balance of forces on the element in the x, direction gives the equation, 

  

aT, 
+o, + pf, = 0 

ax. (3.4.5) 

Force equilibrium in the x; direction does not involve T, and T, because the resultants 

lie in the x, x. surface which is flat. The force balance in the direction normal to the 

element is 

P — P' + pf, = 0 (3.4.6) 

Equations 3.4.4, 3.4.5, and 3.4.6 are the equations of equilibrium for a plane layer 

in which the principal tensions are assumed to be parallel to x, and x.. Two interesting 

observations are apparent from these equations: 

1. Variations in the force resultants are produced by tangential, shear traction, o, or 

body force components parallel to the plane. 

2. The pressures, P and P’, are equal if f; is zero. We see that a membrane cannot 

sustain a pressure difference without curvature or moment resultants. 

If the axes (x,, X2) are not the principal axes of the force resultant matrix, the equa- 

tions of equilibrium of a plane layer without moment resultants are obtained by re- 
placing T,, T. by T:,, T22 and adding shear resultants, T,2, to each edge of the element. 

As before, the application of Equations 3.4.1 yields the equilibrium equations, 

oT; 

dX; 

  

+ Gj + pf; =Q 

(3.4.7} 

Equations 3.4.7 are the general equations of mechanical equilibrium for plane mem- 
branes without moments. Because the mass per unit area of biological membranes is 

so small (the surface density is on the order of 10°’ to 10°™* g/cm’), the body force 

contributions can usually be neglected as were the acceleration forces. Throughout the 

remainder of the discussion, this assumption will be employed. 

3.5 Mechanical Equilibrium of an Axisymmetric Surface Layer 
The coordinate systems that we use to describe an axisymmetric membrane are 

shown in Figure 3.5A. The cylindrical coordinates (r, z, $¢) are defined with z as the 

axis of symmetry. It is also convenient to define curvilinear coordinates (s, 0, $) for 

any point on the surface. ‘‘s’’ is defined as the distance along the meridional curve 

measured from an arbitrary base location; the coordinate, 0, is defined as the angle 

that vector, n, normal to the surface makes with the z axis; the coordinate, $, in the s, 
8, > system is the same azimuthal angle as in cylindrical coordinates. The principal 

radii of curvature for the surface are labeled R, and R,. For the axisymmetric surface, 

R, is the radius of curvature that describes a local arc of the surface in the plane which 

contains the surface normal and is orthogonal to the surface meridian. It is the distance 

from the symmetry axis to the surface along the surface normal. The other principal 

radius of the curvature, R., describes a local arc of the surface meridian. 

—
 

—T
 

.
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FIGURE 3.5. (A) The coordinate systems used to describe an axisymmetric mem- 

brane. (B) A small differential element, bounded by two meridional lines and two 

latitudinal circles, excised from the axisymmetric surface shown in (A). The element 

is only approximately flat and approximately rectangular. Principal radii of curva- 

ture and force resultants are illustrated. (C) The normal and tangential surface trac- 

tions applied by the adjacent media to the differential surface element. 

If we excise a small differential surface element (bounded by two meridional lines 

and two latitudinal circles), the force resultants and principal radii of curvature are as 

illustrated in Figure 3.5B. It is obvious that the element is only approximately flat and 

approximately rectangular. The small deviations from a flat plane and rectangular 

shape produce important contributions to the equations of equilibrium. The local spa- 

tial axes are chosen as x, tangent to a latitude circle (in a clockwise sense around the z
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FIGURE 3.5C 

axis) and x, Cangenl to a meridian. Both axes are orthogonal to the surface normal. 

Consequently, the small surface element is described by differential coordinates (dx,, 

dx,), as projected onto the tangent plane, and by small deviations from the plane to 

the surface element along the normal to the surface. The projection of the differential 

surface element onto the tangent plane is approximately a trapezoid, illustrated in Fig- 

ure 3.6A. The projected lengths of the latitude circles along the x, direction are differ- 

ent from one side of the element to the other as shown. The projected lengths of the 

bounding meridians are the same on both sides because of symmetry, but they deviate 

slightly from the x, direction. The differential coordinates (dx., dx.) specify the mean 

of the base lengths and the altitude of the trapezoid, respectively. Therefore, the area 
of the element is dx, - dx:. The small angles at the base are given by half the rate of 

change of the differential length, dx.,, with respect to the x. direction, i.e., 

Y @(dx,)/9x. shown in Figure 3.6A. The deviations of the curved surface from the 

tangent plane are illustrated in Figure 3.6B. Since there are two principal radii of cur- 

vature that describe the surface (shown in Figure 3.5B), there will be two independent 

deviation angles, (dx,/2R,) and (dx,/2R,), both represented by (dx/2R) in Figure 3.6B. 

Figure 3.5C shows the normal and tangential surface tractions (pressure and surface 

shear stress) applicd by the adjacent environment. First, we will balance the forces in 

the x1, Xz directions, which define the plane tangent to the surface layer at the center 

of the chosen element. Then we will balance the forces normal to the tangential plane, 

along the vector n. Thus, Equations 3.4.1 will be satisfied for the surface element. In 

the x, direction, the difference in forces from one side of the element to the other 

includes contributions from the tension components, d(T,, dx,), the Shear that acts on 

the edges formed by the latitude circles, d(T,2 dx,), and the tangential surface traction, 

o, dx, dx2. In addition, there is a contribution of the shear on the edges formed by the 

meridians (6 = constant) because of the slightly trapezoidal shape of the element (sche- 

matically illustrated in Figure 3.6A. This is given by the sum, 

€ aT, , ax)a ys —) (Ta 2 (-—) 

re ‘) me ( ax, (hia) O98 Aa 
  

  

  

The trapezoidal shape is represented by the small angular deviations, [2 (dx.)/4 xa], 

from right angles at the bases formed by the latitude circles. There is no variation of
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FIGURE 3.6. (A) Trapezoidal projection of the curved surface element onto a plane tangent to 

the surface at its center. (B) Deviation of the curved surface from the tangent plane. 

the edge length, dx., with respect to the x, direction because of symmetry. If we keep 

terms of first order, the force contributions are given by
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acT, ,d aT ( Mi Xo) dx, = ui ax, dx, d(T, ,dx,) = ax, OX, 

  

- oO(T,,dx,) 
d(T, ,4x,} = ————_——_ dx, 

ox, 

(", 2 t ax,) + T,,| — = T,. dx, 
ax, 2 ax, ax, 

(Note: As in the previous chapter, the differential operator, d( }, represents the local 
variation of a function over the scale of the differential coordinates, dx, and dx,.) 

Setting the sum of all forces equal to zero, we have 

  
  

  

  

aT, , Q(T, ,dx,) | a(x, ) 
O-~- g,dx,dx, + dx,dx, + ——~—-—- dx, + T,, ——--—— dx, 

ax, aX, ax, (3.5.1) 

If we introduce curvilinear coordinates for the differential] increments, dx, and dx2, 

  

dx, = rd¢ 

dx, = ds 

we can reduce Equation 3.5.1 to 

oT acT nS} ar 
Q = Tet + od + em + Tom _—_— 

ad as as (3.5.2) 

where we use the indices, m and $, for components tangent and normal to the merid- 
ian, respectively. Equation 3.5.2 is the first equation of mechanical equilibrium, 

For the x, direction, the force differences from one side of the element to the other 
include the tension component, d(T.2 dx,), the shear on the edges formed by the merid- 
ian generators, d(T,. dx.), and the tangential surface traction, o, dx, dx. Subtracted 
from this sum is a contribution from the other tension component that acts on the 
meridian cdges because of the trapezoidal shape of the element {as shown in Figure 
3.6A). The latter is 

OT, a(dx, } a(dx, ) 
— |{T,, + dx,}dx, - %(———> ] + T,,ax,- 4% (—— 11 1 rt 

ox, ax, ax, 

The first order expressions for these contributions are 

  

A(T, 24x, } 
d(T, , ax, } = — dx, 

Xq 

a(T, , dx,) aT). 
d(T, ,dx,)= ———-———_ dx, =§ ——~> dx,dx, 

ax, ax, 

    

ay, , dx, (dx, ) (dx, ) 
— T,, + dx,|]+ T een ST dx ul i rl 1 2 

2 OX, OX, 

—
—
 

w
e
e
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We set the sum of forces equal to zero, 

a(T.,.,dx, ) oT; > a(dx, ) 
0=0,dx,dx, + —————-_—s dx, + dx,dx, -T,,dx, -———— 

ax, ox, aX%5 
  

Again we use the curvilinear expressions for the differential increments, dx, and dx: 
the force balance reduces to 

  

(T mm) aT om ar 
Q= Ct ne + — T — 

°m as ad $b "9s (3.5.3) 

which is the second equation of mechanical equilibrium with the subscript notation 

introduced previously for components normal and tangent to the meridian. 

The last equilibrium equation is obtained from the balance of forces normal to the 

surface. The force differences are the net normal surface traction (pressure difference), 

(P — P’)dx, dx., and the components of the tension resultants projected normal to the 

tangent plane (as illustrated in Figure 3.6B). These components are —2(T,, dx.) dx,/ 

2R, and —2(T22 dx,) dx2./2R2, where the small deviation angles between the force re- 

sultants and the tangent plane are given by the distance from the element center divided 

by the principal radius of curvature that describes the surface arc, e.g., ~dx,/2R, or 

—dx,/2R:. Consequently, curvature of the surface element creates force components 

to oppose the normal pressure difference, 

dx, dx, 

~ T, 2 dx, 
R, R, 

  
  0 = (P—P’)dx, dx, —T,, dx, 

(3.5.4) 

It is important to note that the radii of curvature are defined as positive for surface 
arcs which are concave toward the z axis. 

Equations 3.5.2, 3.5.3, and 3.5.4 are the set of mechanical equilibrium equations 

for an axisymmetric membrane surface, without moments. These equations relate the 

intensive force resultants, T,,;, to the external forces on the membrane, 

  

  

    

aT a(T pel) ar 
OO 4 gm + Tom — + ogr = 0 

ag as as (3.5.5) 

a(T am?) aT or Son + _ oy tore 0 
as ad as m (3.5.6) 

T T mm | op = ap 

Rm Rg (3.5.7) 

where AP is the pressure difference across the membrane (inside minus outside pres- 

sure). The principal radii of curvature, R,, and R,, of the surface element are expressed 

in terms of the curvilinear coordinates by 

ds 
  

  

sin€ (3.5.8)
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FIGURE 3.7. Cylindrical surface fixed at one end and subject to surface traction, 

oO. 

For axisymmetric loading of the surface, the shear stress, o,, and the shear resultant, 

Tom, are zero. Thus, the equilibrium equations are reduced to two equations involving 

the principal tensions, T,, and T., 

aT yn or 
aa TT, — tor =O 

és ¢ as m 

T T 
m+ ~£ = ap 
Rn Ry (3.5.9) 

(For a more extensive treatment of shells of revolution, see W. Fliigge, 1973, Stresses 

in Shells.)** 

Example ! 

A sphere of radius, R,, is subject to a uniform internal pressure, P,, and an external 

pressure, P,. The problem is to find the resultant tensions, T,, and TQ. 

Solving Equations 3.5.9 with R,, = R, = R., we find that the tension is isotropic, 

T,, = T., and uniform, with 2T,,/R. = AP. Hence T,, = T, = R, AP/2. 

Example 2 

A cylinder of radius, R., and length, L, is capped at each end by a rigid plate. The 

internal pressure is P and there is a shear stress, o, applied axially to the cylinder 

surface. The cylinder is held fixed at the end, z = 0. The tensions in the cylindrical 

surface are to be found. The coordinates are shown in Figure 3.7 with the fixed end 

at z = 0. At the free end, the pressure on the end plate must be balanced by the 

membrane resultant, T,,,, mes the circumference, 

2aR Ty = mR? P 

This gives a boundary condition on T,, ats = L, 
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The equations of equilibrium for the cylindrical surface are, 

T o op 
Ro 

  

d 
Re (Ti) + oR, =0 

These equations, together with the boundary conditions on T,,, give the distribution 
of principal tension along the cylinder, 

  

R 
Tn = : + o(L-s) 

Ty = RP 

Example 3 

A membrane in the form of a truncated cone is capped at each end with a rigid 
plate. The conical membrane shell is subjected to an internal pressure, P. What are 
the tensions in the membrane? Let the radii of the ends be Ry and R, and the length 
of the cone be L as shown in Figure 3.8. The angle @ in this case is constant, 
§ = n/2—6,, where @. is the half angle of the cone as shown. Equations 3.5.8 and 
3.5.9 are given at any point by 

d 
1 (Tm - Ty = 0 

The combination of these two relations yields an equation for the tension resultant 
along the meridian, 

  

  

d Pr 
— (T r) = 

dr m sing 

which can be integrated to give 

Pr? 
Tt = - + constant 

2 sin® 

Atr = R,, the tension is given by the axial force balance, 

eR, sing T,, = tRy? P 

RiP 
  

2 sin@ 

Therefore, the tension along the meridian is given by 

Pr 
T = 

m 2 sing 

which is half of the circumferential tension, T.,
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[* L - 
FIGURE 3.8. Conical surface capped at both ends and subject to pressure differ- 

ence, P. 

Pr 
T= 

e ‘sine 

Example 4 

Consider a flat annular disk with inner radius, r,, and outer radius, r2, that ts rigidly 

supported at the outer radius. Assume that the inner circle, r = r,, is subjected to 

radial tension, T). What is the distribution of principal tensions in the annular disk? 

The equilibrium equations (3.5.9) reduce to a single equation because both curvatures 

are zero, 

d 
Z OT) — Te = 0 

Therefore, the situation is indeterminate unless another equation can be found to relate 
the principal tensions. In general, such additional equations are provided by the ma- 

terial response to the forces (i.e., constitutive relations). For instance, a liquid film 

has equal (isotropic) principal tensions, T. In this case, the equation is 

and T is a constant, equal to the radial tension at r = r,. Another arbitrary example 

would be to set T, = 0; the result with this prescription is 

'Tm = constant 

Or 

  

because T,, = Tnoatr =r). 

e
e
e
 

  

i 
i 

i
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From a general viewpoint, the principal tensions can be expressed in terms of iso- 

tropic and deviatoric (maximum shear) force resultants, 

T+T, Tm 

Il T =T-T 

The single differential equation can be written in an alternative form, 

aT 2T 

  

dr r 

which can be integrated to give 

tT, Ty 

Tm = 2 f T,a(an r) 

ty 
ty 

This integral equation relates the boundary conditions on the meridional tension to 

the integral of the maximum shear force resultant in the surface. Consequently, the 

constitutive behavior for shear of the membrane determines the distribution of radial 

tension in a plane membrane surface. 

Example 5 

Consider an axially symmetric membrane envelope that supports a uniform axial 

force, F. This force must be balanced by the meridional tension at any transverse 

section of the surface according to 

F =2ar + sin éT 

(The angle, 6, is defined in Figure 3.5A.) This relation can also be given in terms of 

the conical half-angle, @., for a tangent to the meridian, 

F = 2ar « cos 6.* Th 

The equations of mechanical equilibrium were determined for a set of orthogonal axes 

{i.e., X1, X2, and the normal, n), defined by the surface location. These equations are 

d(T,,1) — Tgdr=0 

T T 
mn + ~% = AP 

Rn Rg 

In this case, AP = 0, since there is no transmembrane pressure difference. At first 

glance it appears that the situation is overdetermined, i.e., three equations for the two 

unknowns, T,, and T,. However, we will demonstrate that if we choose either of the 

differential equations of equilibrium for the surface plus the axial force balance, we 

will identically satisfy the remaining equilibrium equation. For convenience, we define 

a function, u = sin @. The following identites can be expressed in terms of u, r, and @ 

(for the sense of the curvilinear coordinates shown in Figure 3.5A):
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u = sing 

T 

R, = — 
u 

dr 
R aes 

m du 

dr 
—- = --4/i --u? 
ds (3.5.10) 

Thus, the differential forms for equations of equilibrium are transformed to 

d(T,,1) — Ty dr = 0 

IT, 7 du + uly dr = r-APdr = 0 (3.5.11) 

(Again, note that AP = Oin this case.) The axial force balance becomes 

P= dnt Te (3.5.12) 

irst, we combine Equation 3.5.12 with the first of Equations 3.5.11 to give the result, 

Fr d I 
——ame Of —e —_ = T 

a7 dr u ? 

Substituting this relation in the second of Equations 3.5.11 with AP = 0, we have 

du F d [ 
IT y* +a ts —— | — FH 0 

dr an dr u 

This reduces to 

which is consistent with Equation 3.5.12. 

3.6 Mechanical Equilibrium of a Flat Membrane with Moment Resultants 

As discussed in Section 3.1, moment and transverse shear resultants are induced by 

force resultant couples in membranes composed of associated molecular layers. Figure 

3.9 illustrates the principal moment and transverse shear resultants experienced by a 

flat membrane element (the force resultants and surface tractions in Figure 3.4 also 

apply here, but are omitted for clarity). The sums of moments about the three orthog- 

onal axes through the center of the membrane element must be zero, as are the sums 

of forces given in Equations 3.4.1, 

Z(M), =0 =(M), = =(M), = 0 (3.6.1) 

Here, =(M); represents the sum of moments about the i” axis through the centroid of 

the element. (Moments are defined as positive in the ‘‘right hand’’ sense of clockwise 

rotation about the axis, as viewed in the direction which the axis points.) 

—
 
m
e
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e
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1Q+dQ, 
        

  

FIGURE 3.9. The principal moment and transverse shear resultants supported by a flat mem- 

brane element. Note that only the force equilibrium equation in the direction normal to the surface 

will be affected by the transverse shear resultanis. 

From Figure 3.9, it is apparent that only the force equilibrium equation in the x; 

direction will be affected by the transverse shear resultants. The contribution comes 

from the force differences, d(Q,dx:) and d(Q2dx,), on the edges of the membrane ele- 

ment. With the first order expression for the transverse shear force differences, Equa- 

tion 3.4.6 is modified by 

3Q 
    

1 
dx, dx, + 

Ox, Ox, 
O= AP dx,dx, + dx, dx, 

without the body forces (as previously discussed). The third equation of force equilib- 

rium, along with Equations 3.4.4 and 3.4.5, is 

aQ, aQ, 
+ = 

Bx, ax, (3.6.2) 
    SP + 

Therefore, gradients in transverse shear resultants can oppose a normal surface trac- 

tion (pressure difference) in a flat region of the membrane. As we will show, the trans- 

verse shear resultant is related to gradients of the moment resultants. Consequently, 

the pressure difference in the equation of force equilibrium (3.6.2) will be related to 
the second derivatives of moment resultants. 

Only two of the sums of the moments in Equations 3.6.1 need to be evaluated. The 

third, about the axis normal to the membrane element, was previously evaluated and 

resulted in the symmetry of the shear resultants, i.e., Tj, = T2,. The sum of moments 

about the axis through the centroid, parallel to the x, material axis, is given to first 
order by the relation, 

dx, 
— d(M, dx, ) + 2(Q, dx, } Tz =0
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or, 

aM, 
  dx,dx, + Q,dx,dx, =0 
OX, 

Therefore, the transverse shear is given by 

aM, 

aX, (3.6.3) 
  Q, = 

Similarly, the sum of moments about the axis through the centroid, parellel to the X2 

material axis, is given to first order by the relation, 

dx, 
d(M, dx,)— 2(Q,dx,) 5 =0 

  

or, 

M, 
  dx, dx, — Q,dx,dx, =0 
Ox, 

therefore, 

  

aM, 9 

ax, (3.6.4) 

The equation of force equilibrium in the normal direction, (3.6.2), may be written in 

terms of the moment resultants using Equations 3.6.3 and 3.6.4, 

aM, a?M, 
AP + 0 

ax,” ax,” (3.6.5) 
    

We have developed the sum of moment equations in a principal axes coordinate 

system for the moment resultants, M, and M2. In general for nonprincipal axes sys- 

tems, there will be two types of moment resultants: (1) moment resultants that act 

around the material edge (in the same sense as the principal moment resultants, M, 

and M.), M,, and M22 and (2) moment resultant components which twist the element 

about the centroidal axes in the material plane (paratlel to x, and x2), Mi. and Ma. 

The transverse shear resultants, Equations 3.6.3 and 3.6.4, must be modified to include 

the twist contributions (defined as positive clockwise around the centroidal axis parallel 

to x. and counterclockwise around the centroidal axis parallel to x,), 

aM, , 0M, 2 
+ 

  

  
=Q, 

  

  

ax, Ox, (3.6.6) 

aM, , . OMr. 0 

ax, Ox, , (3.6.7) 

These components can be written in matrix form with the summation rule, 

  

Ox; (3.6.8)



  

  

FIGURE 3.10. Asmail element of an axisymmetric membrane with principal moment and trans- 

verse shear resultants displayed on exposed edges. 

The direction of the induced transverse shear resultant is normal to the membrane 

plane. Equation 3.6.5 reflects this explicit feature and the general equation of force 

equilibrium in the normal direction for a plane membrane region is 

v 

  0 
x;dx; G.6.9) 

3.7 Mechanical Equilibrium of an Axisymmetric Membrane with Moment Resultants 

In the discussion of equilibrium for axisymmetric membranes that follows, axial 

symmetry will be assumed for the environmental tractions on the membrane surface. 

Thus, in curvilinear coordinates (s,@,$), only principal force resultants, tensions, and 

principal moment resultants will be involved in the equilibrium equations for the mem- 

brane. Normal and meridional surface tractions will act on the membrane element, 

i.e., AP and o,,. The equations of equilibrium, without moment resultants, are Equa- 

tions 3.5.9. Figure 3.10 illustrates the principal moment resultants and the induced 

transverse shear resultants. Again, we must consider the slightly trapezoidal shape and 

curvature of the element when we balance the forces and moments on the element. 

Evaluating the sums of moments about axes through the centroid of the element 

and tangent to the material surface, we specify transverse shear resultants. Because of 

symmetry, the sum of moments about the centroidal axis, tangent to the meridian (x, 

coordinate), yields the trivial result that the transverse shear acting on the edges formed 

by the meridian segments is zero, i-e., Q, = 0, (since the moment resultant, M,, does 

not vary across the element). The sum of moments about the centroidal axis, tangent 

to a latitude circle (x: coordinate), includes the induced transverse shear contributions, 

2(Q.2 dx,) dx./2, the difference in principal moments that act on the edges formed by 

latitude circles, - d(M. dx,), plus the contributions of the moments about the edges 

formed by the meridian segments which are projected onto the centroidal axis. The 

latter are created by the slightly trapezoidal element shape: 2(M, dx2) %2[9(dx,)/9x,]. 

To first order, the sum of moments is given by
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a(M, dx, ) a(dx, ) 
= Q,dx,dx, —= dx, + M,dx, 

Xs ax, 

  

With the curvilinear coordinate expressions for the differential increments, dx, and 

dx,, the transverse shear resultant is obtained from the moment balance, 

Q a(M yr) M ar 
T = —_ — 

m as ® a5 (3.7.1) 

Now, we must modify the force balances in the directions normal to the surface and. 

tangent to the surface meridian, Equations 3.5.4 and 3.5.3, respectively. We add the 

contributions from the transverse shear on the edges formed by the latitude circles. 

The contribution of the transverse shear to the force balance normal to the surface is 

0(Q,dx,) 
d(Q,dx,) = — dx, 

X4 

thus, the sum of forces, Equation 3.5.4, becomes 

dx, dx, a(Q, dx, } 
O= APdx,dx, ~— T,dx, — T,dx, + ——————_ dx, 

R, R, ax, 

In curvilinear coordinates, the balance of normal forces yields 

  

  

Rm Ry tas (3.7.2) 

The contribution to the force balance in the direction tangent to the meridian comes 

from the projection of the transverse shear forces onto the tangent plane. The projec- 

tions are created by the curvature of the surface element with deviation angles, — dx./ 

2R.2. The first order force addition is 

dx, 
2Q, dx, OR. 

2 

with the force balance, Equation 3.5.3, and curvilinear coordinates, the result is 

a(T. or QF + (Tat) T m 

as Rey (3.7.3) 

Equations 3.7.2 and 3.7.3 are the set of force equilibrium equations for the membrane. 

These equations are coupled to the moments by Equation 3.7.1 and can be expressed 

in terms of the principal moment resultants if we eliminate the transverse shear result- 

ant. 

a(T_.r) ar I a(rM_.) or 
O=o,1 + —=— - Tg— + — a - My — 

ds as Rn as ds 

T T 1 a7 (rM__) i 0 ar 
AP = _m + _o —-—— mn +-— — Ms — 

Rin Ro r as? r as as 

(3.7.4)
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As previously discussed, the moment resultant contributions are usually small com- 

pared to the force resultants. However, Equations 3.7.4 demonstrate that there are 

situations where the small moment resultant contributions are required for membrane 

equilibrium (and stability). For instance, in a surface where the local curvatures are 

zero, the moment resultants are required to maintain equilibrium under local normal 

forces. 

SECTION IV 

4.1 Membrane Thermodynamics and Constitutive Relations 

Scientific study of biological membrane structure and function requires the comple- 

mentary use of biophysical and biochemical methodologies. The commonality between 

biophysical and biochemical approaches is provided by thermodynamics. Thermody- 

namics is composed of phenomenological laws that determine the behavior of a mate- 

rial in terms of a specific set of functions that characterize the state of the material. 
Thermodynamics is based on the hypothesis that the state functions are continuous 

from point to point in the material. In other words, the scale (in time and space) over 

which we measure state variables includes so many molecules that the eccentric behav- 

ior of individual molecules is averaged out. Thermodynamics, therefore, is made up 

of laws that represent the aggregate behavior of molecules. Departures from the ex- 
pected group or ensemble behavior are exhibited as fluctuations. 

The laws of thermodynamics provide empirical recipes for relating the mechanical 

work done on the material to the total energy and heat content in the material. The 

first law of thermodynamics is the postulate that energy is conserved, ij.e., change in 

energy equals work plus heat addition. Work is defined quantitatively by the integra- 

tion of the forces that are supported by the material times the displacements of the 

material. For a continuous material, forces and displacements are defined by macro- 

scopic functions. Thus, along with work, they are predictable or deterministic varia- 

bles. On the other hand, heat is a quantitative measure of the collective chaotic energy 

of the molecular constituents. Heat represents microscopic molecular processes that 

are random and incoherent. The diffuse nature of heat leads to a subjective relation 

called the second law, which describes the quality of the collective process that occurs 

during heat change, i.e., reversible or irreversible. For reversible processes, work may 

be attributed to conservative forces that are derivatives of potential functions. Heat is 

represented by a state function (entropy) and a proportionality factor (temperature). 

Irreversible processes, however, are less tangible. Some or all of the work can be due 

to nonconservative, or dissipative, forces. Heat exchange is not specified by changes 

in a state function. In contrast to the less satisfying second law of thermodynamics, 

the first law offers a secure refuge for the empirical scientist: conservation of energy. 

Heat and work are always accounted for in sum. Since we are neglecting inertia (kinetic 

energy) and the potential energy due to body forces, the total energy of the membrane 

is equal to the internal energy of the material. Internal energy is an abstract quantity 

which cannot be given an absolute value. Only changes in energy are observable ef- 

fects, evidenced as heat exchange and work. Consequently, a reference state must al- 

ways be assumed for thermodynamic state functions. 

In biological membranes, we are faced with an anisotropic material which can be 

described as a continuum only in two dimensions (over large scale in the surface), but 

molecular discontinuity exists in the third dimension (thickness). We will conceptually 

treat the discontinuity in membrane composition from one side to the other by consid- 

ering the membrane as a laminated structure made up of a strata of molecular layers.
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The layers may be either coupled or uncoupled. This conceptual view does not restrict 

the application of the surface continuum approach only to membrane structures with 

distinguishable layers. Membranes with more homogeneous composition are repre- 

sented equally well by the material properties that will be derived in this chapter. The 

thermodynamic variables for a membrane material are continuous functions of surface 

location, but are discrete functions of position within the thickness of the membrane. 

At a specific location on the membrane surface, the thermodynamic state represents a 

surface domain that contains a large number of molecules. Thus, we will have to re- 

spect the minimum scale on the surface above which this is a valid characterization 

{i.e., for which the fluctuations in mean thermodynamic functions are small). 

We will be specifically interested in the thermodynamic changes that result from 

membrane deformation and rate of deformation as produced by external forces. 

Throughout the development, we will be considering the membrane material system 

as, closed. In other words, there is no exchange of material or molecules between the 

membrane and its environment. This is true only for a limited period of time because 

the membrane may be remodeled by cellular processes or by exchange of lipids and 

proteins with the extracellular world. In general, these exchange processes take place 

over very long time periods compared with the mechanical experiments that are per- 

formed on the membrane. Therefore, our assumption Is reasonable. We will develop 

membrane constitutive relations between the intensive distributions of membrane 

forces, deformation, and rate of deformation. These relations will be characterized by 

intrinsic materia! properties (e.g., coefficients for elasticity and viscosity) based on 

changes in thermodynamic state of the membrane. 

The elastic constitutive relations that result from the development prescribe the me- 

chanochemical equations of state for the membrane surface at constant temperature. 

These constitutive equations relate conservative membrane forces to the intensive de- 

formation of the membrane. An example would be the change of surface pressure as 

a function of the change in the area in the membrane surface. Surface deformation 

can be decomposed into fractional changes in area of a surface element and extension 

of the element at constant area. Deformation of an individual molecular layer of the 

membrane depends only on these two parameters. Therefore, the elastic forces re- 

quired to deform the molecular layer are functions of only these two parameters. (We 

assume that each molecular layer is isotropic in the plane of the layer.) Single molecular 

layers can only sustain forces that are locally tangent to the surface plane. The imph- 

cation here is that single molecular layers exhibit a negligible energy change due to 

surface curvature change (bending resistance) unless the curvature change explicitly 

involves deformation of the surface element. The bending energy alone of single mo- 

lecular layers is essentially negligible until the radii of curvature for the surface are on 

the order of molecular dimensions, at which point our continuum approach is no 

longer valid. We will concentrate first on the reversible thermodynamic behavior for 

each of the membrane molecular layers in response to surface deformation. Then, we 

will describe the composite behavior of the total membrane by summation over all 

layers. 

Composite membrane Structure introduces the possibility of coupled interactions 

between the layers. The surface deformation of the whole membrane will be experi- 

enced nearly the same by each layer if the surface radii of curvature are very much 

larger than the distance between the molecular layers of the composite. However, 

bending moments (couples) are produced by changes in the membrane curvature. 

These moments can be significant, especially if the mean surface deformation is small. 

The moments or force couples are due to small relative deformations between adjacent 

layers that create small energy variations (e.g., curvature can produce inner layer 
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compression and outer layer expansion with no net change in the average membrane 

area). We will investigate the energy variations produced by changes in curvature of 

the membrane composite in order to determine bending resistance and moments. These 

curvature elastic effects will be treated subsequent to the analysis of membrane surface 

elasticity. 

The elastic properties of a closed membrane system are associated with reversible 

thermodynamic changes in the membrane. These changes are produced by macroscopic 

deformation of the membrane structure. The elastic coefficients are derivatives of the 

free energy density (work per unit area of the membrane) taken with respect to inten- 

sive deformation at constant temperature. The free energy change is the sum of contri- 

butions from internal energy and heat content changes produced by deformation of 

the material. If the temperature of the material is changed, then internal energy and 

heat content also change. This process is accomplished by random exchanges of mo- 

mentum between the material surface and the adjacent environment and by radiation 

absorption and molecular excitation. Temperature change produces small defor- 

mations in a free or unconstrained material. It can also produce forces in a material 

with constrained dimensions. For reversible processes, the thermoelastic alterations of 

material dimensions and forces combine with the elastic constitutive relations to give 

mechanochemical equations of state. These equations relate static material forces to 

deformation and temperature change. Furthermore, coefficients in the material equa- 

tions of state specify the reversible changes of internal energy and heat content of the 

material that are produced by deformation at constant temperature. With this mechan- 

ical form of calorimetry, the material thermodynamic state can be investigated with 

temperature-dependent, mechanical experiments. Thus, thermoelasticity provides a di- 

rect thermodynamic probe of membrane structure in situ, which can be correlated with 

biochemical and ultrastructural studies. For example, it is possible to establish whether 

the configurational state of molecular complexes in the membrane is more or less or- 
dered by a deformation and whether the energy of these complexes is appreciably 

changed by the deformation. For a biological membrane structure composed of am- 

phiphilic components, thermoelasticity provides a direct way to assess the thermal re- 

pulsive forces in the membrane. In the natural state, without externally applied forces, 

thermal repulsive forces in the membrane are opposed by the hydrophobic interaction 

between the membrane surfaces and adjacent aqueous environment. 

The elastic constitutive equations represent reversible thermodynamic changes pro- 

duced by deformation. On the other hand, inelastic or nonconservative constitutive 

equations describe the dissipation of energy in the membrane produced by time rates 

of deformation. Nonconservative processes are thermodynamically irreversible and re- 

sult in membrane forces that are proportional to rate of deformation, i.e., rate of area 

dilation and rate of extension at constant area of membrane material. In general, time- 
dependent response of a material to an applied force is complicated and can only be 

described by empirical equations. The relationship between the macroscopic behavior 

and the microscopic processes that occur at the molecular level is difficult to establish. 

However, it is possible to identify two characteristic types of irreversible phenomena 

that originate at the molecular level: (1) internal heat generation (molecular friction) 

superposed on the reversible thermodynamic behavior; (2) permanent deformation as- 

sociated with structural changes produced by material forces. In the first case, time- 

dependent deformation creates forces in the material that exceed the elastic levels re- 

quired to maintain static deformation. The additional force is required because me- 

chanical work is dissipated by viscous friction produced by the nonzero rate of defor- 

mation. The dissipation occurs essentially in parallel with elastic energy changes. In 

the second case, permanent or plastic material deformation is proportional to the du-
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ration and strength of the forces supported by the material. Such a response can be 

considered to occur in series with the elastic mechanism. The two types of irreversible 
phenomena distinguish general regimes of material behavior: solid, semisolid, and liq- 

uid (plastic). Constitutive relations for viscoelastic deformation response and recovery 

represent the solid material regime. Relaxation and ‘‘creep’’ equations describe the 

semisolid transition from solid to plastic material regimes. The transition is especially 
significant because it represents molecular relaxation processes in structural elements 

of the membrane. Finally, viscoplasticity characterizes the liquid flow of membrane 

material. We will develop first order constitutive relations for each regime of material . 

behavior. When appropriate, the equations will be given in both Lagrangian and Eu- 

lerian forms. In Section V, we will present applications of these relations to actual 

membrane mechanical experiments and will demonstrate the advantages peculiar to 

either the Lagrangian or Eulerian representation. 

4,2 Thermodynamic Outline 
Thermodynamics is based on two types of state variables: intensive and extensive. 

Extensive variables depend on the amount of material in the system (e.g., mass and 

energy); the intensive variables do not (e.g., pressure, density, temperature). Conser- 

vation principles start with extensive variables because they are concerned with the 

amount of something; intensive variables characterize the substance, not the amount. 

Such general attributes have been significant concerns in philosophy since early Greek 

considerations, almost three millenia in the past (Russell, 1972).”7 These philosophical 

interests have been coupled with Locke’s concept of empirical truth to form the basis 

for natural science. Thermodynamics is a scientific formalism centered around these 

philosophical concepts. The two principal laws of thermodynamics deal with the con- 
servation of energy (first law) and the character of the changes in the state of the 

system, i.e., reversible or irreversible (second law). (Katchalsky and Curran, Nonequi- 

librium Thermodynamiics in Biophysics,** provides a good introduction; Morse’s book, 

Thermal Physics,*? contains historical notes and displays profound appreciation of the 

implications of developments in thermodynamics.) 

The first law is a statement of conservation of energy: the sum of the heat exchange, 

AQ, from the exterior environment to the material (defined as positive into the mate- 

rial} and the work, AW, done by displacement of forces that act on the material must 

equal the change in internal energy of the material, AE, 

ALE = AQ + AW (4.2.1) 

Here, the symbol, A, indicates a change or increment between beginning and end states. 

This may be written in integral form as 

fee «foo + ow 

For infinitesimal increments, the law also applies, 

di =5Q + 6W (4.2.2) 

Since energy is conserved by definition, the increment in energy is an exact differential, 

i.e., independent of the character of the process in going between the two states. How- 

ever, the heat exchange and work increments may or may not be exact differentials. 

They depend on the character of the process which is used to go between the two states. 

‘*Process’’ is used in this context to represent the particular set of intermediate states
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between the initial and instantaneous state. For example, an isothermal reversible proc- 

ess is a particular procedure that produces conservative work on the material, inde- 

pendent of the path between states. Thus, it is only a function of the initial and final 

states. The incremental stages are given by an exact differential, 

REV _ . 
bw, = OW ' (4.2.3) 

where the subscript, T, implies constant temperature. From Equation 4.2.2, the incre- 

mental heat exchange in an isothermal, reversible process is also expressed as a total 

differential, 

REV _ 
bQ, = AQ (4.2.4) 

Hence, by returning to the initial state through a reversible process, there will be no 

net heat exchange between the material and its environment. Each cyclic integral is 

zero, 

¢dE=0 

§ swREV = 9 

0 (4.2.5) 

(The second and third equations of (4.2.5) apply for a cyclic process that is only iso- 

thermal or adiabatic. They do not represent a cycle such as a Carnot cycle, which is a 

sequence of isothermal and adiabatic reversible processes between different tempera- 

tures.} 

A perfectly elastic material obeys Equation 4.2.3 at constant temperature. External 

forces, which deform an elastic material, do work on the material that depends only 

on the initial and final state of deformation. The heat exchange produced during the 

deformation is completely recovered when the external forces are removed and the 

material returns to its initial state. However, deformation of any real material will take 

place over a finite period of time, and internal heat dissipation will occur due to the 

frictional interaction of molecules. In an actual process, irrecoverable heat exchange 

may result. Therefore, Equations 4.2.5 can only be approached in the limit, where 

dissipation is negligible. Another essential] requirement for a reversible process is that 
there be no irreversible material alterations (e.g., molecular rearrangements). Perma- 

nent structural changes will occur in proportion to the magnitude and duration of the 

external forces. Consequently, the forces must be applied and removed such that the 

Structure does not have time to relax to a new material configuration. It may be im- 

possible for a given process to satisfy both requirements simultaneously, i.e., a slow 

enough deformation of the material to have negligible dissipation and fast enough to 

avoid structural change. 

The second law of thermodynamics states that for all real processes the actual heat 

added, d Q, is less than the heat exchanged in a reversible process between the same 

States, i.e€., 

6Q<6QREV (4.2.6) 

At constant temperature, Equation 4.2.6 states that there is thermal energy transfer 

to the environment in excess of the reversible amount. This is illustrated by the cyclic 

integral,
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$5Q<¢0 

Empirically, it was recognized that an additional state variable is required to char- 

acterize the redistribution of energy which occurs within the material during the proc- 

ess, The total energy is a conserved quantity, but the partition of energy between the 

various possible molecular states is not specified. The ideal or reversible increments in 
the heat added to the system are determined by a second extensive state variable called 

entropy, 8, 

5QREV = Tas (4.2.7) 

where temperature is an integrating factor. The entropy increment, dS, is determined 

by the change in state of the system in any process. Equation 4.2.6 shows that the 

change in entropy of the system is greater than or equal to the heat added from external 

sources divided by the temperature, 

aQ us > — (4.2.8) 
T 

where the equality condition is an explicit statement of reversibility. In the 19th cen- 

tury, Boltzmann demonstrated that the entropy for a gas is determined by the distri- 

bution of molecules among possible states of the system, Subsequently, statistical me- 

chanics has been built around this discrete concept as represented by 

S=k Qn a (4.2,9) 

where k is Boltzmann’s constant, and 2 is the number of configurations in which the 

system can exist. Thus, entropy is a measure of the number of opportunities on a 

microscopic scale for distributing energy changes and work. It is an assessment of the 

molecular disorder or lack of coherence in the system. Equation 4.2.8 shows that dis- 

sipative processes tend to increase internal disorder. Deformation of a material may 

require work not only to change the internal energy of the material, but also to rear- 

range the internal structure (work in opposition to the natural, thermal randomization 

process). 

4.3 Equilibrium Thermodynamics and Membrane Deformation 
Equilibrium thermodynamics characterizes processes that take place in an essentially 

reversible manner. For deformations of a membrane surface that occur reversibly, we 
can express the total energy change of the membrane with the combined first and 

second laws of thermodynamics, 

dE = TdS + dW 

or 

dW = dE - Td§& (4.3.1) 

if we assume that the temperature is constant and that there is no irreversible alteration 

of the material and no viscous dissipation, then the work done on the membrane during 

deformation is reversible, i,e., dW in Equation 4.3.1 is an exact differential. Therefore, 

we will be able to identify an elastic, potential energy function which represents the 

work term. 
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As we said earlier, the first and second laws of thermodynamics involve state varia- 

bies that are extensive properties of the system, i.e., they depend on the total amount 

of material in the system. We consider the membrane to be a continuous material with 

fixed mass. Thus, the value of an extensive variable for the whole system equals the 

sum of its incremental values for ali small elements of the system. Each increment is 

the amount of the extensive variable contributed by the element, which does not de- 

pend on the overall size of the material. Consequently, it is possible to define a partial 

value of the extensive variable with respect to the size of a small element. The partial 

value becomes a density function for the extensive variable per unit area when the limit 

is taken where the element areas are arbitrarily small. For example, we can define area 

specific or density functions for internal energy and entropy per unit area of material 

surface, 

AE 

AA,~0 \ AA, 

~ AS 
§ = lim —_— 

4A,70 AA, (4.3.2) 

The increments in the thermodynamic variables are represented by the amounts, 

AC ), appropriate to the element area, AAo. The thermodynamic distributions, E and 

Ss. are defined relative to a fixed reference geometry, i.e., the initial or undeformed 

state that is represented by element area, AA,. Consequently, these functions charac- 

terize the state of matter at point locations over the entire surface, _ regardless of the 

subsequent material deformation. The specific properties, E and §, are in units of 

energy and energy per degree, respectively, both per unit initial area of membrane 

surface. (The definition per unit of initial area can also be interpreted as a per molecule 

basis if the membrane is a single component system.) Using the intensive representa- 

tions for membrane forces and deformation that were developed in Sections II and 

III, we will be able to quantitatively describe the differential work done on a membrane 

element per unit area. The differential form for work in Equation 4.3.1 is related to 

the changes in energy and entropy density of the material. 

dW =dE — TaS (4.3.3) 

A specific condition for which aw in Equation 4.3.3 is a total differential is that 

the temperature of the material is heid constant. This is the usual condition in a me- 

chanical experiment. However, temperature change is required to determine how much 

of the isothermal work goes into energy change and how much into entropy change in 

the material. These thermoelastic effects will be considered in a later section. For con- 

stant temperature, the elastic potential energy function is the same as the Helmholtz 

free energy density of the material, F. The Helmholtz free energy is a thermodynamic 

potential defined by 

FeE-TS 

and which is differentially expressed by 

éF = dE — Td$ - SaT
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This potential function equals the conservative work on the system for the isothermal! 

case, 

(dF), =dE — TdS = dW 

{[Note: Another condition under which dw in Equation 4.3.3 is a total differential is 

‘the adiabatic case (TdS = 0), where 

dW =dE 

The internal energy itself is an elastic potential and obviously a conservative function.] 

The clastic potential, F, ail constant temperature is also referred (o as a strain-energy 

function (see for example, Green and Adkins, Large Elastic Deformations).** 

Since we treat the membrane as isotropic in the plane of the surface, the elastic 

potential energy density at constant temperature depends only on two independent 

variables which characterize the deformation. In Section 2.3 (see Figure 2.9) we dem- 

onstrated that these two variables are: (1) a, the fractional change in area of the surface 

element (isotropic dilation or condensation) and (2) 8, the measure of extensional de- 

formation of the surface element at constant surface area. (The parameter f represents 

the distortion of a circular region of the membrane surface to an ellipse.) Because the 

elastic potential, F, at constant temperature is a function of only the linearly independ- 

ent deformation variables, a and £, a differential form may be written in terms of 

contributions from each deformation parameter, 

_ ar ae 

0a f BT 8B} a,T (4.3.4) 

(Subscripts indicate the independent variables that are held constant.) The assumption 

that the deformation is thermodynamically reversible implies that the elastic potential, 

(F);, is independent of the path taken between the initial and instantaneous states. 

Equation 4.3.4 is an explicit statement of the path independent deformation process 

with respect to a and f. The first term is the change in elastic potential energy density 

duc to isotropic dilation or condensation of the surface keeping the shape of material 

elements unchanged. The second term is the change in elastic potential energy density 

contributed by the extensional deformation of the molecular structure at constant sur- 

face area. The deformation parameters must be linearly independent and rotationally 

invariant in order that Equation 4.3.4 be valid. Later examples will illustrate this prin- 

ciple, using two specific models for membrane materials. 

4.4 Isothermal Constitutive Equations for Principal Axes 

As previously discussed, mechanochemical equations of state at constant tempera- 

ture describe the elastic constitutive behavior of a membrane. These equations are valid 

for reversible thermodynamic states where the viscous dissipation is negligible. Elastic 

constitutive equations are also called stress-strain relations in the literature of solid 

mechanics. For single molecular layers and thin membrane structures, the surface re- 

lations take the form of force resultants (e.g., tensions) as functions of strain or defor- 

mation. In order to establish the relationship of membrane force resultants to static 

membrane deformation (thermodynamic equilibrium), we equate the incremental 

change in Helmholtz free energy density (elastic potential) at constant temperature to 

the work done on an element of the material by the small displacements of forces 

supported by the material. We choose the convenient perspective provided by the prin-
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FIGURE 4.1. Incremental deformation of a differential element of membrane viewed in the 

principal axes system. The work done on the element is the product of the force times the displace- 

ment, summed for the x, and x, directions. T, and T, are the principal membrane tensions (inten- 

sive forces) described earlier. T,A.da. and T.4,da, are the forces acting along the element edge in 

the x, and xz-directions, respectively, and d(dx,) and d(dx:) are the displacements which result 

from the deformation. 

cipal axes system and then consider the principal axes deformation of a differential 

element of the membrane (Figure 4.1). The work done on the element is the product 

of the force times displacement, summed for the x, and x, directions. The principal 
forces on the element are approximately T, - dx. and T. - dx,. These are displaced by 

small amounts, 6 (dx,) and 6 (dx), respectively. The incremental work produced by 

these forces and small displacements is 

8W=(T, - dx,) 5 (dx,)+(T, - dx,)5 (dx,) (4.4.1 

T. and T, are the principal membrane tensions (intensive forces) described in Section 

3. The displacements, 6 (dx,), correspond to increments in the principal extension ra- 

tios, 

6(dx, ) = da, 5A, 

8(dx,) =da, 5A, , (4.4.2) 

by noting that the initial element dimensions are constant. Equations 4.4.1 and 4.4.2 

combine to give the incremental work per unit area of the undeformed membrane 

element (dA» = da, - da;), 

aW= [(T, -a,)5A, +(T, +A, )5a,] + dA, 

The increments in extension ratios can be expressed as differential changes, which give 

a differential relation for the work per unit area. Using the definition for Helmholtz 

free energy density and the combined first and second laws of thermodynamics, Equa- 

tion 4.3.3, we obtain the relation for change in elastic potential that is produced by 

intensive deformation, 

(dF) _ = (T,A,)da, + (T,A,) da, (4.4.3)
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The differential change in elastic potential, (dF), is only dependent on the differential 

changes in the independent deformation variables, a and f, i.e., it is equal to the sum 

of two contributions: one produced by fractional change in area and the other pro- 

duced by extension at constant area. These geometric changes are explicitly given by 

the differential relations, 

  

and, 

  

ap ap 
dg = a da, + ' } da. 

aa, aa, 

since they are functions of the principal extension ratios. We now take the chain rule 

expression for the elastic potential change, Equation 4.3.4, plus the differential rela- 
tions above and equate the coefficients of dA, and da: in the differential relations, 

Equation 4.4.3. This is valid because the extension ratios are linearly independent func- 

tions. The result is two independent equations, 

aF aoe { oF ag 
oa + =T,A, daf rg ar, \28/ rq a 

ar da aF ag 
—_— ——— fF — = T, Ay 

97,8 OMe OL Te OMe (4.4.4) 

We recall the definitions of a and fi(@ = A.A. — 1 and B = (A,? + A2?)/21,A2 — 1) to give 
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We use these partial derivatives in Equations 4.4.4 to obtain the relationship between 

membrane tensions (intrinsic force resultants) and the changes in elastic potential en- 

ergy density, 

oF 1 aF 

T, = 3 OA 2 ag (A,*? —A,7) 
a 2 

TB oN 2 Te (4.4.5) 
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; aif rg 27a? \28/ te (445) 

We see that both principal membrane tensions are associated with free energy changes 

which are produced by changes in surface area and surface extension at constant area. 

In Section 3, we decomposed the principal tensions into an isotropic tension (that 

acts equally in all directions in the membrane surface) and a deviatoric resultant (which 

is the maximum shear force per unit length that acts in the membrane at +45° to the 

directions of the principal axes). The isotropic tension is the mean of the principal 

components, and the maximum shear resultant is half the magnitude of the difference 

between principal tensions. Equations 4.4.5 give 

_ ar\ 
T =4(T, +T,)= (— 

ow T.6 

1 aF 
T, -T, | =—— [— Az—AZ 

2.7? \aB/ Te (4.4.6) 

These relations demonstrate that isotropic tension in the membrane is due to surface 

area change and that membrane shear is associated with surface extension at constant 

density. The membrane force resultants are proportional to the changes in free energy 

density that are produced by these geometric changes. 

The maximum shear resultant can be written in the alternative form, 

7: 1 aF 

S a(ita) \ag Ta 

where the scaled extension ratio, 4 from Equation 2.4.7, for stretch at constant area is 

given by 

  T,=% 
  

x 2}? 
  

    

(4.4.7) 

NEA (SAMA, 

Therefore, the differential change in free energy density at constant temperature, 

Equation 4.4.3, can be expressed in terms of isotropic and deviatoric force resultants 

times fractional changes in surface area and surface extension, 

oe dd 
(QF) 7 = T da + 27, (1 +a) <> (4.4.8) 

This demonstrates the superposition of work produced by area change and work pro- 

duced by extensional deformation at constant area. 

The work done on the material is distributed per unit area of the surface in the 

initial, undeformed state. Thus, along with the elastic potential and the other thermo- 

dynamic state functions, it is a Lagrangian variable. The force resultants are deter- 

mined in the instantaneous state, and yet Equations 4.4.6 relate the material forces to 

Lagrangian deformation variables. Subtle differences become apparent on closer in- 

spection. For instance, the expression for the maximum Lagrangian shear strain is 

recalled as
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a= JA,?-- a, 7 1 

The maximum shear resultant is given by 

7 2 -/3F 
ao. ls} Cg 

“A 7a,? Nab /pe * 

The shear resultant is not simply proportional to the Lagrangian shear strain (as in- 

the classical theory of infinitesimal elasticity); tt is inversely scaled by the area ratio 

(final to initial element area) squared. On the otker hand, the maximum Eulerian shear 

strain is recalled as 

= IAL? — Ag"? 

which gives a relation for the maximum shear resultant as a simple proportionality: 

ar - 
T.=2)— &. 

‘ ap T,a ° 

Even though the shear resultant is linear in the Eulerian shear strain, the finite defor- 

mation implicitly creates a nonlinear relationship to geometric extensions. The distinc- 

tion between the magnitudes of the maximum Lagrangian and Eulerian shear strains 
disappears where the surface deformation occurs at constant area, i.e., A,A, = 1. 

The partial derivative of the elastic energy with respect to the material] stretch or 

element distortion at constant area completely specifies the shear rigidity of the mem- 

brane, py, 

( aE 
w= — 

op Tia 

be 

5 2A, 72,2 

  

A,?-A,? 
(4.4.9)     

The coefficient, uy, is a shear modulus, intrinsic to the membrane structure. The shear 
modulus represents the energy storage and Static resistance to extensional deformations 

of the membrane surface. This is a property peculiar to solid materials; liquids have 

zero shear (elastic) moduli. 

The Eulerian form for the shear resultant vs. shear strain is similar to the classical 

relation obtained from linear elasticity. However, it is important to recognize that 

Equation 4.4.9 is a nonlinear relation between extension and force resultant. In addi- 

tion, an important difference can be recognized between the classical derivation of the 

shear modulus and the finite deformation approach that we have used. The shear mod- 

ulus in the linear elastic theory for sma]i deformations is obtained from the derivative 

of the clastic free energy density with respect to the square of the shear strain, 

ak 

u ~ 2 de, T 

(see Landau and Lifshitz, Theory of Elasticity).°' For finite deformations, the square 

of the shear strain is on the order of the fourth power of the extension ratio, 

 



(e3) ~ N+K4 

as seen from Equation 2.4.1. This relation is essentially the square of the deformation 

variable, (8 + 1)?, i.e., 

(+1)? ~ x4 +304 

which implies that the free energy density would depend on terms of order f? if the 

infinitesimal theory were to be used. This is not consistent with the results in Equation 

4.4.7. Consequently, the infinitesimal theory cannot be simply extended to finite de- 

formations with a free energy density that is proportional to the square of the shear 

strain. On the other hand, the nonlinear theory developed in this section can be shown 

to reduce to the linear elastic theory in the limit of small deformations. Note that for 
small deformations, the extension ratio, A, is given by 

where dA << 1. Therefore, the square of the shear strain is proportional to (dA), if we 

neglect terms of higher power, 

eS ~ (8x)? 

and, similarly, the deformation variable B is proportional to (dAy. Therefore, for the 

case of small deformations, the shear modulus can be expressed by either 

ar 

" de,” T 

(=) 

u~(— 
ap T 

which is consistent with infinitesimal and finite deformation theories. 

The functional dependence of the free energy density on the deformation parameter, 

B, can have physical significance. Elastic relations that are linear in 8 for large defor- 

mations are termed as ‘‘hyperelastic,’’ a form of behavior exhibited by naturai rubber 

in three dimensions. Later, we will illustrate the first order, hyperelastic behavior with 
a material mode! of a two-dimensional, loose network of long-chain fiexible molecules. 

In this case, the Helmholtz free energy density is first order in the deformation param- 

eter, 8, and we can deduce a surface shear modulus for such ‘“‘elastomeric’’ molecular 

jayers in terms of parameters that describe the network configuration. In general, how- 

ever, jz can be a function of the invariants, a, 8, and temperature, T. 

In contrast to membrane shear rigidity, the ability to support isotropic tension is 

characteristic of both solid and liquid membrane materials. Isotropic tension is pro- 

duced by dilation or condensation of membrane surface area relative to the equilibrium 

State of the membrane. With a Taylor series expansion in the fractional change in area 

per moiecule, a, relative to the equilibrium state, the elastic potential energy density is 

approximated by 

or 

2 
~ ~ _ a 

(F Fy )p= Tye +K — +... (4.4.10)
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where (Fo)s is the Helmholtz free energy density at the initial area. The cocfficients, 

T, and K, are defined by derivatives of the free energy density as 

_ (=) 
T, = |— 

oa T.B 

(=) K\z om TB 

The isotropic tension is obtained from Equation 4.4.6, 

a=0   

  

a=0 

T=1T, +Kat-:> 

The coefficient, K, is the isothermal] area compressibilily modulus that relates changes 

in isotropic tension to small fractional changes in area relative lo the initial state, 

aT 
K = [— 

20/7 | a=0 (4.4.11) 

The constant, Ty, is the initial isotropic tension in the membrane for the reference 

state. For instance, liquid films or interfaces (e.g., soap bubbles) maintain a constant 

tension, independent of the surface area. Commonly called ‘‘surface tension,” this 

constant isotropic tension, To, is characteristic of free interfaces where the surface is 

open to exchange of material with the environment or boundary regions of the film. 
However, closed interfaces or membranes (fixed mass) exhibit isotropic tension that 

depends on surface area changes as described by the elastic compressibility modulus, 

Equation 4.4.11. This behavior is called ‘‘Gibb’s elasticity’’ for surfaces because of 

its original development by J. Willard Gibbs (1961)*? in the nineteenth century. 

For a closed membrane system such as a biclogical membrane, it is possible to define 

the initial, undeformed equilibrium state of the membrane as the state where the force 

resultants are zero. In addition, we will identify the natural state of the membrane as 

this force-free state. Therefore, relative to the natural state, the membrane isotropic 

tension and shear resultants are given by the following elastic constitutive equations, 

T= Ka + O(a?)+-++ 

2yeé ub 
s = T, = 2ue, = = [A-A1= Pr? ~X-2 | 

(ite)? 2A, 7A,? 2(1+a) 

  

  

  

(4.4.12) 

where the fractional change in area, a, is taken to be small (remember that the shear 

resultant can be expressed in several alternative ways). The force resultants for any set 

of coordinate axes in the instantaneous State (x,} can be obtained with the isotropic 

tension and maximum shear resultants and the rotation angle relative to the principal 

axes system as Outlined in Sections 2 and 3. In the next section, the matrix form for 

the general equation which relates force resultants to elastic deformation will be de- 

rived for any instantaneous coordinate system. Figure 4.2 illustrates force resultants 

for the axes system in which maximum shear occurs. This is an axes system at +45° 

with respect to the principal axes system. The elastic constitutive equations (4.4.12) 

are the mechanochemical equations of state for the membrane at constant temperature.



  

  

FIGURE 4.2. Force resultants for the axes system in which maxi- 

mum shear occurs. This system is oriented at angles of +45° with 

respect to the principal axes system. 

There are two equations because the membrane may be a solid structure. We see that 

two intrinsic elastic moduli for thin membrane materials are required to relate the 

intensive force resultants in the material to the equilibrium surface deformation: (1) 

surface area compressibility modulus, K; (2) surface shear modulus, y, for extension 

at constant area. 

4.5 General Derivation of the Isothermal Constitutive Equations 

In the previous section, we developed the isothermal mechanochemical equations of 

state from the work performed on a material element in the principal axes system. In 

this section, we derive these equations for arbitrary orientation of initial and instanta- 

neous material coordinates. Both sets of coordinates are assumed to be Cartesian and 

referred to the same set of orthogonal axes. 

At constant temperature, the rate of doing work on a material element per unit area 

is equal to the time rate of change of the elastic potential (Helmholtz free energy den- 

sity), 

aw oF 
or (Naty (4.5.1) 

Both variables in Equation 4.5.1 are Lagrangian in nature, since they are defined rel- 

ative to a fixed reference state for the material. In the dynamic or instantaneous state, 

the rate of mechanical work is measured per unit area of the deformed material. This 

is called the instantaneous mechanical power density and is given by the scalar product 

of the Eulerian variables, rate of deformation times force resultant matrices, T;, V;;. 

The work per unit time on the material element is equal to the instantaneous power,
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aw 
(=) ‘dA, = (Ty Vij) ° dA (4.5.2) 

at J 

where the initial and instantaneous element areas establish the extensive level of power 

produced by the element. The instantaneous mechanical power density can now be 

determined from the time rate of change of the Helmholtz free energy density, 

I ak | 
Tij Vij —_—_—_—_ — 

i Ay Ag ot / 7 (4.5.3) 

where the ratio of element areas is given by the product of principal extension ratios 

(rotationally invariant). The free energy density is.a conservative function that depends 

only on the state of the deformation at any time. Therefore, we can write 

(#) _ al BE ny 

at T 9€ ny T ot (4.5.4) 

in terms of components of the Lagrangian strain matrix and their time derivatives. In 

Section II, we developed a relation between the rate of deformation matrix, V,;, and 

the Lagrangian strain matrix, €;,, 

  

dé da da V..= eu p q 

ij at OX; 8x; (4.5.5) 

ox OX, 

2€pq = — a Soy 
p g 

Therefore, Equations 4.5.3 through 4.5.5 combine to give the following coefficient for 

independent time derivatives of strain, d¢,,/dOt, 

I ar da, day 
= T:: a ed 

Mire \ de5g Jr 7 ax; x; 

  

where 

  

  

  

or with the fact, 

    

  

  

day OX, = 5. 
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Ti; = ! OX} 

The differential form of Equation 4.3.4 is the expansion of the elastic potential in 

independent deformation parameters, a and f. Thus, the force resultant matrix or 

tensor is determined by



        

f ax; ax;! aF ae ar as 
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7 

(4.5.7) 

The partial derivatives, Oa/dc,, and O98/dae,,, are conveniently evaluated with a de- 
formation matrix called Finger’s strain tensor, B,;, 

OX; ax: 
8..=— J 

ij 
dap dap 

  

This matrix may be regarded as:a strain matrix oriented relative to the instantaneous 

coordinate system, although it is a Lagrangian type of variable because its magnitudes 

are measured relative to the initial state. It also is characterized by two invariants, 

B, = B, =a’ + a? 

B, = —% (By By — By By) = Ar Ay 

Hence, the required partial derivatives are given by 
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The final form of Equation 4.5.7 involves the contraction of matrix quantities over 

the indices, p and q. For this purpose, we develop the following identities, 

Ox: Ox: 
  

    

1 J ne § = ZB.. 
Pq q day, da, 

and 

OX; Ox; 3 5 

3a Da 2€5q - eva Bp | = Bui Bj - B, Bi = -—A, A, bij 

Pp q 

With these identities, Equation 4.5.7 is reduced to 

iC I (= ( B, ) 
Ty = [(—)  ba*# atl By- > bij 1 oa T.B 1) Ay 2 a,? ap Ta 2 (4.5.8)



84 Mechanics and Thermodynamics of Biomembranes 

The matrix, B,; - 4% B, d,, is the deviator B,, of Finger’s strain tensor. Thus, its trace 
is zero. We can regard B,, as a Lagrangian type of strain variable which is associated 
with changes in shape measured relative to the initial state. Here, it is convenient to 
introduce another strain variable é,; = B,,/2, i.e., 

  
    

ax; ax. ax ax i 
2%=— — -4( = *) bi. 

dap day da, da, (4.5.9) 

which has a zero first invariant, @,, = 0, and a second invariant which is the square of. 
the maximum Lagrangian shear strain, 

The principal values of é,, are 

AZ-A? 
é, = iis 

4 

2 = CS) £ = EEE 

; 4 (4.5.10) 

With é,, in Equation (4.5.8) a general constitutive relation for large elastic (reversible) 
deformations of the membrane surface is obtained, 

ar 2 ar A Tjj = — § ij + AL? =) ej 
oa T.B Ay z ap T,a 

(4.5.11) 

The principal tensions are exactly those derived in Section 4.4, Equation 4.4.5, based 
on displacements along the principal axes, 

ak 1 ar 
—— + ~— (A, 2 A,?) 

da T,B 2A, 7A,? og T,a 

ar 1 ar 
—_— + — (A? -A,? 
aa T.B 2A, 7a,? ag Ta 2 ! ) 

The isotropic tension and maximum shear resultant are identical to the previous, prin- 
cipal axes development. Equations 4.5.11 make it possible, however, to determine im- 
mediately the force resultants for any choice of coordinate axes in the instantaneous 
system. 

Because free energy is an extensive or additive property, we can cumulate the contri- 
butions from the several layers that make up a membrane. If these layers experience 
the same surface deformation, then the principal tensions (force resultants), elastic 
free energy density changes, and material properties are the sum of the individual layer 
properties since 
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These material properties characterize the composite or total membrane structure and 

wiil be the measurable material constants in direct mechanical experiments. 

4.6 Surface Pressure and the Tension-Free State 

Biological cell membranes and artificial membrane vesicles (e.g., amphiphilic bilayer 

vesicles) behave as closed systems for time periods much longer than the time required 

for mechanical experiments. A closed membrane surface contains a fixed number of 

molecules, and as such, it can exist in a force-free equilibrium state (the force resultants 

or tensions are zero). In the force-free state, a membrane surface pressure that is pro- 

duced by collisions and forces between molecules in the membrane surface can still 

exist. This surface pressure is the time average exchange of momentum in the plane of 

the membrane between molecular constituents of the membrane. In most solid and 

liquid materials, thermal repulsive forces between molecules are counteracted by co- 

hesive or attractive forces. The level of stress, in the absence of external forces, is 

established only by the pressure of the environment. Membrane materials, on the other 

hand, strongly interact with the adjacent environment (usually a water solution con- 

taining ionic solutes and polar molecules). The interactions at the interfaces produce 

chemical forces that must be supported by the membrane. In the case of simple lipid 

bilayer systems, surface pressure can be opposed totally by cohesive effects due to the 

membrane interfaces with the aqueous media. Interfacial forces are related to the en- 

ergy required to freely exchange water and solute molecules between the bulk aqueous 

phases and the interfaces. This exchange is an open process, in contrast to the closed 

system of membrane constituents. Expansion or condensation of the membrane will 

cause the interfaces to increase or decrease, which proportionately changes the inter- 

action with water and solute material from the adjacent environment. Unlike the closed 

membrane system, an open or free membrane system (e.g., a soap film) can exchange 

membrane molecules with a buik, fluid phase reservoir. As a result, it will reduce its 

exposed interfacial area by giving up material to the reservoir until restrained by exter- 

nal forces, such as the hydrostatic pressure difference across a soap bubble or oil drop 

interface. The reservoir may be provided by the system’s ability to change thickness 

or by a build-up of material at a support boundary. 

__ If we consider closed systems, the isotropic part of the membrane force resultants, 

T, is the difference between the effective interfacial tension, y, and the surface pres- 

sure, 1, 

T=y-7 (4.6.1)
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The interfacial tension is the surface resultant of chemical forces created by the inter- 

actions at the membrane interfaces. Without membrane tension, T = Oand ¥ = M, 

where tt) is the natural value of the surface pressure at force-free equilibrium. The 

interfacial tension, y, is only a function of temperature for small changes in the area 

of the membrane. It follows that the isotropic tension is equal to the negative of the 

change in surface pressure, 

T=- AntPa-a (4.6.2) 

Therefore, the work done by the isoiropic membrane force resultant, T, during an 

increase in area, dA, is 

dw = T-dA = (4, —7m)dA 

Hence, per unit initial element area, the free energy density change is 

(dF) + = (m — nda 

The relationship between surface pressure, membrane area, and temperature may 

be termed an internal equation of state. A conceptual isotherm of an internal equation 

of state is illustrated in Figure 4.3 (See Davies and Rideal, Interfacial Phenomena,'? 

for an extensive treatment of equations of state for monomolecular layers.) In the 

unstressed or force-free state, T = 0, the surface pressure, my, is balanced by the inter- 

facial chemical force resuitant or tension, y. 

At an interface between two immiscible fluids, the surface free energy of an insoluble 

monolayer is defined as the surface free energy in the presence of the monolayer minus 

the surface free energy of the liquid-liquid substrate as the monolayer density ap- 

proaches zero (see Defay and Prigogine, Surface Tension and Adsorption, 1966.)'* 

Surface free energy density for other closed membranes that separate aqueous phases 

can be defined in a manner similar to the case of an insoluble monolayer. The Helm- 

holtz free energy density is partitioned into two contributions: (1) F., for the interac- 

tions between molecules of the membrane which are assumed to be excluded from 

exchange with the aqueous media and (2) F,, for the interactions between the aqueous 

media and the interfacial groups of the membrane. With this definition, the total 

Helmholtz free energy density of the membrane may be written as 

FeF,+Fy (4.6.3) 

By definition, then, the interaction between membrane molecules specifies surface 

pressure according to the partial derivative, 

- re) 
“a G T (4.6.4) 

Therefore, surface pressure explicitly represents the time average momentum exchange 

in the plane of the membrane between the membrane molecules. The partial derivative 

of the total Helmholtz free energy density includes the contribution, y, for the inter- 

action of the aqueous media at the membrane interfaces. 

  

aF 

da T (4.6.5)
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SURFACE PRESSURE ISOTHERM 

     

TT 

(surface pressure) | LL jope-n a. 
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T=-All .    
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area per molecule 

FIGURE 4.3. A conceptual isotherm of surface pressure vs. membrane area equa- 

tion of state. In the force-free natural state, the membrane isotropic tension is zero, 

and the surface pressure, mo, exactly opposes the interfacial chemical force resultant, 

y- For any departure from the force-free state, F = —An. 

where 

  

() 

1” Nae > (4.6.6) 

Therefore, we choose to call y an ‘‘interfacial’’ free energy density or ‘‘tension’’ for 

interaction between the aqueous environment and membrane molecules. 

An equivalent approach is to consider the chemical equilibrium between water at 

the membrane interface and the bulk aqueous phase with which it is free to exchange. 

This approach leads to the concept of surface osmotic stress, as introduced by Defay 
and Prigogine (1966).'* Since the polar regions of membrane molecules occupy space 

in the aqueous interfaces, they exclude water from the interfaces. Thus, the activity 

of water in the interfaces is lower than in the bulk phase, which creates a surface 

osmotic stress. There is another metaphor that is equivalent to the concept of surface 

osmotic stress, which is: the interface is a surface solution of water and polar regions 

of membrane molecules. Consequently, the partial pressure of water is reduced in the 

interfacial phases and is balanced by the surface pressure of the membrane molecules. 

If we consider a short-time mechanical experiment, the membrane system is unabie to 

exchange molecules with the aqueous environment. However, water is free to exchange 

between the bulk aqueous phases and the membrane interfaces. If we consider this 

exchange to be an equilibrium process, then the chemical potential for water in the 

interfacial phases, $.°, is equal to the chemical potential in the bulk phase, $,°, 

85, = Oy 

The interfacial phases contribute to the total membrane tension; the component from
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each interface is Ti where i = 1, 2. These components are determined by chemical 

equilibrium. For a multilayer membrane, the total membrane equilibrium will implic- 

itly represent the interfacial contact between layers and the distribution of tension be- 

tween the various layers. As we will show in Section 4.10, small changes in the chemical 

equilibrium of membrane layers can induce large scale curvature alterations of the 

surface envelope. For equilibrium of the interfacial phases, the chemical potential for 

water in the interface is determined by the isotropic tension and the activity of water 

in the interfacial phase, a." (see Defay and Prigogine, 1964), '? 

ow Ss 

iy RT Qn av -Ti/n 1 (4.6.7) 
WwW 

5; _ 0,5 

Gy = Py 

where 4,°" is the standard chemical potential (reference state} for water at the interface, 

R is the gas constant, and fi,” is the number of moles of water per square centimeter 

at the interface. The terms in Equation 4.6.7 are thermodynamic definitions: (1) the 

standard chemical state for water in the interfacial phase, $,°°, is defined by the con- 

ditions where the tension contributed by the interface is zero and the activity of water 

is unity; (2) relative to the reference state just chosen, the activity of water in the 

interfacial phase, a‘,, is reduced in proportion to the tension. Thus, at constant tem- 

perature, the tension is directly related to the activity of water at the interface. The 

partial molar density of water in the interfacial phase, ni’, is assumed to be constant, 

i.e., the area occupied by water molecules in the interfacial phase is unchanged by 

addition or removal of water. The chemical equilibrium expressions combine to give 

the relation between the tension contributed to the membrane by the interfaces, the 

difference in standard chemical potentials for water in bulk and interfacial phases, and 

the activity of water in the interfacial phase, 

2 

T= 3 fs yi — oo) 4+ nS Rr on “ 
i=1 

or 

T=7-7 

From this relation, the surface pressure in the membrane, n, and the interfacial free 

energy density, y, are defined by the sum over both interfaces, 

2 

r= 3 —ni RT on ai 

i=1 

2 
ow 53 0,5 

y= XZ ay @,' - oy) . 
i=] (4.6.8) 

With this approach, we determine that the interfacial free energy density is the ‘‘uni- 

tary’’ free energy of transfer of water to the interface. This free energy will largely be 

hydrophobic in character if the hydration of the polar head groups is constant. The 

surface pressure is related to the activity of water at the interface in a manner analo- 

gous to osmotic pressure of water in a bulk solution. The surface activity represents 

the work that is required to move membrane molecules closer together or farther apart 

as the water interface decreases or increases in area. If the simplifying assumptions of 

Defay and Prigogine are used, the activity of water may be related to the mole fraction 

te
e 
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of membrane polar head groups. From this approach, a surface pressure vs. area equa- 

tion of state may be derived. 

The interaction between membrane and the aqueous interfaces consists of polar head 

group interaction plus the hydrophobic interaction with the aqueous media. If we as- 

sume that the hydration of the polar head: groups changes negligibly for small varia- 

tions in surface area per molecule, the change in interfacial interaction will be due to 

changes in the interfacial contact between the hydrophobic groups and water. Accord- 

ing to Tanford (1973, 1974)%*-®° and Reynolds et al. (1974),’> the interaction between 

hydrocarbon and water, i.e., the hydrophobic effect, is proportional to the area of 

contact. For small changes in area per molecule in the surface, it is reasonable to 

assume that the contact area between hydrophobic groups and the aqueous phase in- 

creases in proportion to the change in area per molecule. Therefore, 

F F " ( FH) i, 

= Foot Pw = Pwo eS (4.6.9) 
  

where F,,° is the free energy reference of the aqueous interface for the force-free, nat- 

ural state; (9 Fy/9 a)r is the interfacial free energy density of hydrophobic interaction. 

From Equation 4.6.6, we see that y is the interfacial free energy density of the hydro- 

phobic interaction, 

  

aF y 
1” Na) + (4.6.10) 

y depends only on temperature and other properties of the aqueous environment. The 

hydrophobic interaction is determined by the geometry of the cavities between mole- 

cules. These cavities form the interstitial area of contact between aqueous phase and 
the hydrophobic region of the molecule.* The definition of natural state prescribes a 

surface pressure, mo, where T = 0. This is obtained from Equation 4.6.1, 

T=y-q.7 

when the tension is zero, 

™m? = (4.6.11) 

In this state, the potential loss of repulsive energy from expansion of the membrane is 

opposed by the potential increase in energy required to enlarge the interfacial contact 

between hydrophobic groups and the aqueous environment. Unlike the free surface of 

a soap bubble, the vesicle or cell membrane surface can exist at zero tension if the 

hydrostatic pressure inside the vesicle or cell is equal to the outside pressure. In other 

types of amphiphilic bilayer membranes, such as planar bilayer films which contain 

hydrocarbon solvent, the exchange of material with the boundary ‘‘torus’’ creates a 

tension at the boundary. The tension is uniform throughout the surface film and is 

called the surface tension, y., of the planar bilayer, 

T= 9 

Hence, a planar bilayer membrane would have a surface pressure equal to 

* Any changes in water interaction with the polar head groups which are produced by small changes in 

area per molecule would be included to first order in the linear expansion, Equation 4.5.9.
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T= 4 -%yq 

The previous discussion and development of surface pressure and interfacial free 

energy density can be represented by an empirical hypothesis for general membrane 

materials. The hypothesis is simply that the sotropic tension in the membrane is related 

to two variables: one is a function of both temperature and surface density, labeled 

n(a, T), and the other is only a function of temperature, labeled by y(T). The function, 

n(a, T), is what we will call surface pressure and is an equation of state internal to the 

membrane. Even though the surface pressure cannot be directly determined in a closed 

membrane system, we can relate the internal equation of state, n = f(a,T), to the 

mechanochemical equation of state, T = [{(a,T), through investigation of effects of 

changes in area and temperature. We will develop these thermoelastic relations in Sec- 

tion 4.11. In the following examples, we will illustrate the nature of the interfacial free 
energy density, y, and a surface equation of state for a phospholipid bilayer membrane. 

Example 1 

Phaspholipid molecules are amphiphilic species. They are characterized by a polar 

head group which has a high affinity for aqueous solutions and two acyl chains, at- 
tached to the glycerol] ‘‘backbone”’ of the polar end, which are essentially insoluble in 

aqueous media. Consequently, these molecules can form a stable bilayer configuration 

with the hydrocarbon polymer chains (acyl chains) in the middle and the polar ends 

fixed at the aqueous interfaces of the membrane (Tanford, 1973)."* For a closed bi- 

layer, we cannot experimentally determine the interfacial free energy density of hydro- 

phobic interaction, y, and the associated surface pressure, n,. However, we can con- 

‘sider a simple model for the interstitial hydrocarbon regions between polar head 

groups. This model consists of surface regions of CH, groups in contact with water. 

Reynolds et al. (1974)’* have shown that the ‘‘unitary’’ free energy density of transfer 

of hydrocarbon to an aqueous solution is about 25 cal/mol/A?2 at 25°C. In other 

words, each At of hydrocarbon-water interface for a single molecule requires 25 cal 

for 1 mol of hydrocarbon molecules. To calculate the free energy density in erg/cm’, 

we must determine the number of moles of CH2 groups per cm? of surface plus the 

interfacial contact area of a CH, group in A?. A CH; group is approximately 20 A? in 

cross section, giving about 10°’ mol/cm?’. If the interfacial contact surface of a single 

CH; group with water is approximated by a hemisphere, the contact area per group 

would be twice its cross sectional area, i.c., 40 A’. This gives a free energy difference 

on a per mole basis of 1000 cal/mol. Per square centimeter of contact area, the inter- 

facial free energy density, y, would be 

y ~ 0.84 X 10 cal/em? 

Or 

y ~ 35 dyn/em 

As is expected, this value is the approximate surface free energy density for a paraffin 

oil-water interface. Consequently, the energy expense of changing the exposed hydro- 

carbon regions in a bilayer would be twice this value or 70 dyn/cm, and the surface 

pressure, 1, would be 70 dyn/cm in the unstressed bilayer membrane. 

Example 2 

To illustrate the dependence of surface pressure‘on area or surface density in a phos- 

pholipid bilayer membrane, we use the two-dimensional Van der Waal’s model of a  
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condensed gas without attractive forces, i-e., a collection of hard cylinders in random 

thermal motion. This is an approximate empirical model for a limited range of surface 

pressure vs. area per molecule behavior of lipid monolayers in the fluid state (above 

the order-disorder transition temperature for the hydrocarbon chains (Davies and Ri- 

deal, 1961).'2 Such an equation of state for a phospholipid bilayer would be repre- 

sented by 

w(A~A,) =c°T (4.6.12) 

where A is the area per molecule (in each monolayer); A, is the excluded area per 

molecule. The constant, c, is theoretically equal to 4 - k, where k is Boltzmann’s con- 

stant (the factor of ‘*4’’ is for a phospholipid bilayer with four acyl chains per area, 

A). The area compressibility modulus is obtained using Equations 4.4.11 and 4.6.2, 

) | (22) C 
K = —_— 

da T 

aso ao 

  

We define the fractional change in area as 

Therefore, the area compressibility modulus is related to the surface pressure for the 

natural state, 

  

where Ap is the area per molecule in the initial, undeformed state. 

Data for lecithin monolayers spread at oil-water interfaces (Yue et al., 1975) can 

be approximated by values of 38 A? per molecule for the excluded area and 0.7 x 1075 

erg/K for the constant, c. At the surface pressure, m, equal to 70 dyn/cm which we 

estimated from the previous example, the equilibrium area per molecule, Ao, would 

be 68 A? in the natural state.* Therefore, the elastic area compressibility modulus for 
the lecithin bilayer is expected to be of the order, 

68 
K = 70-—- =~ 160 dyn/cm 

30 

4.7 Shear Hyperelasticity: Example of a 2-D Elastomer 

In this section, we will present a thermodynamic model for an ‘‘elastomeric’’ sur- 

face. A material of this type is hyperelastic, i.e., capable of finite elastic deformations. 

In addition, the material model exhibits first order dependence on the geometric defor- 

mation variable, 8. The example will illustrate the statistical nature of entropy and 

how the surface elastic shear modulus, a property of the continuum, is related to the 

microstructure of this particular material. In the example, we will consider the work 

* it is interesting to note that the predicted value of 68 A? per molecule for lecithin molecules in an un- 

stressed bilayer is equal to the area per molecule determined from X-ray diffraction measurements of 

multilamellar phases of egg yolk lecithin and water for the fully hydrated state (Reiss-Husson, 1967; 

Luzzati, 1968).**7?



92 Mechanics and Thermodynamics of Biomembranes 

of extension of the surface material at constant surface density. From this, then, we 

can determine a surface elastic shear modulus according to Equation 4.4.9. 

The thermodynamic basis for elastic behavior is determined by measuring the re- 

versible heat exchange produced by the deformation, either calorimetrically or from 

thermoelastic properties. Entropic elastomers are not the only forms of hyperelastic 

materials, although they are commonly identified as such materials. We will show that 

the hyperelastic behavior of red cell membrane is not derived from negative entropy 

changes that are produced by extension (Section V). Unlike entropic elastomers, exten- 

sion of the red cell membrane appears to increase the entropy of the material, i.e., the 

reversible heat of extension is positive. This means that the material takes up heat from 

the cnvironment as it is extended, whereas an entropic clastomer gives up heat to the 

environment when extended. 

At constant temperature, the elastic potential energy density is equal to the Helm- 

holtz free energy density and is composed of two contributions: internal energy 

changes and changes in the distribution of energy between random molecular states 

(i.e., temperature times change in entropy), 

(dF), = dE-TdS 

An elastomer is made up of a loose network of randomly arranged, flexible mole- 

cules. The major contribution to changes in free energy density come from the work 

required to order the network molecular chains (if the materia] density is not required 

to change). (See Meares, Polymers: Structure and Bulk Properties, 1965,°° for a dis- 

cussion of this kind of elastomeric material.) For such an elastomer, little change in 

internal energy is produced by extensional deformation. Therefore, we can associate 
the change in Helmholtz free energy density created by deformation with the entropy 

contribution, 

(@F),= - Tas (4.7.1) 

With Boltzmann’s equation (4.2.9), the entropy is given by the distribution of mole- 

cules among possible network configurations, 

~e 

dA, -S =k an Q (4.7.2) 

In general, it is difficult to specify the possible molecular arrangements in an exact, 

quantitative manner. Therefore, we characterize the structure by statistical parameters 

that are derived from the nature of network molecules. Each network molecule is as- 

sumed to be highly flexible. Thus, the small segments of the molecule will be randomly 

arranged and oriented as illustrated in Figure 4.4. The two statistically significant pa- 

rameters will be the end-to-end distance of the whole molecule and the variance of this 

distance (i.e., the mean Square distance). For an individual molecular chain which 

contains a large number, n, of small segments of equal length, £., we can specify the 

probability that one end of the molecule will lie in the range of (x,, x2) to (x, + dx:, 

X2 + dx,) relative to the other end. It is given by the probability density function P(x,, 

X2) times the differential area, dx, - dx.. The probability density function is defined 

by the density of possible configurations local to the point (x,, x2) such that the integral 
of the probability density over the surface is unity, 

[frevmoen dx, = 1
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FIGURE 4.4, The initial and deformed configurations of a randomly arranged, 

flexible molecule. The end-to-end distance of the whole molecule and the variance 

of this distance are the statistically significant parameters. End locations of mole- 

cules are specified by (a,,a.) for the initia] molecular configuration and by (x,,x2} 

for the deformed state. 

We assume that end locations of molecules are randomly distributed about an expected 

position given by coordinates x, and x; relative to the origin, as illustrated in Figure 

4.4, The probability distribution function is chosen as a Gaussian (normal) distribution 

with a variance, o*. 

1 (x, -%,)? 
PK,,x,) = (-—— exp |- —— 

21a, 0, 20, 

(xX, —X, y 

  

exp |- 
20,7 

The density of possible configurations, P(x,, x2), of an individual molecule specifies 

the distribution function for an individual molecule. The network distribution function 

for the differential element involves N molecular chains each of which has an individ- 

ual distribution function that may have different average end locations (x,, x2) and 

variances, 0,7, 027, depending on the network cross-linking and molecular composition. 

Because of the assumption of isotropy and the assumption that each molecule con- 

tains a large number of small segments, the average end-to-end positions are given by 

the sum of the projections of each segment onto the x, and x, axes. These projections 

are oriented at angles, >, that are uniformly distributed (equally probable) about the 
origin. Hence, the mean location of one end relative to the other is given by 

27 

_ n&, 
X, = fe ode = 0 

20 

9 
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UT 
ny, 

X, = — Fsindgdd = 0 
27 

Therefore, the average distance from end to end of the molecular chain is negligible, 

but the variance is not. The variance is the mean square deviation from the expected 

location, 

  

  

  

——_—_-  _—- nee fT 
of = (x, —x,)? = (x?) = ; cos* ddd = ng?/2 i| 

nt 

0 

oe n Xe 
o5 = (x,-x,)Y = (x3) = - sin? @d@ = n 87 /2 

nt 

As we see, this is consistent with isotropy, i.e., 0,7 = o2? = o?. The isotropic variance, 
o*, is a measure of the area occupied by the molecule. 

For a particular chain in the network, say the Nth molecule, the distribution of the 

metric for distances between network points (end to end) is given by the Gaussian 

distribution, 

r 

1 _ 

f N = € 20n’ 

270,77 (4.7.3) 

where r? = x,? + x,? is the metric or measure of end-to-end distance, and &, is the 

density of molecular configurations for the Nth molecule with end-to-end distances in 

the range (r, r + dr). 

For a loose network, the total distribution function, , is the product of the individ- 

ual functions, 2,, since each molecule is assumed to be free to arrange itself independ- 

ent of the others. Thus, 

  

  

N 
8H, +o, +s = TT 2 

Net N (4.7.4) 

where the symbol i represents the product of N terms. The configurational 
N=1 

entropy its obtained with Equations 4.7.2, and 4.7.4, 

N 

dA:S=k % May 
N=1 

The logarithm converts the product to a sum. Therefore, with Equation 4.7.3, the 

configurational entropy is given by 

~ NON) 
dA+-S =k fconstant- 3% 

N=1 

  

Zan” 

(4.7.5) 

Equation 4.7.5 is independent of the choice of axes for coordinates local to a molecule. 
The molecules are randomly oriented and so are the vectors that define the end-to-end 

positions. Consequently, only a radial distribution can be specified, which represents
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the mean square distance from end to end. The statistics ‘‘smear out’’ angular depen- 

dence because of the large number of subunits and flexibility in the molecular constit- 

uents. Consequently, deformation produces a change in entropy of the material ele- 

ment that is given by the initial mean square distance, ry’, and the instantaneous mean 

square distance, r?, which describe the molecular distributions. With Equation 4.7.5, 

we define the entropy change by 

    

~ k N 

dA,S-8)=-— ; 
2 wei | ON oN, (4.7.6) 

We have allowed the statistical variances, oy? and oy,*, in the distributions to be differ- 
ent for the instantaneous and initial configurations. 

We now make a crucial assumption: the deformation is experienced in a geometri- 

cally similar manner at the molecular level as on the continuum scale. In other words, 

molecular coordinates are scaled in the same proportions as those of the macroscopic 

element. For time scales over which the material cannot thermally relax, this assump- 

tion is reasonable. Therefore, if the metrics, r? and ry”, are the instantaneous and initial 

radial distances of one molecular end from the other, they are given by the ratio of 

sum of squares of characteristic lengths for each state (taken as unity for the initial 

state), 

a 2 4.7.2) 

The variances are isotropic properties that are scaled by the ratio of instantaneous to 

initial area, 

on dA 
—_ = — = Ay AS 

oy? dA, 4.7.8) 

Now, the change in configurational entropy is obtained in terms of the element defor- 

mation extension ratios and network molecular properties, 

r2 (N) 1 Ay FA,” \ 
  dA, (S-—S,) = ~k 

a
M
 

2 

i on? Ay A, 2 

We see that the entropy change is simply proportional to the extensional deformation 
variable, B, 

dA, S-5S,) = -—ksN & — 

where 
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as it was defined in Section li for stretch of the material at constant area. The network 

properties have been represented by 

  

NN) 
= 

_ ts 0 
N (> 

To / T,A, N=1 Nn, 
2 

where the ensemble average is taken at constant temperature and initial area. The en- 

semble average <ry*/o,?> gives the expected value of the quadratic variation in molec- 

ular chain length for the whole network normalized by the ‘‘free’’ variation of an 

individual chain. This average represents the percentage of active chains out of the 

total number. If all were equally active and identical in composition, the factor would 

be unity. We can also introduce the surface density, go; the total number of molecules 

times the average molecular weight, <Mw>, equals the total mass of the element, 

p, dA, == <My> 
Na 

(N, is Avogadro’s number.) Therefore, the entropy change can be reduced to a change 

in entropy density, 

~~ os Po Rp 

(S-S,) = 
- <My> . of (4.7.9) 

where R = KN, is the gas constant. Since the free energy density depends linearly on 

B, as seen from Equations 4.7.1 and 4.7.9, the surface elastic shear modulus is deter- 

mined by the configuration parameters of the molecular network and the absolute 

temperature. First, we recall the relation for the surface shear modulus, 

Hee = —-T [= 

ap Tia ap T,a 

then from Equation 4.7.9, we obtain the result, 

_ Po RT Cs : 

<My> (4.7.10) 

Now, we can see an interesting property of entropic elastomers: the clastic shear mod- 

ulus increases with temperature. The work of extension for an elastomeric surface is 

opposed by the natural, thermal randomization processes, which occur at the molecu- 

lar level. This is an expression of the second law of thermodynamics: work is required 

{oO increase order in the molecular world. 

From Equation 4.7.10, we also see that the reversible heat exchange for extension 

of the surface is given by the surface shear modulus, which has units of energy per 

unit area (erg/cm’). We can represent the reversible heat exchange per mole of molec- 

ular chains in the surface network, 

<My> r W ~ 0 

Po T5 

which has units of energy per mole (erg/mol). The heat content or thermal energy for 
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a degree of molecular freedom is on the order of the gas constant times temperature, 
RT, for a mole of the substance. Therefore, we see directly that the reversible heat of 

extension of an entropic elastomer represents the reduction in average degrees of free- 

dom of the molecular chains. 

Example I 

As an illustration, what magnitude of elastic shear modulus would we expect for a 

membrane that is supported by a filamentous network of flexible molecules with the 

size and numbers per unit area of the red cell membrane protein, spectrin? The ideal- 

ized view for the red cell membrane is shown Figure 1.1 with spectrin underneath a 
lipid and protein mixture (bilayer). Based on work of biochemists, beginning with Mar- 
chesi et al. (1969, 1970),57:5* the molecular weight of spectrin units is on the order of 2 

x 10° daltons and the surface density is about 10-7 g/cm?, which implies a molar density 

of about 5 x 10°’? mol/cm?. Ata temperature of 300 K and with the gas constant equal 

to 8.3 x 10’ erg/K/mol, the shear modulus of a surface elastomer of molecules with 

the above weight and density properties would be on the order of 

u~ 10°? dyn/em (erg/cm?) 

The measured value for the red cell membrane shear modulus is also on the order of 

10°? dyn/cm (see Evans and Hochmuth, 1978, for discussion).?? However, recent mea- 

surements (Waugh, 1977; Waugh and Evans, 1978)*?-°? have shown that red cell mem- 

brane shear modulus decreases as temperature increases. Consequently, the entropy 

change from membrane extension is opposite to that expected for a simple elastomer 

(Evans and Waugh, 1978).*¢ It is significant, though, that the magnitude of the red 
cell membrane shear modulus is on the order calculated from entropy considerations 

for spectrin. If we assume that spectrin is the supporting structural matrix (as all evi- 

dence to date seems to imply), subtle changes in molecular arrangement and configu- 

ration of the spectrin matrix are important and must be studied further. 

A fundamental aspect of material behavior for cell membranes is apparent when we 

note that the values for membrane shear moduli can be so small. These values are 

about four orders of magnitude lower than the elastic area compressibility modulus 

(10? dyn/cm) estimated for a phospholipid bilayer and actually measured for a red 

cell membrane (Evans and Waugh, 1977).** This implies that membrane composites 

greatly resist intensive changes in surface density or area, but can easily deform by 

surface extension at constant area. Thus, in most deformations, area changes are very 

small and often negligible, i.e., the surface can be considered as two-dimensionally 

incompressible. In contrast to this behavior, we will give an example in Section V for 

the membrane-cortex of the sea urchin egg where the elastic area compressibility mod- 

ulus is much smaller than for an amphiphilic bilayer or red cell membrane. Here, 

surface area changes of 20 to 30% occur easily. However, this membrane is actually a 
ruffled structure at the submicroscopic level with considerable material associated with 

its subsurface structure (it is on the order of 1 to 3 wm thick, 100 times larger than 

most molecules). 

4.8 Hyperelastic Membrane with Small Area Compressibility 

The examples given in Sections 4.6 and 4.7 illustrate the main features of the ob- 

served material behavior of many cell membranes, }.e., large resistance to area dilation 

and low resistance to extension or shear at constant area (Skalak, 1973; Evans, 

1973).1°-*5 This behavior may be described to first approximation by the free energy 

density, F , relative to the tension free state, F.,
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(F ~ Po)+ = K > + pp (4.8.1) 

where the deformation variables, a and 6B, quantify the intensive area change and sur- 

face extension. From this expression for free energy density, the force resultants are 

derived with Equation 4.5.11, 

T 2 a 
A, 2Aq? (4.8.2) . ‘| 

; 

  

where the isotropic part of T,; is K-a. Equation 4.8.2 applies for any choice of local 

coordinates and degree of extension. 

In the case of small area compressibility, it is implied that K is large relative to p 

and that @ will be small. The product, K-a, may be comparable in magnitude to the 

second term in Equation 4.8.2, or even dominate it. Since a is small, the approximation 

of constant area may be used, i.e., 

AA, = 1 (4.8.3) 

Therefore Equation 4.8.2 is reduced to 

Ty 7 Ke by + Que (4.8.4) 

In the principal axes system, the principal tensions are essentially determined by the 

small fractional change in area, a, and a single extension ratio, ¢.g., Ai, ° 

T, = Ka + pla? -- a? )/2 

T, = Ka — (a? — aj? )/2 (4.8.5) 

It is understood from Equation 4.8.3 that A. =A,7'. 

When the approximation (4.8.3) is adopted, a can no longer be computed from the 

extension ratios, but must be regarded as an independent variable. The product, Ka, 

can be represented by a single variable, analogous to the hydrostatic pressure in the 

theory of incompressible fluids. We replace K-a by an isotropic tension, T, which may 

be a function of time and position. The isotropic tension is determined from the equa- 

tions of motion and the boundary conditions. Thus Equations 4.8.4 and 4.8.5 become 

and in the principal axes systems, 

T, = T+ wa? - ay? /2 

T, = T -— pA? —- aj? )/2 (4.8.7) 

From a physical viewpoint, the isolropic part of the force resultants may be attrib- 

uted to a change in surface pressure, 1, which is approximated by 

T= -An=Kea (4.8.8) 

With the constant area approximation, Equations 4.8.3, 4.8.6, or 4.8.7 are a con- 

venient and sufficiently accurate basis for the solution of most problems that deal with 
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FIGURE 4.5. Elastic extension of a square element into a rectangle at nearly constant area. The 

principal tensions, T, and T;, are given by the constitutive relations, Equations 4.8.7. 

the deformation of membranes which encapsulate cells. The preponderance of experi- 

mental work has been done on red blood cell and lipid bilayer membranes. However, 

our development of hyperelastic constitutive relations for membranes is directly appli- 

cable to more complicated membrane structures. In Section V, we will apply the elastic 
constitutive relations in examples of membrane mechanical experiments. Here, we con- 

sider some elementary aspects of the elastic constitutive relation which are appropriate 

to extension and simple shear deformation of material elements. 

Example | 

Consider the elongation of a square element into a rectangle at nearly constant area. 

The principal tensions are given by Equations 4.8.7 and are illustrated in Figure 4.5, 

_ B 
T, =Tt z Q,? ~ay7) 

— & 
T, = T- Tz A,’ —ay?) 

The shear resultants, T,. and T.,, are zero; the isotropic tension replaces the surface 

pressure change, —K - a. The isotropic tension must be determined by a separate state- 

ment, e.g., by the specific value of the small fractional area change or by the specifi- 

cation of the value of one of the tensions through a boundary condition. For instance, 

if the element is deformed by simple, uniaxial tension (i.e., T. = 0), then the force 

resultants (principal tensions) are given by 

T, = 0 

and 

T, = BAS ~ ay?) 

The isotropic tension and change in surface pressure are related to the uniaxial tension 

by 

i
y
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FIGURE 4.6. Simple shear deformation of a square element into a parallelogram at con- 

stant area. $ is the deformation angle and is used to determine the components of the force 

resultant matrix. For small deformation, ¢ < |, the principal axes are simply oriented at 

45° to the instantaneous coordinate axes. 

Example 2 

Consider the simple shear deformation of a square element into a parallelogram at 

constant area. The force resultants are illustrated in Figure 4.6. We want to find the 

values for the force resultants in terms of the shear’ deformation angle, $, and to find 

the principal axes system for the force resultants. We use Equation 4.8.6, 

First, we write out the components of the strain representation, é,,, from Equation 

4.5.9. The principal components are equal in magnitude, opposite in sign, 

  

  

~ ax, ax, + ax, ax, ax, aX, OX, aX, 
€ = ‘A —— — - — 

" da, a, da, aa, da, 88, da, aa, 

a ; Ox, aX, ax, ax, ax, Ox, ax, ax, 

E42 = 4 + ~_ - 
aa, aa, da, da, da, aa, da, da, 

i.e., 

Ea =e), 

The shear components are 

a a 2-2, <4( es & 
aa, da, da, da, 

  we
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For this particular problem, the components are calculated with the coordinate 

transformations given in Example 2 of Section 2.2, 

tan? ¢ 

4 
  yy ~ Ego 

  

Thus, the force resultant components are determined to be 

4
 N 

— i 
T+ — tan’? ¢ 

2 

i
:
 

n 

_ ib 

T — —= tan? ¢ 
2 

T,, = wtang 

Additional information on the boundary conditions must be provided in order to spec- 
ify the isotropic tension. 

The orientation of principal axes for the force resultant matrix is given by counter- 

clockwise rotation of $, radians in the instantaneous coordinate system. The rotation 

angie is determined from the relation, 

26, 
_ 2 - -1 tan 2p = ——"— = 2(tano) 
€11 — £22 

For small deformation, ¢ << 1, the principal axes are simply oriented at 45° to the 

instantaneous coordinate axes, and the first order values for the force resultants indi- 

cate the simple shear process, 

R el
l 

Ti 

I Ta. ~ 

and, 

Ty. = pd 

4.9 Membrane Bending Moments for Coupled Molecular Layers 
In the introduction, we mentioned that curvature elasticity or bending resistance is 

essentially negligible in a single molecular layer until the radii of curvature for the 

layer are on the order of molecular dimensions; then the continuum hypothesis is no 

longer valid. Membranes made up of two or more molecular layers, which are free to 

slide relative to one another (uncoupled) without restrained edges, also would not de- 
velop moments due to changes of curvature. Thus, until now, we have only needed to 
consider membrane deformations that do not involve radii of curvature, i.e., plane 

deformations of differential surface elements. Now, we will consider composite mem- 
brane structures and introduce the possibility of coupled interactions between the lay- 
ers of the composite. These interactions are usually second order compared with the 

energy changes produced by the force resultants and displacements already discussed. 

(Fung (1966)”° pointed out that bending resistance is most often negligible compared 
with membrane force resultants (tension). However, Fung also noted that many situa-
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tions arise where force resultants are small or do not contribute to the local membrane 

stability. (Here, small bending moments are significant.) We will be primarily con- 

cerned in this section with coupled strata and, in the next section, with uncoupled 

layers. We assume that coupled layers are rigidly connected so that no relative sliding 

of adjacent layers can occur. If the surface radii of curvature are much larger than 

the distance between the molecular layers of the composite, the surface deformation 

of the whole membrane will be experienced nearly the same by each layer. However, 

from layer to layer, there can be small relative deformations that can produce bending 
moments. The bending moments result from the free energy variations caused by the * 

small relative deformations. 
Curvature changes produce small relative deformation of one layer compared to 

another; Figure 4.7 illustrates the effect for a double layer. If the two elements of 

surface were Originally the same size when the double layer was flat, then the change 
in curvature has left the outer layer slightly expanded relative to the inner layer for 

the convex shape shown in Figure 4.7. We assume that the distance between layers is 

fixed and that the distance is much smaller than the principal radii of curvature, R, 

and Ra, illustrated in Figure 4.7. Thus, deformation of the total membrane structure 

is described by the mean surface deformation, i.e., fractional change in area and exten- 

sion at constant area, with the relative deformation of individual layers described by 
small variations from the mean. The mean deformation characterizes the shape change 

of an element of surface which is defined by an abstract ‘‘neutral’’ layer or ‘‘neutral’’ 

surface. This surface is the plane of action for the total membrane force resultants. 

For the thin membrane material, the radii of curvature for the neutral surface are good 

approximations for any location within the membrane. Therefore, we simply identify 

the change in curvature of the membrane and the component layer as 

o=(Z) 
one) 

These curvature changes are defined as positive for convex changes in the sense of the 

outward surface normal (e.g., a positive curvature change is shown in Figure 4.7). We 

assume that the principal axes for deformation of the total membrane Structure coin- 

cide with the orthogonal! planes that contain the surface arcs generated by the principal 

curvatures, as in axisymmetric problems. For rigidly coupled layers, the relative defor- 

mation of an individual layer compared to the deformation of the neutral surface is 

proportional to the layer’s distance, hg, from the neutral surface times the change in 

curvature that has occurred in conjunction with the membrane deformation. The first 

order approximations for the variation in extension ratios define the deformation rel- 

ative to the neutral surface, 

ak ~ x, hy ¢, 

bak = A, hy, C, (4.9.1) 

where A, and A, are the principal extension ratios that represent the mean deformation 

of the membrane (i.e., neutral surface). The £th layer is located at a distance, hg, 

which is considered positive in the direction outward from the center of curvature.
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FIGURE 4.7. Effects of curvature changes for a double layer struc- 

ture. Note that the outer layer is slightly expanded relative to the inner 

layer for this positive curvature change. The principal axes for defor- 

mation of the composite coincide with the orthogonal planes that con- 

tain the surface arcs generated by the principal curvatures. R, and R, 

are the principal radii of curvature. 

The deformation of each constituent layer of the membrane is given, therefore, by the 

approximation, 

a, + 62x28 R a 

R gaa, +5at 

The subscripts, 1 and 2, for the distances from the neutral surface represent a subtlety 

that is generally not significant for thin membrane materials: the lines of action for 

principal forces resultants may not be coplanar. In other words, the center of force 

within the membrane may be slightly different for the tensions of layers that act in 

one principal direction than for those that act in the other principal direction. We will
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eventually eliminate this distinction and will continue to refer to the neutral surface as 

if lines of action of membrane force resultants are coplanar. 

The change in free energy of the membrane, which is produced by deformation, is 

the sum of free energy changes for the component layers. We assume that single layers 

support force resultants in the tangent plane, but no bending moments. The differen- 

tial work per unit area was given by Equation 4.4.3 for an incremental deformation 
of a single layer. For a membrane composed of N coupled layers, the differential 

change in elastic free energy is the sum of the differential work produced in each layer 

by the deformation, 

N N 

ZS @F)y = BS (a, (Teda®)+a, cT8da8)] 
2= 1 Q= 1 (4. 9.2) 

all per unit initial area of the membrane element. Since we assume that the layers 

experience nearly the same deformation with only a small variation between the layers 

produced by curvature, we express Equation 4.9.2 as contributions associated with the 

deformation of the neutral surface (the surface which contains the lines of action of 

the total force resultants) and the variations relative to this surface. 

N N 
S (dy = = fa, (" oso) ( +a + 

w=] Q=1 

A, (x (a.8) + a) («, + co) 

where the deformation of the neutral surface is defined by the mean fractional area 

change and extension at constant area, a and 8, with principal extension ratios, A, and 

A,. The variations, 6T,®,5,,% etc., represent the differences between values in the £th 

layer and the neutral surface values. Similarly, the differential of the free energy den- 

sity can be expressed as the contribution of the deformation of the neutral surface and 

the free energy variations relative to the neutral surface, 

N N Fy 

3 (dFy)> = (sFe.0)) 5 + 3% sT d(Sap) 
Q=f R=] oe TB 

aFp 
+ a d(5 By) 

Tie 

(4.9.3) 

The deformation of the neutral surface produces a differential change in free energy 

density given by 

N a. 
~ aby 

(<i (a8) = z > da + x “8 dg 

T Q=] * Tf Q=] Tio 

We now cquate Equations 4.9.2 and 4.9.3, and identify the part of the free energy
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change due to the total membrane force resultants, i-e., resultants that are associated 

with the neutral surface deformation. The terms associated with the neutral surface 

deformation are 

N N 

(Fea) =r, > T£ (a,6) da, +A, 3 Tz (a,f8)} da, 

T Q=1 g=1 

(4.9.4) 

or 

(Fea) = 4,7, da, + A,T,dA, 

T 

T, and T, are the total resultants for the entire membrane which act in the plane of 

the neutral surface. In the absence of bending effects, the free energy density change 

is characterized by the cumulated material properties given in Equation 4.5.13. When 

bending is present, the variation of the free energy density associated with curvature 

is given by the difference between Equations 4.9.3 and 4.9.4, 

N N 

ES d6Ejp = 2 Epp - (Fes) 
Q=1 Q=1 . T 

Thus, the variation in work per unit area due to curvature change is equal to the prod- 

uct of variations in tension times variation in extension ratio, 

N N 

ZS dF), = EB fa, sT&aa’) + a, aT#atea)| 
Q=1 Q=1 

(4.9.5) 

where the following identities have been employed, 

N N 

ZS eT? =0, 3 sTi =0 
Q=1 Q=] 

and 

N 

ZS T%(a,6) d(sa%) = 0 

=] 

N 

% T(e,6) d(6az) = 0 
0-1 (4.9.6) 

The first pair of the identities (4.9.6) are equivalent to the definition of 8T,* as varia- 

tions from the mean force resultants. The second pair of identities are statements that 

define the location of the neutral surface, i.e., the center of force within the membrane. 

This is demonstrated by the fact that the variations in extension ratios relative to the
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neutral surface are proportional to the distance from the neutral surface, hy, Equation 

4.9.1. Therefore, the relations, 

N 

X Ti @s)hg = 0 
Q=1 

N 

X  Ti@s)hy, = 0 
Q=1 (4.9.7) 

state that the sum of moments of the force resultants relative to the neutral surface 

are zero when each layer experiences the same deformation (a,8). In other words, uni- 
form deformation of the layered composite does not produce any net moment resullt- 

ants in the membrane. Equations 4.9.7 provide the definition of the neutral surface. 

[Note: We have assumed that the principal radii of curvature describe arcs that coin- 

cide with the principal axes of the deformation, Figure 4.7. This will be the case for 

axisymmetric deformations. For more general expressions, see Fung and Sechier (1960) 

and Naghdi (1972).)°"** 

We now introduce the first order approximation for the variations in extension ra- 

tios, Equation 4.9.1, into Equation 4.9.5. This gives the variation in work per unit 

area as a function of differential changes in curvature, 

N N 
EZ d(SFy)y = AA, = 6Te ‘hy | + dC, + 

gt Q=1 

N 
% oTy shy } + dc, 
g=1 (4.9.8) 

Equation 4.9.8 is the differential change of curvature or bending elastic energy density 

in the membrane. The principal moment resultants in the membrane are defined by 

the sums of torques about the center of force (neutral surface), which are produced 

by the force resultant variations, 

N 

M, = = 6T Thy 

Q= | 

N 
M, = 3673 hy 

R=] (4.9.9) 

Therefore, the curvature elastic energy density is associated with the work of mem- 

brane moment resultants produced by membrane bending, 

N 

ZS a(6Fy) = A,A,(M,dC, + M,dC,) 
=} (4.9.10) 

In order to determine the free energy variation, we will use the first order elastic 

constitutive behavior, Equation 4.8.1, to represent the free energy change of each
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layer. Thus, we can expand the total membrane free energy density, Equation 4.9.3, 

in terms of the mean deformation variables, a and f, and the variations, ga and 6g, 

from layer to layer. The mean deformation produces the free energy density change 

of the neutral surface given by 

N N 

=. (Fran) = & (Kg ada + py df) 

Q=1 T Q=1 

and the free energy density variation is expressed in terms of the variations, 5a). and 

5Bg 

N N 

Q=1 2=1 ~~ 

(4.9.11) 

The variations in deformation parameters are derived from the variations in extension 

ratios as 

oa da 
Bag = —— bak + —— fal 

aa, BA, 

ap ag 
bBp = —— 5a8 + —— gad 

aa, aa, 

which can be expressed in terms of curvature changes by 

Sap = A, A, Mg C, + hg C,) 

58 eae C, — ho C,) 
4A A, Re 

With these variations, the free energy variation is given by four sums, 

N N 

EZ d@F gz =A,7A.7 (dC, EF be Kolhy C, + he C,) 
2=1 Q=] 

N 

+ dC, % he Kothg C, + he C;) 

Q=1 

N N 

#AA, [dC, Y Tiesho + dC, EZ Ti lap)hg 
Q=] . Q=1 

The last two sums are zero because of the neutral surface definition, Equations 4.9.7. 

Therefore, the free energy density variation associated with bending or curvature 

change is given by
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N N N 

SX d(6Fy)7 =a,7a,2 [dC, 3 hy Ky(hy C, + hg C,) + dC, & hg Kp(hy C, + hy C2) 
R= R=1 R=) 

(4.9.12) 

The integrated form of Equation 4.9.12 is the bending or curvature elastic energy den- 

sity, 

N 2, 2 N 
ad 1 4 

> (Foy = = Kothg ©, + hy ©.) 

Q=t uz] 

  

(4.9.13) 

In general, bending free energy variations are contributed by second or higher deriv- 
alives of the free energy density of a single layer with respeci to a and B, 

N N 

> (OV o)p = = 

Q=] 2=] 

or 2 7 

a" re ay tee ew + a* Ky 6 By? 

2 2 
ow T.B 2 ag T,e 2 

      — + 

where the partial derivatives are evaluated at the neutral surface. The first order con- 

tribution is zero due to the definition of the location of the force resultant centroid, 

Equations 4.9.7. Thus the shear modulus for the hyperelastic layers does not appear 

explicitly in the thin membrane representation, Equation 4.9.13. We assume that the 

free energy density is separable into functions of a and #. Otherwise, it would be nec- 

essary to include cross derivatives. Moment resultants are determined by the partial 

derivatives of the free energy density with respect to curvature changes as is observed 

in Equation 4.9.10, 

  

  

' N 

M, = — |% EF Qy 
Ay Ag ac, Q=] 

1 N 

M, = — | = (KF yy 
AA, OC Ya, 

(4.9.14) 

This yields the curvature elastic constitutive relations, 

  

N N 

M, =A,A, || % Ky: hy ? C, + % Ky+hy «hy | C, 
=] 9=] 1 2 

N N 

M, = Ay A > Ky hy hy C, + > Ky "hy ? C, 

Q=1 ; R=] 
L (4.9.15)
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Therefore, the bending moments are given by material properties times the changes in 

principal curvatures, 

Ay A, (By, -C, + By, °C.) M, 

M, Ay Ay (B., -C, + By + C,) 

where the matrix properties are curvature elastic moduli or bending moduli for the 

membrane. 

In order to evaluate these properties, it is necessary to establish the location of each 

layer relative to the neutral surface, as defined by Equations 4.9.7. As discussed, the 

neutral surface may not be a single surface but, instead, two separate lines of action 

(one normal to each principal axis direction). In other words, the total force resultants 

may not lie in the same plane. This difference will be negligible for certain kinds of 

membrane strata, e.g., for membranes with very small area compressibility so that 

shear terms can be neglected in Equations 4.9.7. In the case of small area compressi- 
bility, the bending moments are equal, i.e., isotropic, 

M, = M, = A, C, + C,)B 

and the curvature elastic, or bending, modulus is simply, 

N 

B= 3 hg?Kp 
g=1 

(B is also referred to as the coefficient of bending resistance or rigidity.) The curvature 

elastic energy density (bending energy) is given by 

N . A, 2a,2 

X (Fpg)- = (C, +c,y B 
Q=1 2 (4.9.16) 

  

In the case of isotropic bending moments, the location of the neutral surface (center 

of force) within the membrane is determined from Equations 4.9.7 with isotropic force 

resultants for the layers, 

N N 
O= | T*-ho= 3 Ky hye 

a= a= 

where the mean deformation has been factored out of the equation. The curvature 

elastic modulus (bending modulus) can now be expressed in terms of the fixed distances 

between membrane layers. We define 

the curvature elastic modulus, B, is given by the progressive sum, 

N N 
I 

B= ES hfky=— Zheng)" Kay 
Q=1 2 >m=1 (4.9.17) 

For two molecular layers separated by a distance, h, the coefficient of bending resist- 

ance is
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pen {2h 
K, + K, 

and for three layers separated by h, and hz distances, respectively, 

_ (hi K, K, +h} K,K, +(h, +h,)?K, K,) 
  

(K, + K, +K,) 

andsoon... 

Isotropic bending is also the result obtained in the classical problem of bending of 
a thin shell (Landau and Lifshitz, Theory of Elasticity, 1970)*' and is often referred 

to as cylindrical bending. The free energy variation produced by bending moments, 

Equation 4.9.16, is similar to the empirical curvature elasticity developed by Helfrich 

(1973).°” Zarda (1974)*? used a macroscopic material model where the bending moduli 

are given by, B. = B,, and B,, = v~- By,,, i.e., two independent curvature elastic 

constants. In 1970, Canham?* minimized the surface integral of the square of the cur- 

vature as a model for the natural, biconcave shape of the red blood cell. Canham 

described his model as a minimization of the bending energy of the membrane. Sub- 

sequently, Helfrich and Dueling (1975)°° have based numerical solutions on minimiza- 

tion of their curvature elasticity model in similar studies. In this section, we have estab- 

lished a thermodynamic basis for the coefficient of the bending energy, which is related 

to membrane structure (Evans, 1974).!” 

In the following examples, we will assess the contribution of curvature free energy 

change, Equation 4.9.16, in comparison to the free energy change that results from 

shear deformation of the neutral surface, Equation 4.6.4. The examples will also pro- 

vide estimates of the magnitude of bending coefficients for a lipid bilayer and for a 

trilamellar structure which idealizes a red cell membrane. 

Example I 

First, we will consider a lipid bilayer that is about 30 x 10°* cm thick. X-ray diffrac- 

tion data on lipid bilayers (Luzzati, 1968)°* definitely show a region of low electron 

density midway between the lipid layers. Thus, these results indicate that the layers 

are uncoupled and free to slip relative to one another. Consequently, the lipid bilayer 

itself does not present any appreciable resistance to curvature change. However, if the 

boundary of the lipid bilayer is constrained so that the layers cannot slip, then we may 

consider the bilayer as coupled. Such is the case for [ong lipid bilayer cylinders of fixed 

length. The bending of these cylinders produces relative changes in area per molecule 

of lipids in one layer compared to the other. Servuss et al. (1976)*" studied the bending 

fluctuations of lecithin bilayer cylinders and deduced a value for the curvature elastic 

modulus of 2.3 x 10°’? erg. We will demonstrate that this value is consistent with the 
value predicted by Equation 4.9.17 with the elastic area compressibility of a lecithin 

monolayer used for each layer of the bilayer. The coefficient of bending resistance is 

given by 

K, K, K, 
B= | = h? —_ 

K, + K, 2 

for the bilayer where the layers have the same area compressibility modulus. We will 

use the lecithin monolayer value of K, ~ 80 dyn/cm and h = 3x 10°’ cm. The result is 

B = 3.6xX 10°'? (dyn-cm or ergs)



~ 11 

which is consistent with the value obtained by Servuss et al.(1976).*° For uncoupled 

bilayers, the bending or curvature elastic modulus would be negligible by comparison. 

Example 2 
Consider the trilamellar membrane illustrated by Figure 1.1 in Section I. Assume 

that the lipid and protein bilayer is uncoupled and that the network underlayer is rig- 

idly coupled to the lower lipid layer. Also, assume that the distance between the polar 

head groups of the lower lipid layer and the network is about 10 x 10° cm. If we 

arbitrarily assume that the total membrane area compressibility modulus can be parti- 

tioned equally between layers, K, = K, = Ks, then K, = 150 dyn/cm based on the 

area compressibility modulus of the red cell membrane (Evans and Waugh, 1977).75 

The coefficient of bending resistance is 

- K,K, 
B = h? it kK, = 7X 107'* (ergs) 

i 

  

For the red blood cell membrane, there may be some coupling of the two lipid layers 

by the large globular proteins which penetrate them, but the extent of such coupling 

is difficult to evaluate at this time. Measurement of red cell membrane ‘‘flicker’’ has 

indicated a bending modulus on the order of 1 to 3 x 107'? erg (Servuss et al. 1976).*° 

Example 3 

Consider the trilamellar composite in the previous example. What is the relative 

magnitude of the curvature elastic energy compared to the elastic free energy change 

produced by the shear deformation of a flat disk to a hemisphere? ‘We assume that 

the membrane deforms at constant area. Therefore, the area of the disk is equal to 
the area of the hemisphere, 

1,” = 2nR,? 

where r, is the radius of the disk, R, is the radius of the hemisphere. If A is the principal 

extension ratio along the meridian of the hemisphere, the extension ratio is identically 

one at the pole of the hemisphere, and at the base of the hemisphere is given by 

Rg 

The average deformation parameter, which characterizes shear, <S>, is approximately 

two thirds of the value at the equator, 

1 
go = ee [ee OS 

6 

Hence, the free energy density change due to shear deformation at constant area is 

approximately 

~ bd 
A = <3> = — (4F = #<B q 

The bending or curvature free energy density is given by
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~ IB 2 \? 2B 

2 Rg R, 

The ratio of the two free energy density contributions is on the order of 

(AFB). 10B 
ww 
  

(a Vs), BR,’ 

With conservative estimates for red cell membrane properties, e.g., the value for B 

from Example 2 and p ~ 10°? dyn/cm, this ratio depends approximately on the radius 

of curvature of the hemisphere as 

AF ~t0 ( B), 7X10 
~e 

TP 2 (Al sy R, 

Thus, in order to neglect the curvature free energy contribution (bending resistance), 

the radius of the hemisphere would have to satisfy the condition that 

R, > 2.5 X 10° (cm) 

The curvature elastic energy contribution would be about 25% for a radius of curva- 

ture of 0.5 x 10-7 cm (0.5 pm). 

For red cell membrane changes in curvature on the order of 10* cm™', the material 

shear elastic energy is dominant if the surface extension ratios are 1.1 or greater. Such 

is the case in micropipet aspiration experiments on flaccid red cell disks where the 

extension ratio ranges from 1.5 to 3. On the other hand, for red cell deformations like 

osmotic sphering where the material stretch is negligible over large regions of the cell 

membrane, the curvature or bending energy will be the dominant rigidity mechanism 

(Zarda, 1974; Zarda et al., 1977).°°'°° See Section V for details. 

4.10 Chemically Induced Curvature and Moments 

In the last section, we developed the elastic free energy variation that is produced 

by bending of coupled or constrained membrane strata. This variation in membrane 

free energy is based on fixed membrane properties. Thus, the chemical state is assumed 

to remain unchanged. Normally, the chemical equilibrium of the membrane does not 

change during the course of mechanical experiments, but, often, important biological 

phenomena arise when the external environment or chemical equilibrium of the mem- 

brane is altered. As outlined in Section 4.6, the equilibrium surface pressure in the 

membrane is determined by the interfacial free energy density, y. If the chemical state 

of a membrane interface is changed, then y is changed, which disturbs the natural, 

force-free state of the membrane. Such chemical alterations may induce moments or 

produce curvature of the membrane as the constituent layers of the composite attempt 

to condense or expand relative to the original equilibrium state. Thus, the elastic free 

energy differential, Equation 4.9.3, must include an additional term to account for 

the change in chemical equilibrium as well as deformation. This term is given by 

N 

= bY d(a + 5a9) 

Q=3 (4.10.1) 

w
e
n
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Here, we use éyg tO represent any variation in free energy density of the chemical 

reference state that is not attributable to deformation of the é£th layer (as a closed 

system). The isotropic terms in Equation 4.9.3 can be interpreted as the results of 

surface pressure changes in each layer relative to the original equilibrium or initial 

state. Equation 4.10.1 consists of two contributions: a change in the free energy density 

due to deformation of the neutral surface given by 

N 

Q=1 (4.10.2) 

plus the sum of free energy density variations that are produced by relative deforma- 
tions between layers, similar to Equation 4.9.11, 

N 

= 5¥o d(Sao) 

Q=1 (4.10.3) 

For coupled layers, the free energy variation, (Equation 4.10.3), gives a result like that 
of Equation 4.9.10, 

N 

AA, & 5ya(hg dC, + hg dc,) 

Q=1 (4.10.4) 

where the expression for area variations in terms of curvature increments has been 

used. Equation 4.10.4 implies that the membrane can approach a new equilibrium state 

by curvature change. The total variation of the elastic free energy that is associated 

with curvature changes is given by the sum of bending terms, Equation 4.9.12, and 

the chemically induced variation, Equation 4. 10.4, 

N N 
Z dG Foy = A:7A,? [dC, SE he Kolhg C, + hg C,) 
=] Q=1 

N 
# dC, E hy Kg(hgC, + hy C2) 

Q=1 

N N 
FAA, |dC, EZ Syphg + dC, YF syghy. 

=] Q=] (4.16.5) 

This equation can be written in integrated form as 

~ _ ALTAR > 
= GF ot = > ~ Ko(hg C, + hy C,)   

N 
+ AA, | & Brathy C, + hy C,) 

1 (4.10.6)



114 Mechanics and Thermodynamics of Biomembranes 

Therefore, we can identify moment resultants which are induced by the change in 

chemical] state of the membrane, 

N 

Q=] 

N 

MS = 3 Syghp | 

e~| (4.10.7) | 

These moment contributions do not depend on membrane curvature changes. The total 

moment resultant is the sum of the bending moment, Equation 4.9.15, plus the chem- 

ically induced moment, 

M, = MP + Mf 

M, = MQ + M§ 

We again assume that we can neglect shear elasticity in determining the location of 

the neutral surface, i.e., we can use the location established by the isotropic force 

resullants, 

N 

ue = hy, and 3 hyKy = 0 

R=1 

Asa result, the induced moment contributions, Equations 4.10.7, are isotropic, 

I N By 7 
Q m 

c= x > x _- —— KoK hem 

Q>m=1 Q Kin (4.10.8) 

(It is important that the order of the layers be specified from number one on the inside 

to N on the outside in the sense of positive curvature, i.e., convex surfaces.) For two 

molecular layers separated by a distance, h, the induced moment coefficient is 

bY by, K, Kh 

K, K, (K, +K) 

  

For three layers separated by distances, h, and hz, respectively, the coefficient is 

  

  

l by by 545 by, 
t= — _. : K, K,h, + {- - - Ky K, (h, + h,) 

K K, K, K, K, 

by, by, 

+ -—--~| K,K,h, 
K, K,



115 

where, 

K = K, + K, + K, 

In terms of the curvature elastic modulus and the induced moment coefficient, the 

moment resultants are given by 

M, = M, =a,a,(C, +C,) B+r (4.10.9) 

and the curvature elastic free energy density (bending energy plus chemical induction) 

iS 

N ; wm Ap ?Ag? 
% (SFo)y = = 

2=1 2 

  CC, +C,PB+a,a, CG, +C)r (4.10.10) 

If membrane force resultants are negligible, then a new equilibrium state will be 

achieved by alteration of the curvature in the membrane. The new State is determined 

by the minimization of the free energy density with respect to the mean curvature, 

C, + Ca, 

3 N 

——— [3 GFp;| =0 
ac,+,) [a FT 

The new equilibrium curvature is obtained using Equation 4.10.10, 

CG = C, +C,) = 0 1 2 Jo A, A,B 
  

The bending energy density can now be given relative to the new equilibrium configu- 

ration, 

N 

S (F)7 = s+ G, - GY B 
2=] (4.10.11) 

Ay? Ay? 
2 

  

where Cy is the chemically induced curvature (Evans, 1974).'’ This is the counterpart 

of the ‘‘spontaneous’’ curvature described by Helfrich (1974).3* 

As we discussed previously, changes of curvature of uncoupled molecular layers 

produce negligible moment resultants because the layers are free to shear or slip relative 

to one another, although repulsive forces maintain fixed distances between the layers. 

If the edges of the membrane strata are constrained or if they are closed as in a cellular 

envelope, there may be a variation in free energy due to membrane curvature changes. 

The free energy change is the effect of variations in free energy of the component layer 

integrated over the entire surface and is given by 

N N 
~ (Sag)? 

x (6Fp)yda,da, = % |Ky = da,da, + 54 Sa, da, da, 

Q=] Q=1 

We can normalize this expression by the total surface area. We obtain the average over 

the surface (indicated by < >),
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No N bag? > 

2=1 R=] 

(We assume that membrane properties are uniform over the whole surface.) Since the 

layers are uncoupled, the variation in area between the layers and the neutral surface 

will be uniform over the surface. Therefore, 

<bag> = <dbay>? 

Consequently, the free energy variation is related to the average membrane curvature 

change, i.e., a nonlocal effect, 

N ~ B 
2 <(6l gp > = 7 KAA, (CC, tC) > FR +P CAA C, +C,)> 

R=1 

This is the surface average free energy variation due to membrane curvature for uncou- 

pled layers. The sum of this expression plus the free energy due to the in-plane defor- 

mations of the membrane must be minimized for the entire membrane surface to ob- 

tain the equilibrium geometry. Thus, the minimization is a global procedure. 

Example ! 

Consider a flat trilamellar composite that we used in Example 2 of Section 4.9. What 

is the chemical free energy change required to produce a hemisphere with the radius 

of 1 x 10 cm, first for a chemical change in the inner network layer, second in the 

outer lipid layer? We have chosen a radius of curvature such that the bending resistance 

can be neglected. Therefore, we must balance the shear elastic effects against the chem- 

ical changes, i.e., 

(AF) + (AF)y ~ 0 

We use the result from the example in Section 4.9 to give 

(AF) ~ 2 X 10°? erg/em? 

The induced free energy density is represented by Equation 4.10.10, 

~ ar 
(AFL); ~ xz = 2 xX 10*-T erg/cm? 

5 

which is combined with the shear elastic energy to provide an estimate of the induced 

moment coefficient, 

1 ~ ~— 10°? erg/cm 

The induced moment coefficient, [, is given for the two situations by Equation 4.10.8. 

For chemical change in the inner network, we have 

v1 & 

(jre=- ke (i. +h) + xh)
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and for the outer lipid layer, we have 

  

( } 

@r= —— (Kh + Ka, + hy) 

If we make the same assumptions as in the first two examples of Section 4.9, we can 

use K, = K, = K,; = 150 dyn/cm and K = 450 dyn/cm with interlayer distances h, = 

10’ cm and h2. = 3x10 cm. 

For a change in the inner network layer, case (1), the induced moment and change 

in free energy density would approximately be given by 

r~ —8 y, * (1077) 

and -- 

Sy, ~ 1 erg/cm? (dyn/cm) 

For the red cell membrane, the number of mol/cm? of network material (spectrin) is 

about 0.5 x 10-"? mol/cm?. Therefore, this change would be equivalent to 2 x 10" erg/ 
mol or 48 kcal/mol of spectrin molecules. 

For a change in outer lipid layer, case (2), the induced moment and change in free 

energy density would be given by 

r~ Sy, + (1077) 

and 

~-5y, ~ 10°' (erg/cm? or dyn/cm) 

From Example 2 of Section 4.6, the chemical change, dys, is less than 1% of the inter- 

facial free energy density of the water-hydrocarbon interaction (natural state surface 

pressure) of the outer layer (40 dyn/cm). In calories per mole of phospholipid, the 

change is only about !0 cal/mol out of 2 kcal/mol total. 

Note that reducing the free energy density of the outer layer can produce the same 

curvature aS increasing the free energy density of the inner layer. Obviously, small 

changes in chemical equilibrium can produce major membrane surface deformations 

and curvature changes. This is relevant to the shape transformations induced in red 

cell membranes by chemical agents, described by Bessis (1973)? and Ponder (1971)** 

as the discocyte-echinocyte-stomatocyte shape change. Sheetz and Singer (1975)*' pos- 

tulated a membrane ‘‘couple’’ to account for red cell shape change, but provided no 

detailed thermodynamic basis for the hypothesis. A variety of shapes have been com- 

puted by Dueling and Helfrich on the basis of spontaneous curvature changes, again 

without detailed molecular basis. They also neglect the elastic energy due to deforma- 

tion in the plane of the membrane. In view of the estimates above, neglecting the shear 
rigidity of the membrane is questionable. 

4.11 Thermoelasticity 

As we discussed in the introduction to this chapter, conservation of energy is an 

unchallenged principle. However, energy can be changed by heat exchange and me- 

chanical work. The thermodynamic state of the substance may be characterized by two 

extensive state functions: internal energy and entropy. The mechanical work done on 

a material by displacement of forces can alter the energy and/or heat content of the 

material. For reversible processes at constant temperature, the work done on a material
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element is represented by an elastic, conservative potential function. From this func- 

tion, we have derived elastic constitutive relations. We recognize that these changes in 

potential embody both changes in energy of the material and reversible changes in heat 

content. The latter are reversible heats of deformation. The heats of deformation are 

given by the isothermal changes in entropy of the material that are produced by the 

deformation and scaled by temperature. Entropy changes represent alterations in con- 

figuration of the material microstructure, which are reversible in this case. The conver- 

sion of work to heat has a counterpart: the conversion of heat to work, which is evi- 

denced as thermoelastic effects. This is the thermoelastic behavior of the 

mechanochemical equations of state; it complements the isothermal, elastic constitu- 

tive behavior. Coupled with the first law of thermodynamics, thermoelasticity will be 

shown to represent the reversibie heat exchange that occurs in an isothermal deforma- 

tion process. With thermoelasticity, we will be able to decompose the elastic free energy 

change that is produced by deformation into contributions of internal energy and en- 

tropy of the material (Evans and Waugh, 1977).** 

We have developed isothermal elastic constitutive relations in terms of the partial 

derivatives of the Helmholtz free energy density at constant temperature. These equa- 

tions relate isotropic tension and the maximum shear resultant to the deformation of 

the membrane and as such are isotherms of mechanochemical equations of state for a 

membrane. In general, equations of state depend on temperature as well as on the 

deformation parameters. Now, we examine the temperature dependence of the mem- 

brane force resultants. The first mechanochemical state equation is for the isotropic 

tension, 

T = f9(,T) (4.11.1) 

This can be written in differential form as 

| aT \ aT 
dT = (22) da + (=) dT 

aa / Tg aT / Bg (4.11.2) 

where the shape of the material element is held constant, i.e., 8B = constant; only 

uniform area expansion or condensation is performed. Next, if we hold the area of a 

material element constant and express the temperature dependence of the shear result- 

ant, we have the second mechanochemical equation of state, 

T, = f(T) (4.11.3) 

Since f is a function only of the scaled extension ratio, Equation 2.3.21, this can be 

expressed equivalently as 

T, = £,(4T) 

The differential form is given by 

oT ~ oT 
dT, = [oe da + (2) aT 

ar / Tc aT / go (4.11.4) 

where the area of the material element is held constant, i.e., a = constant; only defor- 

mation at constant area is performed. Consequently, we see that a solid material must 

be characterized by at Icast two equations of state, Equations 4.11.2 and 4.11.4. The 

e
r
 
e
e
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elastic constitutive behavior is identified in Equations 4.11.2 and 4.11.4 as the isother- 

mal response. The thermoelastic behavior is given by the changes in material force 

resultants that are produced by temperature change, with the dimensions of the mate- 

rial element fixed. 
As discussed in Section 4.6, there is also an isotropic equation of state characterizing 

the surface pressure internal to the material; 

a = f(a,T) (4.11.5) 

This internal equation of state is closely related to the mechanochemical equation for 

isotropic tension. Equations 4.11.1 and 4.11.5 provide an important link between the 

thermodynamic effect of the interfacial interactions (e.g., hydrophobicity, surface 

charge, adsorbed components, etc.) and the membrane thermoelasticity. The differ- 

ential expressions for both isotropic equations of state, (4.11.1) and (4.11.5), are given 

by 

aT aT 
aT — da + [——j dT 

on on 
=) da + [—]| dT 

(= T OT foe (4.11.6) 

in terms of the intensive variables (a,T). These two equations are related by 

da 

T=y-72 (4.11.7) 

At constant temperature, the change in isotropic tension is equal and opposite in sign 

to the change in surface pressure since by definition y depends only on temperature 

and other properties of the aqueous environment. Therefore, the isothermal modulus 

of compressibility is identical for both, Equations 4.11.1 and 4.11.5, i.e., the slope of 

the surface pressure isotherm gives the isothermal modulus of compressibility, 

aT oar an 
K = — = —~Aj—_—— = eee 

da T aA T on T 

aro aro (4.11.8) 
  

  

This isothermal modulus of membrane area compressibility can be obtained directly 

by measuring the change in membrane isotropic tension vs. fractional area change. 

For instance, the area compressibility modulus for the red blood cell membrane has 

been measured to be about 450 dyn/cm at 25°C (Evans and Waugh, 1977).75 The 

compressibility modulus for a phospholipid bilayer is as yet unmeasured. We can esti- 

mate the area elastic modulus by idealizing the bilayer as two monolayers. Then, for 

example, the value for a lecithin bilayer would be on the order of 160 dyn/cm as we 

discussed in Example 2 of Section 4.6. 

The coefficients of the temperature differentials in Equations 4.11.6 are the iso- 

tropic, thermoelastic coefficients. We can use a mathematical corollary to express these 

coefficients in terms of changes in area and temperature. The general rule which will 

be employed is that the partial derivatives of any analytic function, f(X, Y,Z), of three 

variables are related by
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ax ax aY 

Therefore, the isotropic thermoelastic coefficients are given by the area compressibility 

modulus times the fractional change in area with temperature at constant surface pres- 
sure Or isotropic tension, 

(=) (=) =) oa 
—_— _ — re = K —a— 

OT fy dase \aT] a aT] » (4.11.9) 

aT aT Be da 

aT }y da fp \aT/ F OT / FT (4.11.10) 

The fractional change in area with temperature at constant isotropic tension can be 

measured by observing the change in membrane surface area vs. the change in temper- 

ature. This is called the thermal area expansivity for the membrane. The thermoelastic 

change in membrane tension at constant area is the product of the thermal area expan- 

sivity and the elastic area compressibility modulus. It is apparent from Equations 

4.11.9 and 4.11.10 that there are two different measures of thermal area expansivity: 

one at constant surface pressure, 

(=) 1 (2) 

at/, A \orf, (4.11.11) 

and the other at constant tension, 

(= _ 1 (= 

aT /F A \ OTS F (4.11.12) 

If we take the partial derivative of the isotropic tension, Equation 4.11.7, with respect 

to temperature at constant area, we see that the interfacial interactions contribute to 

the thermoelastic change, 

aT dy an dy aa 
—o = ae — = - K ——— 

aT/, dT aT), aT aT}. (4.11.13) 

where the interfacial free energy density, y (or natural state surface pressure), is only 

a function of temperature. We will show later on that the difference between Equations 

4.11.9 and 4.11.10 can be attributed to the heat of expansion of the interfaces. The 

relationship between the measured thermal area expansivity (i.e., at constant tension) 

and the thermal area expansivity at constant surface pressure is established by Equa- 

tion 4.11.13, 

at/e \aT/, =k oat (4.11.14) 

Therefore, the differential equation of state (based on surface pressure) Is given by 

or 

en
e 
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rel a'g dy 

dx = —Kdae + {K [—]} +—] dT 
aT 

(4.11.15) 

which can be called an internal equation of state. This equation of state is indetermi- 

nate, since the change in interfacial interaction with temperature cannot be measured 

directly. 

On the other hand, the mechanochemical] equation of state, 

_ on 

éT = K da—-K [— dT 
aT / F (4.11.16) 

is the form which can be directly determined by experiments. Equations 4.11.13 and 

4.11.14 demonstrate that the observed temperature effects in membranes involve inse- 

parable changes in surface pressure and interfacial interaction. 
The second mechanochemical state equation, (4.11.3), describes behavior that is spe- 

cific to solid membrane materials, whereas the isotropic behavior is appropriate for 
both liquid and solid surfaces. We can use the mathematical corollary to obtain 

OT / Bo a Jr \AT/ tye (4.11.17) 

which gives the thermoelastic coefficient of the shear resultant in terms of elastic prop- 

erties and thermal extensibility (i.e., fractional change in extension with temperature). 
The shear resultant is given by the elastic constitutive relation, 

LK ~~? ~~! 

T, = ee (A? — 47?) 
2(1 +a) 

where A is chosen greater than one. Therefore, the coefficients in the differential form 

of the mechanochemical state equation are obtained by taking the following partial 

derivatives: 

aT au (QQ? —X*) Bo. 
——} = (2 + +2) 
On Te aa Tyo 2(1 +a) (1 + &) 

(=) _ (2) Q? —X?) 

OT! Bex oT/ Bae = 2(1 +4) (4.11.18) 

Now, Equation 4.11.17 may be rearranged with the coefficients, Equations 4.11.18, 

to give the thermal extensibility as a function of the temperature gradient of the elastic 

shear modulus, 

~ ~(=2E) Gk) 
(=) aT | 59 

T,.& ofn p ~ ~~ 

= + (A? —X7) + 2(A 42%) 
To (4.11.19) 
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If we assume that the membrane is a first order, hyperelastic surface, ‘e., 

(Op/0A), = 0, then we obtain, 

(28 GO? —X?) dfn pu 
= ~~ ow oa . . 20 

oT / Te 2(A? + X77) aT / pay 4-11-20) 
  
  

The differential form for the second equation of state becomes 

  

ue? +%&?) ~ a @nX 
aT, = ——————._ Jd (en X) — dT 

(1 +a) aT T,.@ 

2u(B + 1) _ aan nr 
dT, = ————— | aan) - = dT 

(1 +a) a Tyce (4.11.21) 
  

The temperature dependence of mechanochemical equations of state provides not 
only the thermoelastic description of the membrane but also the dependence of the 

thermodynamic state variables, E and S, on membrane deformation. Since internal 

energy and entropy are state functions, differential changes in their values are the 

superposition of increments that are taken along independent pathways, I.e., state 

functions are exact differentials that can be expressed by the chain rule of differentia- 

tion, 

~ aE aE ~ aE 
dE = |— “de + — ~d(fnay) + j— dT 

0a T.B okn vz Ta oT a,p 

~ as as ~ as 
dS = {| ‘da + = -d(@naA) + |[— dT 

oa TB een aA T,a oT a8 

(4.11.22) 

  

  

An exact differential is a characteristic feature of an analytic function, say f(x,y}. This 

means that cross derivatives with respect to the independent variables are equal. In 

oiher words, the expansion of an exact differential, 

    

of of 
df = — «dx + —— - dy 

ax ay 

implies that 

a’ f a7f 

Oxoy — oyaox 

Thus, the cross derivatives of interna] energy and entropy with respect to temperature 

and deformation variables must be equal. For instance, 

a (=) a =) 

da } rg oT / ap Tap \ / Tg (4.11.23) 
    

—
—
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Or 

  

  

a aE 3 aE 

aon A T,a aT a6 oT a8 agen A Tyo 

In order to take advantage of these analytic properties of the state functions, we use 

the combined first and second laws of thermodynamics for reversible processes, 

dW = dE —TdSs 

and the expression for the mechanical work that is produced by area dilation and by 

extension of the material element, 

dW = T - de + 2T, - (1+) -d(gna) (4.11.25) 

We see that Equations 4.11.22, 4.11.24, and 4.11.25 allow us to relate the partial de- 

rivatives of internal energy and entropy for the differential changes in intensive varia- 

bles: fractional change in area, da, fractional extension at constant area, d(£n A), and 

temperature change, dT. For instance, the partial derivatives of the entropy density 

are given by 

3s 1 dE _ 

da T,8 T oa T,B 

as 1 dE 
Sy UCU = ~ 2(1 +a) > T, 
o2n A Tie T oan A Ta 

( s) 1 ( =) 

aT/ag tT aT Jag (4.11.26) 

If we take cross derivatives with respect to temperature and deformation variables, we 

may use Equations 4.11.23 to obtain the internal energy density change that is pro- 
duced by isothermal deformation, 

aE _ aT 
—— =T- T . —__ 

( =| T,B (= 

aE aT, 
50 x = 2(1 + a) * T, — T* Tr 

BOF Tye a,8 (4.11.27) 

We also obtain the heats of deformation with Equations 4.11.27, 

  

  

    

as aT. 
— = -—-2(lt+a):T-> - 

ani} Ty aT) ag (4.11.28)
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Thus, the reversible heats of deformation are exhibited as thermoelastic effects. If we 

first consider the isotropic equation of state, we may express the internal energy and 

heat of expansion in terms of the first order material properties, 

dE da 
—— = K "a + T a K . ~~ 

da T.B aT T 

as a ' l 
=T-K- |— I 

da / 78 OT F (4.11.29 ) 

where we have assumed that these changes are measured relative to the tension-free or 

natural state. In the natural state, we know that the free energy must be minimum, 

(Fy, | = 0   
ao 

ar 

oa T 

We see that this condition is satisfied by Equations 4.11.29. Furthermore, we note that 

there exists a natural heat of expansion in the tension-free condition, 

as ate | 

, (=) r (x) da/ Tg aT} Fag (4.11.30) 

which represents the thermal repuisive forces internal to the material. The natural heat 

of expansion is opposed by a cohesive energy density in the material of equal magni- 
tude, 

aE aa 
—— = T 2 K . —— 

aa T.B oT T= 0 

The thermal area expansivity at zero tension is related to the thermal area expansivity 

at nonzero tension by 

which implies that 

= 0 

  

azo 

  

Thus, the heat of expansion is equa! to 

as aa afn K 
T — = T » K * ——ee — T . 

de TB éT/ F= 0 aT 

(4.11.31) 

  

where the second term is often negligible compared to the natural heat of expansion.
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The free energy decomposition into internal energy and heat of expansion is ex- 

pressed in terms of measurable variables: elastic compressibility modulus and thermal 

area expansivity. This represents the change in thermodynamic state of the membrane 

system that is produced by isothermal expansion. We recognize that the membrane 

system includes the closed membrane structure plus the interfacial phases. The effects 

of interfacial interactions are implicit in natural heat of expansion for the force-free 

state, 

as dex di 
T . —— = T ry K . we — T e oY 

on T,B oT T dT 

where the thermal area expansivity is for constant surface pressure. The heat of expan- 

sion of the interfaces is Kelvin’s heat of expansion for a free surface. We will show in 

an example at the end of this section that the heat of expansion of the interfaces may 

contribute significantly to the natural heat of expansion of the membrane. 

When we matched cross derivatives of entropy coefficients, Equations 4.11.26, we 

eliminated the temperature coefficients of the thermodynamic state functions. The 

temperature coefficients are determined at constant element area and shape and define 

the specific heat, C., at constant surface area, 

as . dE 

aT / «8 oT Jog (4.11.32) 

In general, it is very difficult, sometimes impossible, to measure the specific heat at 

constant geometry. Normally, the specific heat is measured under the condition of 

constant applied force, i.e., constant isotropic tension or constant surface pressure. 

Specific heats at constant intensive force are derived from enthalpic potentials, e.g., 

H=E-T-« 

or 

H=Eta-e 

with the following prescriptions: 

aH 

aT /F5 

C ( =) 

* aT J (4.11.33) 

The specific heat at constant tension is the reversible heat exchange per degree per unit 

membrane area that would be measured in a calorimeter. In a calorimeter, the mem- 

brane would presumably be free of external force, e.g., no osmotic stress or other 

surface tractions. It is not possible to maintain constant area and simultaneously meas- 

ure the reversible heat exchange per degree. However, the two specific heats are related 

by 

Cy 

aa \ ? 

(Ce — Cy) =TK-[——] 
aT / FT (4.11.34)
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Consequently, we can calculate the specific heat at constant area from that at constant 

tension with the thermoelastic properties. We can also ) compare Equation (4.11.34) 

with the internal equation of state through 

aa |? 
(C, - Cy) = TK: 

ar, (4.11.35) 

The second equation of state, which represents solid elastic behavior, is used with 

Equations 4.11.27 and 4.11.28 to determine the internal energy and heat of extension. 

Here, we need the thermoelastic change in the shear resultant at constant element area 

and shape, 

(22) 
aT a,b 

This partial derivative is simply given by 

aT, au Q? —X?) 

aT a6 - ‘aT 0,8 2(1 +a) 

Thus, the reversible heat of extension and internal energy change at constant temper- 
ature are expressed as 

  

as an a 
T- (=) = -T> (=) "(A—*%) 

Qs Tex aT} Be (4.11.36) 

or in terms of 8 as 

aE OK 
anne =p— T . —— 

(= Ta (=) Bex 

“(3),0° @ a8 / Te 8T } Ba (4.11.37) 

In the following examples, we will examine the expected thermoelastic behavior of 

a phospholipid bilayer and a two-dimensional, elastomeric network. The first example 

will demonstrate the relationship between the internal equation of state for surface 

pressure and the mechanochemical state equation for isotropic tension. An important 

chemical feature, the interfacial interaction of hydrocarbon and water, will be made 

apparent. The second example will show the entropic character of an elastomeric ma- 

terial and the difficulty in measuring the temperature dependence of the elastomer 

shear modulus. 

ul 

Example 1! 

Consider the example of a phospholipid bilayer introduced in Examples | and 2 of 

Section 4.6. In the absence of experimental evidence on the temperature dependence
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of elastic properties of a phospholipid layer, we must again use the abstraction of the 

bilayer as two monolayers with the equation of state given by 

mA—A,) = cT 

where A is the area per molecule (in a single layer). A, is the excluded area per mole- 

cule. The isothermal area compressibility modulus and thermal area expansivity are 

~ on Aq 

K=-A [—e} = ST 
dA/T (A-A,) 

( Ba 1 ( ) (A-A) 
at}, .A \aT/, TA 

The change in surface pressure with temperature at constant area is given by 

Above the transition temperature, a value A. equal to 38 A? per molecule would ap- 

proximate a lecithin bilayer surface pressure vs. area curve as discussed in Example 2 

of Section 4.6. At an area per molecule of 68 A?, which corresponds to a bilayer surface 
pressure of 70 dyn/cm; the thermal area expansivity at constant pressure and the 

change in surface pressure with temperature at Constant area would be 

aa 

—!| ~1.5xX 107/°C 
oT}, 

on 

—] = 0.23 dyn/em/*C 
aT a 

These small numbers indicate the difficulty in measuring the temperature dependence 

of a monolayer equation of state with the Langmuir trough technique (see Davies and 
Rideal, 1961).'? 

Now, we will investigate the thermoelastic effects which would be observed in a 

bilayer membrane experiment. In order to estimate these changes, the temperature 
dependence of the interfacial free energy density, y, must be evaluated. As discussed 

in Example 1 of Section 4.6, the interfacial free energy density of hydrophobic inter- 

action for interfacial regions (the interstitial spaces between polar head groups) is ap- 

proximately that of simple hydrocarbon-water interfaces. Consequently, we can ap- 

proximate the temperature dependence by using twice the value of the temperature 

dependence of surface tension at oil-water interfaces, dy./dT, 

Measured values for dy./dT depend on hydrocarbon chain length, but are typically 

about —0.1 dyn/em/°C (see Adam, The Physics and Chemistry of Surfaces, 1968). 

Thus,
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dy 
— =~ —0.2 erg/em?/°C 
dT 

We recall the following relations: 

and 

(=) dy (2) 

aT fy dT avs » 

which are the thermal area expansivity and thermoelastic change in tension at constant 

area as measured in an experiment. With the values for these parameters that were 

introduced above, we obtain estimates of the thermoclastic effects, 

oa 

(=) _ = 1S XK 10% —-(-0.2)(160)= 2.7 x 107 /°C 
Ol; T 

(=) =~ —0.23 -— 0.2 = —0.43 dyn/cem/°C 
aT fy 

It is apparent that thermoelastic observations will be strongly influenced by the tem- 

perature dependence of the interfacial inferaction. The surface pressure change might 

even be masked by changes in y. There is direct evidence that such effects are indeed 

important. X-ray diffraction measurements of the temperature dependence of the 

thickness of phospholipid bilayers (arranged in stacked, hydrated layers) have been 

performed by Drs. Costello and Gulik-Krzywicki (personal communication).'® Since 

the thermal volume expansivity, (1/V) (0 V/9T),, is on the order of 107*/°C, the frac- 

tional change in thickness jis approximately equal and opposite to the fractional change 

in area produced by temperature change. The stacked bilayers are essentially free of 

membrane tension. Therefore, we can obtain an estimate of the thermal area expansiv- 

ity for the natural state, free of external forces. The recent work of Drs. Costello and 

Gulik-Krzywicki gives values of 2 to 2.7 x 10°?/°C for (8a/4T)- of egg lecithin bilayers 

and lipids extracted from sarcoplasmic reticulum. These values for thermal area expan- 

sivity agree with the estimate we made above, which includes interfacial effects. 

We can also estimate the difference in specific heats that would be expected from 

experiments. The difference in specific heats for a bilayer idealized as two monolayers 

is obtained from the equation of state, 

7 (A - A.) 

Cafe 
If we incorporate the temperature dependence of the hydrophobic effect, the difference 

in Specific heats ts predicted to be 

C (A 7 
(Ca. —-C ) Se — 

T A T n dT
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With the values used previously, we find that 

(Cz —C,) = 3.45 + (C,—C,) = 0.36 exg/em? /°C 

The threefold change indicates the importance of the temperature dependence of the 

hydrophobic effect. 

Example 2 

Consider a two-dimensional, elastomeric surface network. In Section 4.7, the en- 
tropy density was shown to be approximated by 

~ =~ Nak \/re 

, My, / \o 

me 

where gp is the surface mass density of polymer chains; N, is Avogadro’s number; M,, 

is the molecular weight of each chain; <ro’/o,?> is the ensemble average that charac- 

terizes the variation in molecular subchain length in the total network, normalized by 

the free variation of an individual chain. 

Therefore, 

as _ Po N AK T) ) 

a8 T.a My, a3 

and the surface shear modulus is given by 

PoNak rr 
2 ={{— 4 (3) T 

My, a 

which increases in direct proportion to temperature. Consequently, 

aE 
—_ = 0 

a8 Tia 

The free energy density at constant temperature and surface area is totally entropic as 

the development in Section 4.7 prescribed. The thermoelastic behavior that would be 

observed in a mechanical experiment is represented by 

an Q? x?) f1 
—_— =~ —=——_— —_— 

at a,T, AAtX3) \ T 

Since biological materials are only viable at temperatures in the range of 272 to 

320 K, it is apparent that the fractional changes in extension ratio would be less than 

a fraction of a percent per degree. 

  

  

4.12 Internal Dissipation, Viscosity, Viscoelasticity, Relaxation, and Viscoplasticity 

The development of elastic material behavior of a membrane was based entirely on 

reversible thermodynamics, i.e., conservative free energy potentials. For membrane 

deformations that are produced at a slow rate without permanent material alteration 

due to the membrane forces, elastic constitutive relations are reasonable representa-
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tions of the material behavior of the membrane. On the other hand, as the rate of 

deformation increases, thermodynamically irreversible processes become evident, 

which result from internal friction and heat dissipation within the membrane. Irrever- 

sible processes create nonconservative forces that depend on the rate of deformation 

as well as the instantaneous deformation State. If we consider a solid membrane struc- 

ture, then the static membrane forces will approximate the elastic, conservative level, 

which characterizes thermodynamic equilibrium. However, the time-dependent re- 

sponse of membrane deformation to applied forces will be limited by the rate of vis- 

cous dissipation in the material. In the absence of applied forces, the solid material ' 

returns to its initial shape. This is viscoelastic solid behavior and does not involve 

irrecoverable (plastic) material deformation. This is in contrast to plastic flow that 
often results from prolonged exposure to applied forces; here, the matcrial changes 

are permanent. If the magnitude of the applied forces are sufficiently large, the mate- 

rial will immediately begin plastic flow. The forces applied to the material produce 

work per unit time or mechanical power that is dissipated as heat in the material. For 

a perfect liquid, there is no shear resultant threshold or yield level; flow commences 

in response to any shear force resultant or stress. The constitutive relations between 

the nonconservative or frictional force resultants and rates of deformation are char- 

acterized by coefficients of viscosity. Viscosity represents the rate at which entropy is 

generated in the material. The result is dissipation of mechanical work. We will use a 

first order, irreversible thermodynamic approach to demonstrate the modes of entropy 

production and heat generation that are produced by different intensive rates of defor- 

mation. Entropy production is assumed to increase in proportion to the square of the 

rate of deformation divided by temperature. This approach will yield the independent 
coefficients of viscosity. 

When we discuss viscosity and irreversible thermodynamics, we are again treating 

the membrane as a two-dimensional continuum. Consequently, viscosity coefficients 

are to be determined directly by mechanical experiments which involve macroscopic 

regions of the surface and, thus, are continuum properties. Viscosity is a measure of 

the fluidity of a matcrial as the elastic shear modulus is a measure of its rigidity. How- 

ever, fluidity and ridigity are subjective terms which must be carefully handled. They 

are not substitutes for the viscosity of a liquid or the shear modulus of a solid. In 

membrane biology, such qualitative descriptors are often used to characterize mem- 

brane structure; these images can be illusory. Measurements of kinetic or thermal mo- 

tions of molecules in the membrane are frequently used to quantify membrane fluidity. 

In classical kinetic theory, diffusive motions of molecules may be related to the coef- 

ficients of viscosity of the continuum, but for a complex structure such as membrane, 

the relationship is difficult to establish. 

Dissipative mechanisms that limit the rate of continuous deformation of the mem- 

brane are inherently complicated. As irreversible processes, they cannot be represented 

by a definitive thermodynamic equation — only an inequality, as we discussed before. 

Consequently, a phenomenological approach must be used to represent these proc- 

esses. Ultimately, the processes must be defined empirically by experiment. We will 

briefly outline the phcnomenological methods of irreversible thermodynamics. Then, 

we will use the results to develop first order, constitutive relations for three metaphor- 

ical regimes of material behavior: solid, semiSolid transition, and plastic or liquid. 

These material regimes characterize different molecular processes and will be repre- 

sented by different viscosity coefficients. 

The first law of thermodynamics relates the differential change in total material 

energy, dE, to the incremental exchange of heat, d Q, and work done on the material, 

dW, 

a
n
e
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dE = 6Q + 6W (4.12.1) 

Because the total energy is conserved, a cyclic process results in 

$sQ=-§8W (4.12.2) 

This demonstrates that the irreversible heat loss for an isothermal, cyclic process is 

provided by additional work in the cycle. The added work is called ‘‘hysteresis.’’ If 

we assume that the irreversible process is totally entropic (in other words, only heat is 

generated by nonzero rates of deformation), we may write the first law for either a 

reversible or irreversible process at constant temperature as 

(dE). = 6Q-7 + (SW)_ 

me where 

(dE)> = (dQ), + (dW)y (reversible) (4.12.3) 

From the difference, we may define the irrecoverable work, dW;,’**, done on the sys- 

tem, 

(6Q — dQ), + GW - dW), = 0 

This mechanical energy is lost as heat transfer to the environment. Thus, 

swe = GW-dW)y 

sQikR = —swikR = 6Q-dQ)7 (4.12.4) 

For an isothermal process, exact differentials specify the reversible, elastic material 

behavior previously examined, and Equation 4.12.4 represents the internal heat dissi- 

pation and mechanical losses. The loss of mechanical power is proportional to the rate 

of internal entropy production which is eventually exchanged with the environment as 

heat. (See Katchalsky and Curran, Entropy Change in Irreversible Processes, in 

Nonequilibrium Thermodynamics in Biophysics, 1967).** 

The mechanical power is specified by the work per unit time performed by the ma- 

terial force resultants. The mechanical power density is the scalar product of the ma- 

terial force resultants times the rate of deformation matrix. Therefore, the time rate 

of change of work per unit initial area of a membrane element is given by 

=) 
—] = (CV) ar) ar fp 4 ° (4.12.5) 

The mechanical power dissipated in the material as heat is proportional to the time 

rate of generation of the material entropy density. The rate of entropy production is 

measured per unit of instantaneous area and is an Eulerian variable, §; thus, 

. 1 faQVRR  faw \IRR 
{a, AZ) $ =e — = — 

T ot fy T at fr (4.12.6) 

The heat exchange is opposite in sign to the rate of entropy production because it is
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lost to the environment. The mechanical power loss is produced by the nonconservative 

or frictional part of the force resultants. If we consider only the nonconservative force 

resultants, then Equations 4.12.5 and 4.12.6 combine to give 

1 3W IRR ; 

— =T’ V.=Ts 
(Ay Ad) at fy y y (4.12.7) 

where T,,;” is the inelastic or viscous force resultant matrix. Equation 4.12.7 must be a 
positive definite quantity, s 2 0, according to the origina] statement by Clausius. 

In 1931, Onsager postulated a phenomenological equation that relates entropy pro- 

duction, s, to the scalar product of flows, J,, and their conjugate forces, A®,.°' The 

thermodynamic context of force is the gradient of chemical potential, which includes 

contributions from mechanical work, particle activities, etc. Flows, on the other hand, 

are the fluxes of configurational entropy, given by time rates of material movement, 

e.g., particle flux or rate of deformation. The first order approximation to irreversible 

processes is provided by 

  

s = 3 J, + 4b, 

p 

In the phenomenological approach, the flows are linearly related to the conjugate 

forces by the coupling coefficients, L,,, 

I, = 3 Log * 4%q 

q 

Likewise, an inverse relationship exists for the forces in terms of the flows, 

Consequently, the entropy production is quadratic in the flows, 

s= & (3 Log | Jn = lpg Jy Jp 
q (4.12.8) 

if we use implicit summation of indices. 

For a continuum material, the flows are the time rates of deformation. These de- 

scribe the intensive time rate of change of distances between material points. A mem- 

brane which is isotropic in its surface is characterized by two independent rates of 

deformation (see Section 2.5): the time rate of change of area dilation or condensation 

of membrane; the time rate of exchange of material extension or shear deformation 

at constant area. From Section 2.5, these are 

J, = Vi (4.12.9) 

Therefore, the conjugate forces may be expressed as
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4g = 1, % Vy by) +L Vy 

En (% Vix $3) + Li Vij (4.12.10) 
Ae, 

With Equations 4.12.9 and 4.12.10, Equation 4.12.8 for the entropy production is 

given by the quadratic sum, 

s= DT, % Vy)? + Tn Vi; Vi . (4.12.11) 

since the identity, d,, V,, = 0, eliminates cross relations. 
Consequently, the viscous or nonconservative force resultant matrix can now be 

obtained from the phenomenological rate of entropy production, Equation 4.12.11, 

and the mechanical power loss, Equation 4.12.7. Since Vi; = ¥%2 Vix dij + V.,, Equations 
4.12.7 and 4.12.11 combine to give 

Vv _ ~~? 

Ti, = KVaK Oy + 20 Vij (4.12.12) 

where 

k=% TL, 

n=% TL, 

Thus, the phenomenological coefficients produce specific coefficients of viscosity. x 

is the viscous proportionality factor for energy dissipation produced by rate of area 

dilation or condensation. n is the viscous coefficient for energy dissipation produced 

by rate of shear deformation. This is commonly referred to as ‘‘surface viscosity’’ for 

surface shear at +45° to the principal extension axis. Both coefficients have units of 

dyn-sec/cm or poise-cm (surface poise). 

In terms of the fractional change in area, a, and the extension ratio at constant area, 

i, the isotropic and shear resultant components of Equation 4.12.12 can be written 

Rv = K da 

(1 +a@) at (4.12.13) 

  

and 

  

¥ 5 a Qn a 
T = 

s ” at (4.12.14) 

Equation 4.12.14 defines the shear behavior of a two-dimensional liquid membrane 

such as a phospholipid bilayer (above the order-disorder transition temperature for 

the hydrocarbon chains). 

By contrast to the liquid membrane, the encapsulating membranes of biological cells 

are often solid materials with complex structure. The first order constitutive behavior 

for a viscoelastic solid can be obtained by parailel superposition of elastic and viscous 

force resultants as originally developed by Kelvin, 

— e WV 

Ty = Ty + Ty (4.12.15) 

where T,,‘ is the elastic force resultant matrix previously derived from the free energy



134 Mechanics and Thermodynamics of Biomembranes 

density in Section 4.5. The superposition in Equation 4.12.15 and the hyperelastic con- 

stitutive relations provide the first order constitutive relations for a viscoelastic mem- 

brane solid. The isotropic tension is 

= K oa 
T = Ke + —_ 

(t +a) at 

  

  

(4.12.16) 

The maximum shear resultant is 

i 

t He ay a ay, (220 
EE = + 

s 2(t ta) ) Ne at (4.12.17) 

where we use n, to represent the coefficient of viscosity for the solid regime of material 

behavior. In tensor form, the constitutive relation is 

2y n 
T.. = a aa t a ri T oi + aay e ij 2neV ij 

  

(4.12.18) 

where the strain matrix, é,,, is defined by Equation 4.5.9. 

From Equations 4.12.16 and 4.12.17, we observe that there are two dynamic equa- 

tions for deformation recovery after a sudden removal of applied forces, j.e., T = 0 

and T, = 0. They are, respectively, 

da 

[a(1 +a)]* 

and 

ae da H 
z -2 -—1 0 = — —_ 

41 +a) [ACA x?)] at Ne 

Therefore, there is a characteristic time scale for area recovery, x/K, and also one for 

extensional recovery, n./u. For small area compressibility, the first equation will in- 

volve small fractional area changes and can be linearized to give 

a = a, exp [—tK/«} 

where ap is the area deformation at the time when T is set to zero. The extensional 

recovery is nonlinear but can be integrated to give 

| Ag -1 
=] Fs exp [—tu/n.] 
A+ 1 Ag+ 

  

where A, is the maximum extension ratio when T, is set to zero at t = O (we have 

assumed that surface area is constant during extension recovery). 
Viscoelastic relations characterize the membrane as a solid material, whereas the 

simple viscous relations represent a liquid substance. The solid-like or liquid-like be- 

havior exhibited by a material depends on the magnitude and duration of the forces 

supported by the material. The semisolid transition between solid and liquid behavior 

is modeled by viscoplastic constitutive relations. These relations describe the rate of 
irrecoverable or permanent deformation of the material. As such, they represent liq-
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uid-like behavior, in contrast to viscoelastic solid behavior where dissipation limits 

only the rate of recoverable deformations. The constitutive relations for the semisolid 

transition to liquid behavior differ from the simple liquid relations because some solid 

character is retained. The principal aspects of semisolid behavior are represented by 

two types of relations: (1) creep and (2) perfect plastic (i.e., Bingham material). We 

will discuss first order equations for these two types of behavior. The distinguishing 

feature of solid- or liquid-like behavior is the material response to shear. Hence, we 

will assume that the material is an incompressible surface and investigate the constitu- 

tive relations for the shear resultant. 

Simple creep behavior is characterized by two observations: (1) the rate of shear 
deformation is proportional to the shear resultant when the material forces are con- 

stant or time independent, and (2) the material responds elastically when the forces 

change instantaneously. This behavior can be modeled by the serial summation of 

recoverable (elastic) and irrecoverable (plastic) rates of deformation as originally de- 
veloped by Maxwell. The total rate of deformation is the sum of the rates of defor- 

mation in the elastic and viscous elements by definition, 

— ye v 
Vag = Vig + Vij (4.12.19) 

The serial coupling of the elastic and viscous elements implies that the force resultants 

are equal, 

T.. = TE = TY (4.12.20) 

The first order constitutive relations for the elastic and viscous elements are obtained 

from Equations 4.5.11 and 4.12.12, respectively, 

e =- re “ve . . 
Ti T bi + 2u CF (4.12.21) 

VY. mY¥ ay¥ 

Ty = To by + 20, Vy (4.12.22) 

for the two-dimensionally incompressible membrane. Because the membrane material 

is assumed to be two-dimensionally incompressible, only the deviatoric parts of the 

force resultant matrices and rate of deformation matrices need to be considered, i.e., 

-y = vY¥ 

Vy 7 Vag 7 ag ta 

and 

i a 
!@
 < 

Vv = Tyan, = T_/2n (4.12.23) 

where we use 7, to represent the coefficient of viscosity for relaxation and creep in the 

semisolid regime. The rate of deformation for the elastic element is not so simply 

obtained. First, we recall the relationship between rate of deformation and the time 

derivative of the Lagrangian strain matrix,
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e . e 

ye = Sfpa (2p Py 
" at dx; Ox, (4.12.24) 

Second, if we assume that the principal axes of the deformation are independent of 

time, then we can write the time derivative of the Lagrangian strain matrix as 

  

dee 8 * axe 
“pa 2 (“2 ) - (4.12.25) 

at Ov t 

for the two-dimensionally incompressible membrane. Since the shear resultant, T., is 

only a function of extension ratio for the elastic element, Equation 4.12.25 can be 
expressed in terms of the time derivative of the shear resultant, 

e 2 ow e 26a (* (=) aT, 

at on aT, at (4.12.26) 

where Equation 4.12.20 has been employed. Therefore, the constitutive relation for 

material creep and relaxation behavior is given by the combination of Equations 

4.12.19, 4.12.23, 4.12.24, and 4.12.26 as 

e . . e mr ye a _ BEng du, day dA aT. oi 

y an ax. ax, aT at 2n 
1 J 8 c 

(4.12.27) 

  

In general, this relation is a nonlinear differential equation. The components of Equa- 

tion 4.12.27 are determined by the maximum rate of shear deformation, since V,= 

V.and V, = —V,. Hence, Equation 4.12.27 is a dynamic relation between the extension 

ratio and the maximum shear resultant, 

y a(gn ) (=) aT, Ts 
= = ef ee 

. at aT. at an, (4.12.28) 
  

  

The coefficient (aena/a T.)*, is an inverse elastic relation that may depend on the 

extension ratio. For example, a hyperelastic material with a constant elastic shear mod- 

ulus, np, would give 

a enn \e on 7 
= | uQ? +07)% 

aT, 

~ 

For small deformations, i.e., 4 ~ 1, the linear equation of Maxwell is obtained for 

Equation 4.12.28, 

  

on 1 aT T 
—=— —§F 4 —& 
ot 2H «Oat 27. 

However, in general, the coefficient for the time derivative of the shear resultant is a 

function of the shear resultant, 

e
e
 

e
e
 

me
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aeank\® 
= f(T.) 

oT, 

This is the instantaneous response provided by the elastic element. The constitutive 

relation for membrane creep behavior is given to first order by the nonlinear differen- 

tial equation, 

  

  

a(en ‘X) aT, si x; 

at at. ne _ 4.12.29) 

An example of the nonlinearity can be shown by considering the hyperelastic relation 

with constant coefficient, yu. In this case, the constitutive behavior is derived from 

FF a? Cd 

stad = — (A? _ 2 ye 

s 2 

‘ aena \e 1 1 
T)= See’ Qe” 

U9" VF aT. s 
1t+u? 

  

where u = p/T.. For large extension ratios at constant area, the nonlinear constitutive 

relation is approximated by 

a(2n x) ~ ¥ a(2n T,) ws 

at at 2n. 
  

For material that is held at a fixed extension, the shear resultant would relax with time 

according to 

T n, \{? 

T° T° 
§ $s 

where T,’ is the initial shear resultant. On the other hand, for a fixed level of the shear 

resultant, T,, the extension ratio increases exponentially, 

~ ~e 

A= + exp [t+ (T,/2n,) 

where A° is the initial extension ratio that is given by the instantaneous elastic response. 

This equation embodies the basic premise of the Maxwell model, 

that is, the extension ratio of the material is given by the product of recoverable (elas- 

tic) and irrecoverable (plastic) extension ratios, since 

a Qn rd aQnrxf saa Qn AP 
+ a 

at at at 
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We see that the rate of permanent structural altcration of the material increases with 

the level of applied force. The rate of dissipation is characterized by the viscosity coef- 

ficient, 7., and represents relaxation and reorganization of molecular structure. Thus, 

the characteristic period of time within which the material can be considered solid is 

on the order of n./u. As such, this coefficient of viscosity will greatly exceed the vis- 

cosity that represents frictional resistance in the solid regime of recoverable deforma- 
tions. 

The other type of semisolid membrane behavior that we will discuss is that of a 

viscoplastic material, called a Bingham plastic. This theory of viscoplasticity was intro-_ 

duced by Bingham in 1922 and gencralized by Hohenemser and Prager J0 years later 

(see Prager, 1961).°” Two material properties are used to model the behavior of a plas- 

tic body: a yield stress and viscosity. Adapting this theory to two-dimensional mate- 

tials, we write the following constitutive definitions and relations (Evans and Hoch- 

muth, 1976):'" (1) T, < T. : viscoelastic behavior; (2) T, > T, : plastic flow with the 
rate of deformation given by 

~ 

2ny Vig = FT (4.12.30) 

The two material constants are the yield shear, T,, and viscosity, n,, for plastic flow. 

The yield function, F, depends on the ratio of the yield shear to the maximum shear 

resultant, 

F = f(T, /T,) 

The simple relation for a Bingham plastic is 

F = 1-T,/T, (4.12.31) 

which is only defined for T, = T,. When the maximum shear resultant is less than the 

yield shear, the membrane exhibits solid-like behavior, On the other hand, when the 

‘yield shear is exceeded, plastic flow begins. The irrecoverable deformation is given by 

Equations 4.12.30 and 4.12.31 as 

a(2n x) 1 a 
= = — (T,-T) 

at an 

  

5 (4.12.32) 

for the rate of shear deformation when T, > T,. The coefficient of viscosity, n,, repre- 

sents dissipation in the material when the structure flows like liquid. 

For a constant level of shear resultant in excess of the yield shear, the irrecoverable 

deformation is given by a plastic extension ratio, A”, relative to the initial dimension 

at time, t = 0; the extension increases exponentially, 

AP = exp : Fran 

Two types of constitutive relations for semisolid behavior are given in equations 

4.12.29 and 4.12.32. Certainly, they are not unique, but they illustrate two different 

aspects common to transitions from solid to liquid behavior. In Equation 4.12.29, the 

distinction between solid and liquid behavior is determined by the duration of the 

material force resultant. If the material sustains forces for periods of time less than 

e
e
 

—
 
e
e
e
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the order of n./y, it behaves essentially as a solid and vice versa. With Equation 

4.12.32, the distinction between solid and liquid behavior is determined by the magni- 

tude of the material force resultant. If the material sustains forces which are smaller 

than the yield value, it does so again essentially as a solid and vice versa. Both semisolid 

constitutive relations, Equations 4.12.29 and 4.12.32, are defined by the extension ra- 

tio, shear resultant, and time derivatives that are measured at a fixed material location. 

Thus, they are Lagrangian representations. As we have shown, the semisolid regime 

exhibits liquid-like flow behavior, e.g., the exponential growth of plastic extension. 

Consequently, many situations are more easily analyzed with the introduction of Eu- 

lerian or spatial variables. The advantage is that Eulerian variables are functions of 
fixed spatial coordinates. 

In general, the Eulerian representation of the constitutive relations simply requires 
the appropriate representation for the rate of deformation matrix in Equations 4.12.28 

and 4.12.32. Since we assume that the membrane surface is incompressible, the rate 

of deformation for extensional flow (i.e., with the orientation of the principal exten- 

sion axes fixed in space) is given by the gradient of the velocity in the direction of 

extension, say X,, 

dv, 

s dx, 

For the specific case where the shear resultant is constant, the constitutive relations, 

Equations 4.12.28 and 4.12.32, predict that the velocity increases linearly in the direc- 

tion of flow. For instance, the viscoplastic constitutive relation, Equation 4.12.32, 
would be simply written as 

dv, I “a 

— = — (I, -T,) 
dx, 2p ss (4.12.33) 

On the other hand, the semisolid relation for relaxation and creep involves a time 

derivative that is local to a material point. We can relate the time derivative at a ma- 

terial location to the time derivative that is observed from a fixed position in space. 
This relationship includes the time rate of change of a function, f, that occurs explicitly 

in the material, plus the apparent temporal change that is viewed from a point fixed 

in space as the material flows past because of spatial variations of the function, f. The 

latter is called the convective derivative. Together, these terms give the time rate of 

change of the function that is observed in the spatial reference frame. We use df/dt 

to represent the time derivative of the function as measured at a fixed point in space. 

In general. 

df of of 
—_— SS Ye eee OF 

dt q OX; ot 

where we retain the time derivative, 9( )/@t, as the rate of change local to the mate- 

rial point. lf we use this relation in Equation 4.12.29, we can specify an Eulerian 
representation for the extensional flow of material in semi-solid relaxation, 

dv, aT, aT, T, 
— =? £(T,) * —— + Vy + 

dx, dt dx, 2n, (4.12.34) 

where t and x, are independent functions. This relation is especially useful if the flow 
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of material is steady as viewed in space, i.e., dT,/dt = 0. In this case, the spatial vari- 

ation of the shear resultant is related to the rate of deformation, 

dv dT F 
= f(T,)> {¥, =} + 8 

dx, Gx, 2n, 

We will demonstrate applications of the Eulerian representations, Equations 4.12.33 

and 4.12.34, in Section V for axisymmetric surfaces, where the rate of deformation is 

expressed by curvilinear variables, and the velocity along the meridian is 

  

dv, dv vodr 
ce meme 

dx, ds rds 

The brief examples which follow illustrate the magnitudes of the parameters that 

characterize time dependent material behavior for red blood cell membrane and lipid 

bilayers. In Section V, we will consider the red cell membrane behavior in detail. 

Example I 

Electrocompression of lipid bilayers (White, 1970 and 1974; Requena et al., 1975; 
Evans and Simon, 1975)??-’4-°4-""* produces a small reduction in bilayer thickness that 

ig accommodated by a small increase in area per molecule because the bilayer is essen- 

tially incompressible in volume. (The volumetric compliance is about 100 times smaller 

than the area compliance.) The experiment involves the application of fast voltage 

changes to the bilayer (jime intervals of 10-* to 10°° sec). It is of interest to estimate 

the viscoelastic response time for area changes. The uniform expansion of the bilayer, 
which corresponds to change in thickness, produces shear of the hydrocarbon chains 

in the membrane interior. Therefore, a reasonable approximation to the area viscosity, 

x, is the shear viscosity of the hydrocarbon interior, nur, times the bilayer thickness, 

Om, 

k= tHe’ 4m 

Equation 4.12.16 gives the time scale for area recovery, t., 

K NHc * om 
t = oom SS wee 

a XK K 

The viscosity of the hydrocarbon interior has been measured to be on the order of 1 

poise (dyn-sec/cm?’). For a thickness of 3 to 5 x 10°’? cm and an area elastic modulus 

of 10? dyn/cm, the area recovery time would be on the order of t, ~ 10°? to 10°? sec. 

This is considerably less than the minimum time intervals for the electrocompression 

experiments. 

Example 2 

As was first observed by Hoeber and Hochmuth (1970)** and subsequently by 

Waugh and Evans (1976),*? the time constant for extension recovery in shear defor- 

mation is of the order 107? to 10°™' sec for mammalian red cell membranes. From Equa- 

tion 4.12.17, it is possible to estimate the surface viscosity for the membrane surface 

in the solid material regime. The time constant and the elastic shear modulus, pp, com- 

bine to give the estimate, 

nm = ty cw 

m
e
e



- . ~ 141 

where ty is the recovery time. The membrane elastic shear modulus is on the order of 

10°? dyn/cm. Hence, 

7.10% — 10° dyn-sec/em (poise-cm) 

This value is about one to two orders of magnitude greater than the surface viscosity 

of a lipid bilayer of the same thickness above the order-disorder phase transition of 
the hydrocarbon chains as deduced from lateral diffusion constants of marker particles 

(Evans and Hochmuth, 1978).?? This suggests that the additional structure in the red 

membrane contributes significantly to dissipation. In Section V, we will discuss recent 

recovery experiments in detail. 

Example 3 . 

When the red cell membrane is subjected to a shear resultant, T., greater than 2 to 

8 x 10°? dyn/cm, the membrane commences plastic flow. This yield shear, T., was 

calculated by Evans and Hochmuth (1976)'° from data originally taken by Hochmuth 

et al. (1973),** on microfilaments of red cell membrane. The microfilaments are pro- 

duced by fluid shear deformation of glass-attached red cells. The microfilament or 

membrane tether is pulled from the cell membrane at the attachment location. The 

rate of deformation for membrane material which forms the microfilament is on the 

order of 1 sec"'. Therefore, for shear resultants in excess of the yield shear by about 

10°? dyn/cm, the surface viscosity which represents the dissipation in plastic flow is 

estimated to be n, ~ 10°? dyn-cm/sec (poise-cm). The detailed analysis is presented by 

Evans and Hochmuth (1976).'* In addition to this semisolid behavior, Evans and 

LaCelle (1975)?2* reported observations of creep in red cell membranes. The permanent 

deformation was produced by aspiration of membrane regions with a small micropipet 

for periods of time on the order of 5 to 20 min. The characteristic time limit for the 

domain of solid behavior is on the order of 10 min. From this data, the surface viscos- 

ity that represents the creep behavior would be on the order of 10 dyn-sec or surface 

poise. Thus, we see that there are large differences in coefficients of viscosity which 

represent dissipative processes in the different regimes of material behavior. We will 
give examples of these processes in Section V. 

SECTION V 

5.1 Biological Membrane Experiments 

In Sections II and III, we introduced the principles and concepts of intensive defor- 

mation, rate of deformation, and force resultants that characterize a two-dimensional 

continuum such as a single molecular layer or thin membrane structure. Deformation 

and rate of deformation were derived from differential geometry, and force distribu- 

tion, from mechanical equilibrium. In Section IV, we used thermodynamic methods 

to develop constitutive relations between these intensive variables, i.e., we obtained 

force resultants as functions of deformation and rate of deformation. These constitu- 

tive relations define material properties, such as elastic and viscous coefficients, that 

must be determined experimentally. Often, we must examine whether or not the ma- 

terial properties can be considered as constants, independent of force resultants, de- 

formation, or rate of deformation. The outcome of an experiment may lead to more 

complicated relations. In this section, we will illustrate the application of the constitu- 

tive relations and methods of analysis to some selected membrane mechanical experi- 

ments. Clearly, the specific choices of experimental examples reflect our personal in- 

terests and are not intended to give the impression that all biological membranes 

exhibit the same behavior. However, the examples will represent the majority of ma- 

terial characteristics developed in Section IV. In addition, these types of experiments
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are of contemporary interest to many membrane bioscientists. We believe that the 

concepts will be useful in analysis of future experiments as new and novel procedures 

are developed. 

Our method of approach will be to describe essential features of the experiment and 

then to set up a model for the material deformation and force equilibrium with a 

discussion of assumptions. Finaily, we will introduce the appropriate constitutive re- 

lations in the analysis and correlate the analytical results within the experimental ob- 

servation. This approach will provide values for intrinsic membrane elastic and viscous 

coefficients. The examples will be grouped by material behavior, i.e., elastic (reversi- 

ble) and dissipative (irreversible). The particular topics in the elastic group include 

1. Area dilation vs. isotropic tension in human red blood cell membrane and sea 

urchin egg membrane-cortex 

2. Extensional (shear) deformation vs. the deviatoric (maximum shear) resultant in 

red blood ceil membranes, with results for cells from various vertebrate animals 

3. Curvature change determined by bending and shear rigidity in osmotic swelling of 

human red cells 

4. Thermoelasticity and the temperature dependence of the area compressibility mod- 

ulus and shear modulus of human red cell membrane 

5. Thermoelasticity and area compressibility of phospholipid multibilayer and water 

systems 

The topics in the dissipative group are 

1. Time dependent extensional recovery and response (viscoelastic) of human red cell 

membrane 

2. Permanent plastic extension by relaxation and flow (viscoplastic) of human red 

cell mem brane 

In several analyses, numerical solutions are necessary because of algebraic complica- 

tions. In these cases, we will describe the method of solution and give the numerical 

result obtained by digital computation. 

As a preface to the presentation of mechanical experiments on biological mem- 

branes, it is important to note two of the major difficulties that confront the experi- 

mentalist. First of all, the size of many cells and regions of interest on the cell mem- 

brane surface are microscopic with dimensions that are on the order of 107+ cm (1 ppm). 

Dimensions at this level are difficult to observe accurately with the optical system be- 
cause of diffraction. Hence, we can only reliably detect the changes in major dimen- 

sions, and precise measurement of the deformation field may be impossible. The sec- 

ond difficulty is that the forces required to deform (or even destroy) the membrane 

may be 10° dyn (10° g) or less for a region 10°" cm across. Accurate measurement 

and control of such small forces is extremely difficult. With these difficulties in mind, 

we recognize that often it is only possible to obtain the first order behavior of the 
membrane maicrial, and we expect that subtle but perhaps impertant higher order 

effects may not be apparent from the correlation of analysis with experimental obser- 

vation. 

5.2 Elastic Area Dilation Produced by Isotropic Tension 

Conceptually, the simplest experiment to perform on a membrane is area dilation. 

This is accomplished by selecting a membrane-encapsulated system that is spherical or 

nearly spherical, e.g., an osmotically preswollen red blood cell, a large (single-walled) 

artificial lipid vesicle, or a sea urchin egg. If the interior volume of a spherical capsule
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is fixed, any mechanical experiment will produce area dilation where the dominant 

force resultant in the surface is isotropic tension. Examples of three such experiments 

are illustrated schematically in Figure 5.1: (1) micropipet aspiration, (2) compression 

between two flat surfaces, and (3) deflection of the surface by a rigid spherical particle. 

Figure 5.2 presents graphs of the fractional change in area of the surface for each type 

of experiment, with the assumption that the area dilation is uniform over the entire 

surface. In brief review, we recall that the micropipet aspiration technique was origi- 

nally developed by Mitchison and Swann in 1954 for the study of sea urchin eggs.°! 

Subsequently, Rand and Burton utilized the method with human red blood cells 

(1964).”7! They were followed by a host of researchers (e.g., LaCelle, 1969 and 1970;*°:5° 

Leblond, 1972; Waugh and Evans, 1976; Evans et al., 1976; Evans and Waugh, 

1977),?4-27-49.59.52.92 who have been applying this technique to membrane mechanical 

studies with significant improvements in methods of data acquisition and analysis. The 

second type of area dilation experiment also has a long history. Cole first used 

compression of sea urchin eggs between flat surfaces in the 1930s.° Since then, Yoneda 

and Hiramoto have extensively used the method. The third experiment was developed 

by Hiramoto, but quantitative data on the force applied to the magnetic particle that 

displaces the surface are not available. Nonetheless, this experiment is ingenious and 

perhaps has potential applications to membrane systems other than sea urchin eggs. 

We will discuss each technique separately with examples of experimental data. 

Consider first the micropipet aspiration of spherical or nearly spherical vesicles. This 

procedure produces isotropic tension in the surface. As the transmembrane pressure 

differential is increased, the surface approaches a spherical shape. Therefore, the iso- 

tropic tension becomes much greater than the maximum shear resultant and dominates 

the equations of equilibrium for forces supported by the membrane. Equation 3.5.9 

can be used to demonstrate this feature for the direction normal to the surface. We 

decompose the principal tensions into isotropic and deviatoric parts. Thus, 

0 = 1 1 i 1 
T — + =) + T, —. ~——) = AP 

as the principal curvatures become equal}. Thus, the deviatoric part cannot contribute 

to the normal force equilibrium. The second equation of equilibrium (Equation 3.5.9) 

demonstrates that the isotropic tension must also be uniform over the spherical region, 

1.€., 

($.2.1) 

a7? (5.2.2) 

where s is the curvilinear distance along the surface meridian. This is easily observed 

experimentally with osmotically preswollen red blood cells. The nearly spherical red 

cell is aspirated into the micropipet with suction pressures on the order of 10? dyn/ 

cm? until the outer portion of the cell surface is made spherical. From this point on, 

large pressures on the order of 10° dyn/cm? are required to produce a very small dis- 

placement of the aspirated projection. Figure 5.3 shows videotape images of a single, 

preswollen red cell for two micropipet suction pressures on the order just described. 

Details of the experimental method are to be found in Evans et al. (1976)*” and Evans 

and Waugh (1977).?5 

The micropipet suction pressure may be related to the membrane tension by satisfy- 

ing the equation of equilibrium (5.2.1) both on the hemispherical cap in the pipet and 

on the spherical surface of the cell outside the pipet. Jt must be assumed that no friction
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FIGURE 5.1. Three examples of mechanical experiments in which 

the dominant force resultant in the surface is isotropic tension. If the 

mem brane encapsulated system is spherical or nearly spherical and the 

interior volume is fixed, then area dilation will be the primary defor- 

mation produced by mechanical experiments. The examples schemat- 

ically illustrate (A) micropipet aspiration, (B) compression between 

two flat surfaces, and (C) deflection of the surfuce by a rigid spherical 

particle. In (A), AP is the pressure difference between the pipet inte- 

rior and the outside medium and L is the length of the aspirated pro- 

jection of the membrane. In (B), F is the force on each plate where 

the plates are separated from each other by a distance, z. In (C), F is 

the force which displaces the magnetic particle and the surface by a 

distance, d.



145 

  

    

    

    

0.054 

0.045 

0.03- 
AA/A, 

02k 

0.01 + 

0 
lO 09 O8 O7 O06 

Z/2R, 
B 

0.05+ 

0.04 

0.03 
AA/A, 

o2t 

0.01+ 

0 0.1 02 O38 0.4 

d/R, 
c 

FIGURE 5.2. Plots of the fractional change in area, AA/Av of the 

vesicular surfaces for the three experiments illustrated in Figure 5.1. 

We assume that the area dilation is uniform over the entire surface. 

(A) R, is the pipet radius and R. is the radius of the cell surface 

exterior to the pipet. (B) and ¢(C) R. is the radius of the spherical sur- 

face before deformation. Other symbols are defined as for Figure 5.1.
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FIGURE 5.3. Videotape images of a single, preswollen, red blood cell. The micro- 

pipet suction pressures that are applied to the cell are on the order of 10* dyn/cm’ 

(above) and 10° dyn/cm? (below). The micrometer scale that appears in the photo- 

graphs is calibrated at 0.9 um per division. Equation 5.2.3 may be used to calculate 

the membrane force resultant from the suction pressure. The results are shown in 

Figure 5.4. For this order of magnitude change in suction pressure, the cell projec- 

tion only increases about a half micron in length. Larger suction pressures lyse the 

red cell. (Photographs from Evans, E, A. and Hochmuth, R. M., Current Topics 

in Membranes and Transport, Vol. 10, Kleinzeller, A. and Bronner, F., Eds., Aca- 

demic Press, New York, 1978, 1. With permission.)
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FIGURE 5.4. Isotropic tension, T, is calculated from Equation 5.2.3 vs. length of the projec- 

tion, L, for a single cell experiment. This data may be combined with Equation 5.2.4 to obtain 

the relationship between isotropic tension and the fractional change in membrane surface area 
(see Figure 5.5). 

occurs at the pipet wall and that negligible flow of water occurs between the pipet wall 

and cell surface from outside to inside the pipet. These assumptions have been chal- 

lenged experimentally and appear to be valid (Waugh, 1977).°' The result of the simple 
analysis is that the negative pressure is proportional to the isotropic tension, 

—_ 1 1 
AP = 2T ‘ =| —— 

Rp Re (5.2.3) 

where R, and R. are the radii of the micropipet and outer portion of the cell, respec- 

tively. Movement of the lead edge of the cell projection in the pipet is small, and 

essentially no detectable change in outer cell dimension occurs. Figure 5.4 shows the 

isotropic tension as calculated with Equation 5.2.3 and the suction pressure vs. length 

of the projection which is observed in a typical cell experiment. 

Displacement of the cell projection into the pipet is actually due to both an increase 

in membrane surface area and a decrease in cell volume. The movement is reversible 

and therefore represents conservative, thermodynamic processes. It has been demon- 

Strated that the reversible volume change is due to water fluxes across the cell mem- 

brane (Evans and Waugh, 1977)*> and that the water movement can be essentially 

eliminated by artificially ‘‘loading’’ the red cells with high salt concentrations before 

swelling. Consequently, we can treat the cell volume as constant and simply relate the 

small change in surface area, AA, of the cell to the movement, AL, of the lead edge of 

the cell projection. This is approximated by the Taylor series expansion to first order 
as 

Rp 
AA = 20 | Rp ° AL» G-= ) 

c (5.2.4) 

provided that the projection length, L, is initially greater than or equal to the pipet 

radius.
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FEGURE 5.5. The relationship of isotropic tension to fractional increase in area as calculated 

from the data in Figure 5.4. The data exhibit linear behavior that can be represented by the first 

order constitutive equation, Equation 4.4.12. With this equation and the results above, we obtain 

the area compressibility modulus, K, al constant temperature from the slope of the regression 

line. (From Evans, E. A. and Waugh, R., Biophys. J.,20, 307, £977. With permission.) 

If we combine the length vs. isotropic tension data (Figure 5.4) with Equation 5.2.4, 

the relationship of isotropic tension to fractional change in area is obtained (Figure 

5.5). The data exhibit linear behavior that can be represented by the first order consti- 

tutive equation (4.4.12) for isotropic tension vs. fractional change in area, a, 

T=Kea (5.2.5) 

where a = AA/Apo. (Note that for the red cell membrane only small area changes on 

the order of 2 to 4% can be produced above which lysis or rupture of the cell mem- 

brane occurs.) From Equation 5.2.5 and the data of Figure 5.5, we directly obtain the 

elastic area compressibility modulus, K, at constant temperature. The value for this 

intrinsic membrane property is found to be about 450 dyn/cm at 25°C. Later on, we 

will show that the surface elastic shear modulus, yu, is four to five orders of magnitude 

smaller than the area modulus. 

Our next discussion deals with the compression of sea urchin eggs between two flat 

surfaces. Unlike the mammalian red blood cell which normally has a liquid cytoplasm, 

the sea urchin egg interior is more complicated. Indeed, its membrane is closely asso- 

ciated with a cortical layer or shell which probably contributes to its mechanical rigid- 

ity. It is still appropriate to model the constitutive behavior of the complicated mem- 

brane-cortex by the anisotropic (two-dimensional) surface elastic relations that were 

developed in Section IV. We make the assumption that the membrane-cortex is respon- 

sible for the elastic solid behavior of the unfertilized sea urchin egg when it is exposed 

to external forces over long time periods (e.g., greater than | min in duration). [For 

such time periods, it appears that the endoplasm is essentially viscoplastic and cannot 

support stresses other than hydrostatic pressure (Hiramoto, 1970).]" Since the thick- 

ness of the membrane and cortex of the egg are less than 10% of the radius of curvature 

of the egg, we will treat the ferce equilibrium with the equations of thin shell theory. 

In other words, the forces applied to the egg arc primarily balanced by the force re-
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sultants that act in the plane of the shell, i.e., by tensions. The bending moments and 

other stress resultants produce second order contributions, but may be important in 

situations where curvature changes are appreciable. 

We will assume that the material composition of the membrane-cortex is isotropic 

in the surface plane. In other words, the material properties do not depend on the 

choice of surface directions. However, implicit in this assumption is the provision for 
material properties that may be different in the direction normal to the surface, i.e., 

anisotropic in the third dimension. For instance, the membrane-cortex may be a lami- 

nated structure like an onion or layered fabric which is isotropic in a plane but aniso- 

tropic with respect to the direction normal to that plane. Most biological membrane 

systems exhibit such stratified complexity in their ultrastructure. 
Even though the concept of stress as a continuous function of thickness through the 

membrane-cortex shell is invalid, it has been used to represent the material constitutive 

behavior by Hiramoto (1963).*° However, there are important differences between a 

three-dimensionally isotropic material and an anisotropic membrane material which is 

only isotropic in its surface plane. We will demonstrate the differences by converting 

the linear elastic behavior of a three-dimensionally (bulk) isotropic material into sur- 

face elastic relations. For the three-dimensionally isotropic membrane, the principal 

stresses that act normal to the edges of the material element would be given by the 

force resultants (tensions) divided by the shell thickness, t,., 

o, = T,/tm 

5, = T,/tm 

For small deformations of a bulk isotropic material, the first order elastic constitutive 
relation is expressed in terms of the Young’s elastic modulus, E, and the Poisson’s 

ratio, v (see Landau and Lifshitz, Theory of Elasticity).5' The constitutive equations 

would be 

  

Ty 
o, = —— + ———— (fe, + ve,) 

1 tm ql —v?) ~° 

To E 
oc. = Sp tre (e + ve,) 

2 tm ql —v?) °” 

where «, and é, are the surface strains along the principal directions defined by sub- 

scripts, | and 2. Based on these relations, the surface elastic properties of the mem- 

brane-cortex can be obtained by analogy to the constitutive relations (4.4.12), i.e., 

tmE 

21 —»v) 

thE 

ue 2(1 +v) 

for the corresponding bulk, isotropic material. [We have taken advantage of the small 

strain approximation that gives a =<, + €; and = = (e, ~ €2)/2.] Most materials are 

essentially volumetrically incompressible, which implies that Poisson’s ratio is 0.5. In 

this case, the elastic constants are in the ratio of three to one, i.c., 

K = 3u 

Thus, a major difficulty is apparent: the surface elastic moduli are not mutually inde-
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pendent as they would be for an anisotropic membrane material. In general, the only 

way lo evaluate clastic constitutive relations is to compare the static material defor- 

mations to the distribution of tensions. 

If the shape of the membrane surface and the magnitudes of applied forces are 

known, the distribution of tensions is specified. Presumably, the initial shape of the 

surface is known a priori (e.g., a sphere); therefore, the material deformation or strain 

distribution can be calculated from geometry alone. Consequently, the relationship 

between force resultants, tensions T, and T., and the deformation is determined. This 

yields the material constitutive relation. On the other hand, if we know what the ma- 

terial elastic behavior is and if we are given the applied forces, we can predict the static 

Shape. , 

In the sea urchin egg experiment, for example, Yoneda (1964)** demonstrated that 

the surface which was not in contact with the compression plates exhibited constant 

total curvature, i.e., 

  

1 1 
——— + = constant 

Rm Rg 

for the toroidal rim of the cell. Thus, in the compression experiment, the isotropic 

tension, T, is significantly greater than the shear resultant contribution, T,. Further- 

more, the isotropic tension must be essentially independent of position along the con- 

tour, 

as with the micropipet experiment discussed previously. 

If the interior of the cell is incompressible, i.e., the cell has a constant volume, the 

surface area must increase as the cell is compressed. Figure 5.6 shows the predicted 

cross section of the ceil. The contour is calculated by a digital computer for the case 

where the sum of the principal curvatures is equal to a constant and the volume is 

equal to that of the sphere. The following transformation is useful in performing such 

computations (refer to Figure 3.5 and Equations 3.5.10 in Section III): 

1 sin 6 u 

Ry T T 

1 dé du 

where 

u = sing 

and ~cos@ = dr/ds from differential geometry. Therefore, the total curvature is a 
constant given by 

1 J du 
meee a = ec . 

Rm Rg dr fr (5.2.6) 

This relation can be integrated directly, 

c 

reuse > (1? —R,*) 

Since the conditions on the contour of the sea urchin egg surface are that
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FIGURE 5.6. Cross sections of a spherical membrane capsule and 

the shape that results from compression between flat, parallel plates 

at constant volume. This compression can only be accomplished if the 

surface area increases. 

  

u = Latr = R, (the equator) 

and 

u = Oatr = R; (the radius of the contact region) 

hence, 

c 

7 R,/(R3 — Rf) 

Consequently, the compressed shape of the originally spherical egg can be determined 

with the constraint that the interior contents maintain constant volume (Figure 5.6). 

Figure 5.2B is a plot of the fractional increase in area of the sphere at constant volume 

as a function of the distance between the compressicn plates. 

Next, we calculate the total force, F, on each plate from the axial force balance. 

This is determined by the hydrostatic pressure, AP, that acts on the contact surface 

area, nR,’,
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F = SPR} 

The balance of forces at the equator of the toroidal rim is given by 

QnRy * T = AP +7 (R32 — R}) 

in terms of the equatorial radius, Ro, and the isotropic tension, T. Therefore, the hy- 

drostatic pressure difference may be eliminated. The result is the relation between the 

intensive force resultant and the extensive force, 

27°R,* REO T 
F = 

(Ro ~ Ri) (5.2.7) 

Equation 5.2.7 can be rearranged into dimensionless form with the initial sphere ra- 

dius, R,, 

F _ 2m Ry + Rj =f G 

To Rg R, (Ro — R3) 2Rg 

This is a simple function of the deformed geometry of the surface that is uniquely 

determined by the distance between the plates, z. If the constitutive relation for the 

isotropic tension is independent of area change, the dimensionless force is given solely 

by the function, f, 

F =f z 

T. + Rg 2Rg (5.2.8) 
  

Equation 5.2.8 is the result expected for immiscible drops of liquid. The surface may 

exhibit isotropic tension proportional to change in area; then the total force is given by 

F z “Ga Ke Rg 2Rg (5.2.9) 

since T = Ka, e.g., like a red cell membrane or single-walled, phospholipid vesicle. 

For a surface which has both an initial isotropic tension and an area elastic behavior, 

the total force is expressed by the sum, 

F=R + [T, +K+al *() 
s 

Figure 5.7 shows the results calculated by computer for Equations 5.2.8 and 5.2.9. 

Also shown in Figure 5.7 is the correlation of Equation 5.2.10 with the published data 

of Hiramoto (1963).*' This correlation gives values for an initial isotropic tension of 

0.12 dyn/cm and an area elastic modulus of 0.23 dyn/cm for an unfertilized sea urchin 

egg. ¢.g., 

    

(5.2.10) 

T, ~ 0-12 dyn/cm 

K = 0.23 dyn/cm 

Hiramoto analyzed the sea urchin egg experiments with the constitutive relation for 

a bulk isotropic, elastic material with a Young’s modulus, E, and Poisson’s ratio of 

0.5. His results gave 

T, = 0.03 dyn/om 

tm: E = 0.68 dyn/cm
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FIGURE 5.7. Theoretical results for compression force vs. the distance between 

plates as calculated by digital computation. The upper curve is the correlation with 

data from Hiramoto’s work (1963).** The middle plot is the semilog behavior that 

is predicted for elastic membranes such as phospholipid vesicles. The lower plot is 

the semilog behavior that is predicted for a constant isotropic tension, e.g., a liquid 

drop interface. 
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where the thickness, t,,, of the material is implicit in the material parameters. Hiramoto 

derived these values from his experiment by calculating the principal force resultants 

(tensions), T,, and T., at the equator. The ratio of the principal tensions at the equator 

is given by 

(5.2.11)



154 Mechanics and Thermodynamics of Biomembranes 

  

    
  

T ~ T 

oO 

t “ 
0.2 oO oe 1 

Relative contact e ue 
r ” 

R 2 gB 
(se) of od PO-"0 

O.1F oOo O- “| 

PoP ae 

a Bo °° 
ee 

1 i 

0.50 0.55 0-60 0-65 

Relative radius / Ro 

(aR) 
FIGURE 5.8. Experimental and theoretical values for the area of contact of membrane with the 

compression plates that were obtained: from photographic measurements (solid line); by observ- 

ing Brownian motion of small marker particles in the extracellular fluid (open circles); and from 

the computer calculation of the surface contour for uniform total curvature and constant cell 

volume (dashed line). (The photographic and Brownian mation data are from Yoneda, M., J. 

Exp. Bial.,41, 893, 1964.) 

where T,, is the meridional tension and T, is the latitudinal tension; A is the ratio of 

the contact arca, nR,, to the area of the equatorial plane, mR’. The equatorial radius 

is Ro, and the radius of curvature of the meridian at the equator is R,,. The above 

relationship is independent of the material constitutive behavior; it is determined by 

force equilibrium. According to Hiramoto, the tension ratio is the order of 2:1 or3:1 

over the majority of the experimental range even for small applied forces. The obser- 

vations of Yoneda, on the other hand, demonstrated that the force resultants appear 

to be isotropic in the surface plane (because the sum of the curvatures is constant). 

The discrepancy seems to result from an overestimation of the area in contact with 

the compression plate, mR,?. An overestimate produces an apparent difference between 

the principal tensions in accordance with Equation 5.2.11. Data taken from Yoneda 

(1964)** provide the contact area as measured photographically through the optical 

system (solid line) and as measured with the use of Brownian motion of small marker 

particles in the extracellular fluid (open circles). The latter were taken as the region 

where no Brownian motion was observed. The dashed line in Figure 5.8 shows the 

contact area predicted from the computer calculation of surface contour with isotropic 

tension. This forms a lower bound for the Brownian motion data. Here, the ratio of 

principal tensions is identically one, i-e., 

Tm = Ty = T 

If any material is associated with the cell surface that is not structurally active or if” 

the location of the action of the force resultants is not coincident with the outer sur- 

face, then the results shown in Figure 5.8 are to be expected. Indeed, in most mem- 

brane systems, such effects are anticipated from the ultrastructure or microanatomical 

data, i.e., the surface rigidity is provided by subsurface material. Clearly, it is very 

difficult to evaluate elastic constitutive relations unless detailed information exists 

about material deformations. In this case, the measurement of contact area is uncer- 
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FIGURE 5.9. An illustration of surface contours far two different particle force leveis. This 

figure is based on computer results that model the experiment performed by Hiramoto on sea 

urchin egg membrane-cortex (no force data have been published). The calculations correspond to 

a ratio of particle radius to sphere radius of 0.1 and uniform isotropic tension. 

tain. Therefore, only the cell contour can provide information about the distribution 

of tensions. 

Hiramoto performed another interesting and clever experiment on sea urchin egg 

membrane-cortex. This experiment involved the impingement of a solid particle against 

the egg cortex; the force was produced by a magnetic field. No data have been pub- 

lished on the particle forces. However, we will provide some computer results for sur- 

face contours and particle force vs. displacements. We assume that the cell is not free 

to move because of attachment to a rigid support. Again, we assume in advance that 

the force resultants or tensions in the membrane-cortex are dominated by isotropic 

tension because of the small displacement of the spherical surface. Figure 5.9 is an 

illustration of surface contours for two different particle force levels, where the ratio 

of particle radius to sphere radius is 0.1. Figure 5.10 is a plot of the magnitude of the 

dimensionless force vs. displacement that is expected for a constant isotropic tension 

(e.g., a liquid drop}. Figure 5.11 is a plot of dimensionless force vs. displacement that 

is expected for an area elastic contribution (e.g., a phospholipid vesicle). The results 

in Figures 5.10 and 5.11 may be combined to correlate experimental data for force vs. 

displacement if the elastic surface has an initial isotropic tension, Ty. Deviations of 

the surface contour from that shown in Figure 5.9 in the vicinity of the particle would 

provide critical information for determining the contributions of shear elasticity (given 

by the shear modulus, y) and bending moments. For instance, in the region close to 

the spherical particle, shear rigidity would resist the ‘‘necking’’ of the surface below 

the particle. Perhaps such an investigation of surface geometry in this experiment could 

provide additional elastic moduli. However. because of the relatively large shear de- 

formations next to the particle, force relaxation and plastic flow of material may oc- 

cur. These will be observed as permanent surface deformations. 

To conclude this section on elastic area changes produced by isotropic tension, we 

will comment on the large difference between the elastic area compressibility modulus
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of red cell membranes, + 10?dyn/cm, and that estimated for the sea urchin egg surface, 

~10-'dyn/cm. The large value for the red cell membrane is on the same order as that 

expected for lipid bilayer systems (Evans and Waugh, 1977),?4 where the lipid amphi- 

philes form a highly condensed, two-dimensional liquid, which is held together pri- 

marily by hydrophobic forces. If the surface is smooth like the red cell, then area 

changes of the spherical shape will produce changes in area per molecule in the surface. 

Thus, there is a large area compressibility modulus. On the other hand, a ruffled sur- 

face or a surface studded with submicroscopic villi, like that of the sea urchin egg, can 

accommodate major changes in surface area on a scale which is much larger that the 

surface villi. The surface is expanded by unwrinkling. The expansion of this carpet- 
like material would not produce intensive changes in surface composition and would 

not necessarily require large membrane tensions. In addition, the constant isotropic 

tension present in the surface might be a force resultant which is associated with the 

maintenance of the microvillar projections. 

5.3 Elastic Extensional Deformation Produced by Membrane Shear 

As discussed in Sections III and IV, membrane shear forces are associated with the 

difference or deviation between principal membrane force resultants (tensions). In sim- 

ple uniaxial tension, the maximum shear resultant in the membrane surface is one half 

of the tension; the other half equals the isotropic tension. Uniaxial tension produces 

extensional deformation along one axis by membrane shear. As shown previously, 

general deformations include both shear deformation and dilation or condensation of 

surface area. Consequently, in order to investigate the constitutive relation between 

membrane shear deformation and surface shear force resultant, we require experiments 

that can produce deviatoric force resultants and membrane extension in a manner sim- 

ilar to uniaxial extension. 

In the previous section, we outlined the experimental evidence for the isotropic elas- 

tic behavior of membranes. We observed that swollen red cell membranes and lipid 

bilayer vesicles greatly resist area changes and that isotropic tensions on the order of 

dynes per centimeter produce only a percent change in surface area. In contrast to this 

behavior, membrane force resultants or tensions that are one hundred times smaller 

can produce extensional deformations of several hundred percent in flaccid (unswol- 

len) red cells. For example, Hochmuth et al. (1973)** used the flow of extracellular 

fluid to deform red cell disks that were point-attached to a glass substrate. The forces 

on the exposed cell surface were on the order of 107° dyn. For dimensions on the order 

of | um, this gives force resultants of 10°? dyn/cm. Figure 5.12 shows a single cell that 

has been deformed by shear flow of the extracellular fluid. The cell deformation is 

elastic for the extensions shown here. Even though the overall cell extension is only 

1.4 (40% greater than the original cell diameter), the local membrane extension is very 

large in the vicinity of the attachment location. Since the membrane tensions are four 

orders of magnitude smaller than the area compressibility modulus, we can consider 

that the local surface area of a membrane region remains constant. In other words, 

the extension, A,, of a material element of the membrane is accompanied by a constric- 

tion, A2, of the element which is inversely proportional to the extension, A, = 1/A,. To 

illustrate the nonuniform extension of membrane surface, we consider the extension 

of a circular disk with a single-point attachment as a model for the uniaxial extension 

of the red cell. Figure 5.13 shows a typical case with the force along any vertical ‘‘cut’’ 

in the membrane disk equal to the traction or shear force of a fluid flowing over the 

portion of the disk downstream of the cut (free-body force balance). The constitutive 

behavior which is assumed for the disk is that given by Equation 4.4.12 for the devia- 

toric or shear resultant. Figure 5.14 shows the nonuniform extension of material from
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FIGURE 5.12. Photographs of videotape images of a point-attached red blood cell. On the right is an 

undeformed, biconcave red blood cell; on the left is the same cell deformed by shear flow of extracellular 

fluid. “Phe diameter of the undeformed cell is about 8 pm. Cell deformation is clastic for the extensions 

shown here. (From Evans, E. A, and Hochmuth, R. M., J. Membr. Biol., 30, 351, 1977. With permis- 

sion.) 
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FIGURI: 5.13. Schemutic lustration of the uniaxial extension at 

constant area of a membrane element defined by (Xo, Xo + dxe) into 

the clement (x, x + dx) under the action of a uniform fluid shear 

stress, o,. x, is the location of the attachment point for the disk model. 

(from Evans, E.A., Biophys. J., 13, 926, 1973, With permission.)
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FIGURE 5.14. The principal extension ratio, 4, plotted against the 

coordinate, x, of the deformed disk, divided by the initial radius, Ro. 

The extension ratio increases asymptotically in the region of the point 

attachment. The overall extension of the disk is 1.67 in this example. 

(From Evans, E. A., Biophys. J.,13, 941, 1973. With permission.) 

the rear of the disk to the point of attachment (details for the results in Figures 5.13 

and 5.14 are given by Evans, 1973).'* Hochmuth’s experiment demonstrates the hyper- 

elastic behavior of a red cell membrane in extension when the surface area has not 

been forced to increase. This hyperelasticity permits the flaccid red cell to easily flow 

through small capillaries in the microcirculation and through other small apertures, 

for instance, in the spleen and bone marrow. On the other hand, passage of a spherical 

lipid bilayer vesicle would require a channel diameter at least as large as the vesicle 

diameter. Otherwise, the sphere would have to increase its surface area in order to 
make it into the channel. 

With the disk as a model for the elastic deformation of the point-attached red cell 

in a shear flow, it is possible to calculate the membrane elastic shear modulus, p, by 

comparing the theoretical deformation of a disk to the actual deformation of a red
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FIGURE 5.15. Iustration of membrane extension and deviation between force 

resultants produced by micropipet aspiration of a flaccid red blood cell. The prin- 

cipal force resultants (lensions) can be decomposed into isolropic and deviatoric 

(shear) contributions. 

cell. The data of Hochmuth et al. (1973)** give a value on the order of 10°? dyn/cm 

for the surface shear modulus. However, there are several uncertainties which limit 

the accuracy of such a comparison: the red cell membrane is a curved surface, the 

extension ratio in the surface increases tremendously near the attachment location (in- 

deed, plastic deformation eventually occurs at these locations), and it is difficult to 
accurately determine the force on the cell surface which is due to the fluid shear flow. 

A particular method of micropipet aspiration appears to be preferable, although it 

lacks the simplicity and convenience of the flow channel experiment. Various tech- 

niques of micropipet aspiration have been used to assess whole red cell ‘‘deformabil- 

ity’’ (e.g., Rand and Burton, 1964; LaCelle, 1969 and 1970).1”-5°”' The method that 

we will describe was originally used by Leblond (1973).5? Unlike the other micropipet 

techniques, this procedure can be analyzed to determine the intensive state of defor- 

mation in the membrane (Evans, 1973).'® 

The micropipet technique that we will consider is illustrated schematically in Figure 

5.15. We will demonstrate (Evans, 1973)'* that the membrane tensions produced by a 

small caliber pipet are concentrated in and near the pipet mouth when the pipet is 

applied to a relatively flat region of the cell membrane. We will show that these ten- 

sions drop off inversely as the square of the distance from the pipet center, normalized 

by the pipet radius. Thus, the pipet experiment shown here investigates the intrinsic 

membrane material behavior local to the pipet tip, independent of the extrinsic cell 

shape. Aspiration of the cell to such an extent that the membrane tensions at the cell 

rim or periphery cannot be neglected results in curvature changes at the cell rim. When 

the cell begins to change curvature at the rim, the pressure in the cell cytoplasm is no 
longer negligible, and isotropic tension in the membrane begins to dominate shear. 

For such excessive aspiration of the cell, the experiment will not provide a valid meas- 

urement of membrane shear elasticity. 

The analysis of the micropipet aspiration experiment involves two independent pro- 

cedures (as does any mechanical experiment): first, we must determine the membrane 

force resultanis which act to balance the applied forces, i.c., mechanical equilibrium,
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second, we analyze the deformation of the membrane surface to determine the exten- 

sion ratios of the material as a function of location. The results establish the relation- 

ship of membrane shear force resultant to membrane shear deformation. In turn, the 

experimental results can be correlated with the elastic constitutive relation for mem- 

brane shear, Equation 4.4.12, to evaluate the membrane surface elastic shear modulus, 

pt, and any possible dependence of the modulus on deformation. 

We begin with the balance of forces (mechanical equilibrium) for the membrane. In 

the analysis, we will make two critical assumptions: (1) the membrane is pushed tightly 

against the glass wall of the pipet without wall friction; (2) only membrane force re- 

sultants determine the mechanical equilibrium with negligible contribution from bend- 

ing moments. These assumptions can be evaluated from experimental results. The 

membrane is normally held against the pipet inner wall by the hydrostatic pressure 

inside the cell which is in excess of the effect of the circumferential tension. When 

hydrostatic pressure is not high enough, the membrane will pull away from the wail, 

and the projection will neck down. Necking behavior does occur when the outside 

portion of the cell becomes spherical as the isotropic tension increases (see Evans, 

1973, for discussion).'* Frictional interaction with the pipet inner wall will produce 

hysteresis between the curve for aspiration (loading) and that for release (unloading) 

of the cell. Recently, Waugh (1977)*! has shown that frictional effects are on the order 

of only 10%.:Therefore, the first assumption can be taken as valid. The second as- 

sumption which concerns bending moments is more difficult to evaluate. Elastic energy 

storage that results from membrane curvature changes or bending will obviously be 

largest at the entrance to the pipet (where the membrane bends around the edge of the 

entrance) and over the spheroidal cap of the aspirated cell projection. Since this energy 
storage occurs during the aspiration of the initial, small spheroidal bump (the order 

of a pipet radius), it is expected that further aspiration will not appreciably change 

this free energy. This is because the formation of the cylindrical portion of the projec- 

tion requires curvature elastic energy which increases linearly with the projection 

length. A linear increase in energy implies that the applied force or pipet suction pres- 

sure would not increase with the length of the projection. Therefore, the curvature or 

bending elastic effects will be an initial bias in the force required to aspirate the mem- 

brane projection into the pipet, independent of lengths greater than a pipet radius. 

Experimentally, it has not been possible to detect any bias. Thus, the effect is less than 

the experimental uncertainties inherent to observation of the initial aspiration of a 

small membrane bump. Also, in Example 3 of Section 4.9, we estimated that the bend- 

ing or curvature elastic energy contribution would only be about 20% for the bump 

formation and would decrease rapidly with further aspiration and extension of the 

membrane surface. From an intuitive viewpoint, if the bending resistance of the mem- 

brane were large, then the membrane region just outside the entrance of the pipet 

would perceptibly bend away from the tip of the pipet; this feature is not observed. 

Hence, our second assumption appears to be reasonable for the large extensions pro- 

duced by micropipet aspiration. 

The two assumptions permit us to treat the principal force resultants (tensions) as 

continuous functions throughout the projection region and outer membrane surface. 

The meridional tension, T,, (that acts along a direction tangent to the cylindrical gen- 

erator of the projection surface and which continues along the radial direction in the 

membrane region exterior to the pipet entrance}, is constant along the cylindrical sec- 

tion and is given by the force balance, 

Ire Rp . Tm = AP. RS 
(5.3.1)
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FIGURE 5.16. A diagram of the membrane region local to the pipet entrance for 

the experiment illustrated in Figure 5.15. We assume that the membrane surface 

outside the pipet entrance is essentially flat and use cylindrical coordinates (2,r,$) 

to describe the surface geometry (also, curvilinear coordinate, s, is used to describe 

distance along the meridian of the ecll surface). The displacement and constant area 

deformation of a segment of an annular ring is shown by the curved element. 

(The principal membrane tensions are illustrated schematically in Figure 5.15.) The 

Pipet radius is given by R,. The pipet suction pressure is given by AP (where it is 
implicitly assumed that the hydrostatic pressure inside the cell is equal to the pressure 

in the suspending medium outside the cell. This is valid since the cell remains flaccid 
far away from the pipet tip). Equation 5.3.1 provides the boundary condition for the 

meridional or radial tension at the edge of membrane region outside the pipet entrance. 

The membrane region local to the pipet is diagrammed in Figure 5.16. If we assume 

that the membrane surface outside the pipet entrance is essentially flat, then the equa- 
tion of equilibrium in the surface is given by Equation 3.5.9, 

d 
— -Ty = >R gr fTm)~Ty = 9 > Rp) (5.3.2) 

where the principal force resultant or tension, T,, acts circumferentially and tangent 

to a latitude circle of the cylinder inside the pipet or azimuthal circle of the outside 

surface plane (Figure 5.15). Equation 5.3.2 can be rewritten as 

dT mn 2T, 
ae ee (t > Rp) 

dr r _ (5.3.3) 

Here, the deviatoric or maximum shear force resultant, T,, is introduced with the def- 

inition that 

Tm - Ty 

T, 2 

a
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We conceptualize the exterior membrane surface as much larger than the pipet dimen- 

sion and integrate Equation 5.3.3 to obtain 

- a» 2Ts 
Tm ==— f dT in = f = dr 

Rp Rp 
Rp (5.3.4) 

since the force resultants are assumed to be negligible at distances far from the pipet 

(i.e., at the periphery of the cell; this is consistent with the flaccid, essentially un- 

changed shape of the equatorial region of the red cell throughout the experiment). 

From Equations 5.3.1 and 5.3.4, we obtain a relation between the intrinsic membrane 

shear force resultant and the externally applied pipet suction pressure, 

Rp Rp 5 > (5.3.5) 

For a reversible elastic process, the shear resultant depends only on the material defor- 

mation, as in Equation 4.4.12. Next, we will show that the material extension decreases 

inversely as the square of the radial distance from the pipet entrance. Therefore, the 

shear resultant also decreases rapidly away from the pipet as is indicated by the exper- 

imental observations. 

Now, we must determine the state of deformation in the membrane surface as a 

function of the length of the cell projection, which is aspirated into the pipet. Then, 

with the material extension ratios as a function of radial position and with a postulated 

constitutive relation (e.g., Equation 4.4.12), we can integrate Equation 5.3.5 to predict 

the suction pressure that is required to aspirate a membrane.projection of length, L, 

given the pipet radius and material elastic shear modulus, yu. Correlation of the predic- 

tion and observed relation between pressure and length provides the value for the elas- 

tic shear modulus and critical evaluation of the postulated constitutive behavior. 

The mechanical area dilation of swollen cells has demonstrated that the red cell 

membrane greatly resists changes in surface area (as we discussed in the previous sec- 

tion). Therefore, we assume that the surface is incompressible in the two dimensions 

which characterize the membrane surface, i.e., 

A,° a, = 1 

We need only to consider a single principal extension ratio, say, along the meridional 

direction, A,,; the other extension ratio is given by the reciprocal, 4, = A,7'. Incom- 

pressibility or the constant area requirement implies that each element of area of the 
membrane surface remains constant in magnitude when deformed even though its 

shape has changed. Figure 5.16 illustrates the displacement and constant area defor- 

mation of a segment of annular ring that occurs in pipet aspiration. In order to evalu- 

ate the material deformation, we must distinguish between the undeformed and de- 

formed coordinate systems. The undeformed coordinate system is defined by the radial 

position, ro, along a surface meridian from the symmetry axis of the pipet and the 

azimuthal angle. ¢, which is the polar angle in the initially flat surface (Figure 5.16). 

The deformed coordinate system is repesented by the curvilinear distance, s, along the 

meridian that begins at the pole of the spheroidal cap and which continues along the 

cylindrical generator and eventually becomes the radial coordinate, r, in the outer 

membrane surface. The azimuthal angle is obviously the same because of symmetry. 

Elemental areas of undeformed and deformed states of the membrane must be equal, 

I, dt, do = rdsdo
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Or 

r, dr, = rds (5.3.6) 

The principal extension ratio along the meridional direction, 4,,, is given by (see Section 

I), 

and, therefore, by the radius ratio, 

To 

r (5.3.7) 
Am 

for the same material locations. The total areas of membrane from the origin 

(r =f) =0) must be equal! for both states and are obtained by integration of Equation 

§.3.6 over the membrane surface, 

Tog r 

anf t,dty = 2nfrds 
6 o 

The total surface area can be broken down into contributions of the spheroidal cap, 

Avey; the cylindrical section, A.,,; and the outside annulus, n(r? — R,”), for any location 

outside the pipet. This gives 

Acap +A cyl 

  

+ (7? -Rp) (tr > Ry) 2 = T = 
o 

T 

Hence, the local extension ratio is determined from the relation, 

2 
Acap t Acyl Rp 

AR = aT? + l- 7 (1 = Rp) 

  

(5.3.8) 

if we divide by the square of the radial coordinate. From Equation 5.3.8, it is apparent 

that the square of the material extension ratio drops off as 1/r* from the pipet en- 

trance. The remaining step is to give the geometric relations for the area of the sphe- 

roidal cap and cylindrical section. The exact shape of the spheroidal cap can be estab- 

lished only by satisfying mechanical equilibrium for the membrane surface in this 

region exposed to a hydrostatic pressure difference. This is not possible in closed form, 
but can be done on a digital computer. However, this region contributes minimally to 

the maximum degree of extension as the project increases. Therefore, we use spherical 

surface segments to approximate the cap geometry as the projection length goes from 

0 <L<R, and then treat the cap as a hemisphere for projection lengths greater than 

a pipet radius. With this approach, Equation 5.3.8 is given by 

2 

y= +(-2) (24 -1) (L > Rp) 
" c Rp —? (5.3.9) 

which is valid for projection lengths greater than one pipet radius. From Equation 

§.3.9, we see that the maximum extension ratio in the membrane occurs at the pipet 

entrance and Is equal to
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FIGURE 5,17. Nonuniform extension produced by micropipet aspiration of a surface at con- 

stant area. The extension ratio is plotted as a function of curvilinear distance, s, along the merid- 

ian from the pole of the spheroidal cap to the outer membrane surface. 

For an aspirated length equal to two pipet radii, Figure 5.17 shows the extension ratio 

as a function of curvilinear distance, s, along the meridian from the pole of the sphe- 
roidal cap to the outer membrane surface. 

If we postulate that the membrane obeys the first-order elastic constitutive equation, 

(4.4.12), in shear, 

Ts = Oda — Am) 

then we can use Equation 5.3.9 in the integral relation, Equation 5.3.5, to obtain an 

anticipated relation between the pipet suction pressure and the aspirated projection 

length, , 

22« uo, ar 
AP = —— f (A —Am?) > 

Rp Rp 

or 

ap = (4) (= -) + en ze) (L > Rp) 
Rp Rp Rp 

Since the logarithm is a very weak function, we note that the predicted relation between 

pressure and aspirated projection length is essentially linear even though the elastic 
constitutive relation is nonlinear or quadratic in the extension ratio. Experimental re- 

sults for a single red cell experiment are shown in Figure 5.18A alongside a photograph 

(Figure 5.18C) of the video image of the micropipet aspiration of a flaccid red cell 

disk. Note that the experimental data is linear. Consequently, we can use Equation 

(5.3.10)
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FIGURE 5.18(A) Data for the cell projection length, L, vs. the suction 

pressure, AP, for micropipet aspiration of a flaccid red cell. (B) Pre- 

diction of the length of the cell projection vs. the suction pressure for 

a 2-D hyperelastic material at constant area. Data points correspond 

to those in (A) as correlated by a specific value for the shear modulus, 

yu. (C) Photograph of the aspiration of a flaccid cell as used to measure 

the nembrane elastic shear modulus. (from Waugh, R. E., Temper- 

ature Dependence of the Elastic Propertics of Red Cell Membrane, 

Ph.D, dissertation, Duke University, Durham, N.C., 1977, With per- 

mission, }, 

5.3.10 to correlate the material constitutive relation with these results. The Jength vs, 
pressure relation can be plotted in a dimensionless form of Equation 5.3.10, as shown 

in Figure 5.18B, and the data can be correlated with this curve to obtain the membrane 

surface elastic shear modulus, pw. The value for the shear modulus is on the order of 

107 dyn/cm as was the value obtained from the fluid shear deformation of glass-at- 

tached red cells by Hochmuth et al. (1973).** Recently, Waugh (1977)?! has carefully 

investigated the effects of hysteresis (e.g., caused by glass friction). His results are 

shown in Figure 5.19, which indicates that the effect is small. The confidence limits 

for the measured shear moduli are also shown in Figure 5.19. Waugh’s measurements 

give a value of 6.6 x 10°? dyn/cm at 25°C with an 18% standard deviation for 30 

samples. The frictional effects were measured to be on the order of 10%, which is 

better than the statistical resolution. 

There are some other notable aspects of the elastic extension experiments that have 

been performed on red cell membranes. First, the same value of elastic shear modulus 

was obtained from two different mechanical experiments, which demonstrates that the 

intrinsic material behavior can be studied independent of the extrinsic geometry of the 

cell shape. Next, the red cell membrane behaves in a hyperelastic manner for extension 

ratios of up to 3:1, i.e., it exhibits first order, nonlinear behavior given by Equation 

4.4.12, with a constant shear modulus. This is unusual, since most materials, with the 

exception of rubber-like elastomers, possess such elastic behavior only for small defor- 

mations. Indeed, we saw that the area dilation properties were entirely different, i.e., 

small deformations (+ 1%) gave isotropic tensions that are four to five orders of mag- 

nitude greater than the shear resultant. Even though the shear modulus of the red cell 

membrane is small in comparison to the area compressibility modulus, the membrane 

has sufficient rigidity to provide for maintenance of cell shapes that are not spherical. 

ee
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FIGURE 5.18C 

On the other hand, when the shear rigidity of the red cell n 

by temperatures above 45 to 50°C), the cell surface breaks 

of various sizes (Ponder, 1971).°* The sphere is a stable sh: 

Red cells of vertebrate animals other than mammals ri 

are generally larger than mammalian (nonnucleated) red 

of membrane surface with a small micropipet is localized, 
tigate the elastic shear moduli of nucleated cells. (Figur: 

of nucleated cell experiments.) These membrane surfaces 

material behavior as human red cells, but the maximum
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FIGURE 5.20. Photographs of videotape images of micropipet experiments using nucleated red blood 

cells. These membranes exhibit the same hyperetastic material behavior, but the maximum extension ratios 

that can be obtained are lower because the presence of the nucleus limits the available surface. Cells are 

from frog (upper left}, turkey (lower left), Amphiuma (upper right), and opossum (lower right). (From 

Waugh, R. and Evans, E. A., Microvasc, Res.,12, 291, 1976. With permission.) 

attained are lower because the presence of the nucleus limits the available surface. 

Figure 5.21 gives data for some specific single ceili experiments taken from Waugh and 

Evans (1976).°? The elastic shear moduli are as much as 50 times jarger than mammal- 

ian red cell membrane moduli for some animai cells, e.g., reptiles. On the other hand, 

the mammalian red celi membranes that have been tested (opossum, human, cat) ail 

have essentially the same magnitude of elastic shear modulus. 

5.4 Elastic Curvature Changes: Bending vs. Shear Rigidity in Osmotic Swelling of Flac- 

cid Cells 

In the previous two sections, we discussed measurements of elastic constitutive rela- 

tions between in-plane force resultants and membrane surface deformations. In ana- 

lyzing these experiments, we neglected curvature or bending elastic effects because their 

contributions to the total work of deformation appeared to be small. For instance, we 

showed in Section 4.9 that bending energy is expected to be much smaller than shear 

elastic energy in micropipet experiments, since the shear deformation is large. How- 

ever, there are situations where the bending or curvature elastic energy is a major 

component of the reversible work required to deform the celi membrane. We will con- 

sider a specific example, which is the osmotic swelling of a red blood cell from a flaccid 

biconcave disk to a spheroid. In red celi swelling, iarge regions of the cell membrane 

undergo very small extensional deformations, but significant changes in surface cur-
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FIGURE 5.21. Correlation between experimental data and predicted behavior for a single individual cell 
from each animal type. The solid line is the theoretical prediction of Evans (1973),'® and dots represent data 
from Waugh and Evans (1976).”* (From Waugh, R. and Evans, E. A., Microvasc. Res., 12, 291, 1976. With 
permission.) 

vature occur in these regions. The central regions of the red cell disk are deformed 
into polar regions of the spheroid with very little membrane extension (Evans, 1973).' 
Large extension occurs primarily over the peripheral or equatorial belt of the biconcave 
disk. Thus, curvature or bending elasticity is essential in the determination of equilib- 
rium shapes for the intermediate swollen states of the red cell. 

Observations of osmotic sphering of red blood cells have been extensively described 
in the past (e.g., Ponder, 1971).° The first attempt at a detailed computation of the 
membrane force resultants and strains in the sphered red blood cell was made by Fung 
and Tong (1968)."! However, their analysis treated only the initial discoid and the final 
spherical shapes, but not the intermediate shapes. Also, they chose elastic constitutive 
relations for the membrane which were not realistic because the properties were based 
on the assumption of an isotropic material in three dimensions. With a more realistic 
set Of material properties and a more detailed analysis, Zarda (1974)? and Zarda et 
al. (1977)'™" have used a Sinite-clement method to compute red cell shapes for all stages 
of osmolic swelling. They have assumed that the unstressed shape of the cell is the 
typical biconcave discocyle, ¢.g., measured by Evans and Fung (1972),'* shown in Fig-
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ure 5.22A, or taken from Ponder (1971)** by Fung and Tong (1968),3! shown in Figure 

5.22B. Qualitatively, the differences in computed behavior starting with either of these 

two shapes were shown to be insignificant. The choice of initial shape in the calculation 

procedure was an important assumption, i.e., the assertion that the unstressed shape 

is the normal biconcave discocyte. Alternative assumptions could have been chosen, 

e.g., the unstressed shape is a sphere or even a flat circular disk. None of the compu- 

tations and experiments made to date has resolved the issue. We will discuss this point 
further at the end of this section. 

The analysis given by Zarda (1974)? and Zarda et al. (1977)'© starts from a varia- 

tional principle which essentially minimizes a functional, w, of the mechanical power, 

dy(v;,T) = 0 (5.4.1) 

where v, is the local velocity of the membrane and T is isotropic tension in the mem- 
brane. The functional is expressed as 

i A A 
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T da 
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where dA, and dA are the initial and instantaneous areas of membrane elements. The 

variation of the first integral on the right hand side of Equation 5.4.2 creates a dissi- 

pative term that facilitates the computation. This term is similar to, but not an exact 
expression for, viscous dissipation in the membrane. The term, o,, is the surface trac- 
tion, i.e., applied force per unit area exerted on the membrane; (F.); and (F.)r are the 

membrane elastic free energy or ‘‘strain’’ energy densities due to shear force resultants 

(deviatoric tension) and bending moments, respectively. It can be shown that the vari- 

ational equation, (5.4.1), is equivalent to the proper equations of mechanical equilib- 

rium of the axisymmetric membrane (Section 3.5). Zarda et al. (1977)! express the 
principal membrane tensions by the following elastic constitutive relations: 

T 

J aF, 

hs (a *t 
’ 2/7 (5.4.3) 

which are the forms derived by Skalak et al. (1973)** using the nonlinear elastic devel- 

opment of Green and Adkins (1970). (Note: the term “‘strain energy density’’ is em- 

ployed by these authors for the Helmholtz free energy density.) Equations 5.4.3 are 

equivalent alternatives to the elastic constitutive relations that we developed in Section 

4.4, which are designed to provide a thermodynamic perspective that can be linked to 

membrane chemistry. If we introduce the deformation variable, 3, we obtain
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FIGURE 5.22. (A) Average unstressed shape measured for normal human fed blood cells by 
Evans and Fung (1972).'* (B) Unstressed shape of the human red blood cell, adapted from Fung 
and Tong (1968).°' (From Zarda, P. R., Chien, S., and Skalak, R., J. Biomech., 10, 2H, 1977. 
With permission.)
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which are the deviatoric or shear resultant components that we derived in Section 4.4. 

Also, the requirement of constant area may be used if desired, 

Aya, = Lie. e = 0 (5.4.5) 

Most of the computations by Zarda et al. (1977)'°° have been performed at constant 

area in which case the principal membrane force resultants are 

_ (aFs _ 
T, =Al-~ + T 

OA 
T 

~ { aFs _ 
T, =-A \-—3)} + T 

arse (5.4.6) 

where (=A, and T is an unknown, isotropic tension. 
If the internal pressure in the cell is large, the isotropic tension will be large and the 

area of the membrane may expand elastically. Thus, the elastic free energy density will 

include area dependent terms which are introduced as a constitutive relation for the 
isotropic tension in Equations 5.4.2 and 5.4.3. Zarda (1974)” and Zarda et al. (1977)'™ 

have used an elastic free energy density which was originally proposed by Skalak et 

al. (1973),* 

— _— 2 
~ BL a? K a? 

(Pip = > (+ * p—a-= ) * > @+<=) 
(5.4.7) 

For the case of constant area, Equation 5.4.7 is used with «=0 and Equation 5.4.6 to 

obtain the constitutive relations. K is related to the area modulus, and Zarda et al. 

(1977)! assumed the value to be 100 dyn/cm. The coefficient, jz, is related to the shear 

modulus, which they assumed to be 0.005 dyn/cm. The quadratic powers of the defor- 

mation variables, a and f, in the elastic free energy density, Equation 5.4.6, have not 

yet been measured in mechanical experiments on red cells. Only the first order terms 

can be determined within the resolution of the experimental techniques. In the analysis 

of osmotic swelling, only the first order terms are effective because of the small values 

for the deformation variables that are associated with the surface deformation. There- 

fore, the constitutive relations derived from Equations 5.4.3, 5.4.4, and 5.4.7 have the
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same influence as those used in Sections 5.2 and 5.3 for red cell micropipel cxperi- 

ments. . 

Zarda et al. (1977)'™ expressed the curvature elastic energy or bending energy as 

(F.) = 2c? + 20,0, + C4) Cr 2 1 chil\2 "2 (5.4.8) 

where B is a curvature elastic or bending modulus taken equal to 107'? dyn/cm; v, is a 

material parameter that is assumed to be %. In Section 4.9, the curvature or bending 

elastic energy was derived from thermodynamic considerations. The result in Equation - 
4.9.16 is an isotropic bending which implies a value of v. = 1 for the stralified mem- 

brane. The curvature or bending measures of strain, C, and C., are those we used 

previously and given by Reissner (1949).’* The components equal the changes in the 

principal curvatures for deformation from the initial, unstressed position to any other 

configuration (see Section 4.9). 

We will now present a summary of the results from Zarda (1974) and Zarda et al. 

(1977).'*" These investigators employed a finite element, computational method to sat- 

isfy the variational principle which is expressed by Equation 5.4.1. In their calcula- 

tions, the initial unstressed cell shape was assumed to be either the contour shown in 

Figure 5.22A or 5.22B. In the finite-element method, the location of the meridional 

curve was specified by nodal points (25 were used for each quarter of the curve). Pol- 

ynomials were passed through these points (nodes) in groups of three or five to form 

the finite elements. The computation kept track of the location of each node as the 

volume of the cell was increased. The reader is referred to the paper of Zarda et al. 

(1977)'*° for details of the method. 

With the initial shape taken as Figure 5.22B, the equilibrium shapes for the various 

cell volumes are shown in Figure 5.23 where curve B is the initial shape of one quadrant 

of Figure 5.22B. Curves C-D are the swelling phase and curve A is computed for a 

reduced cell volume. The deformation of the cell was calculated with the area constant 

for the curves A through H in Figure 5.23 because the internal pressures and isotropic 

tensions involved were estimated to be Very small. This feature is shown in Figure 5.24. 

In the determinaion of such equilibrium shapes, bending moments are essential because 

force resultants cannot support the load across the membrane when the tangent to the 

surface is perpendicular to the axis of symmetry (except at r=0), e.g., the location of 

maximum thickness of the toroidal rim. With bending moments, we see that such lo- 

cations are acceptable, since they occur in the curves A, B, C, and D. In the last stages 

of sphering (curves I and J in Figure 5.23), the bending moments were negligible. The 

pressures build up rapidly as the surface attempts to increase in area. Until the cell 

volume reached the stage shown in curve H, the increased volume was incorporated 

by a change in shape without any appreciable increase in area. For the final stages (I 

and J, Figure 5.23), the elastic free energy of expansion was included, represented by 

the modulus, K. The curve J in Figure 5.23 is not realistic because it requires a larger 

increase in area than red blood cells can sustain without lysis. The curves I and J are 

interesting theoretical predictions because they are nearly perfect spheres. This is due 

10 the fact that the isotropic tension was much larger than the shear resultant. Also, 

the area increase is small in these figures because the area compressibility modulus 

greatly exceeded the surface elastic shear modulus. Similar computations were carried 

out with a red blood cell-shaped membrane that has the properties of rubber (see Green 

and Adkins, 1970).35 The results were qualitatively different, as shown in Figure 5.25. 

The area of the rubber cell increased substantially at moderate increases of volume 

and the spherical shape was difficult to reach. The early stages of swelling in Figure 

5.25 (dotted curve) were not accurately represented because bending effects were omit-
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FIGURE 5.23. Computed shapes of various stages of sphering of a red blood 

cell. Curve B was taken as the initial unstressed shape from Figure 5.22(B). Curve 

A was computed for a volume reduced below the normal shape, B. The surface area 

did not increase until the stage, 1, was reached. (From Zarda, P. R., Chien, S., and 

Skalak, R., J. Biomech., 10, 211, 1977. With permission.) 

ted in order to focus on the later stages of expansion. For a rubber sheet, the area 

modulus and the shear modulus have the same order of magnitude. 

The deformations of the red blood cell shown in Figure 5.23 closely resemble the 

experimental results published by various investigators (Canham and Parkinson, 1970; 

Evans and Fung, 1972;'* Evans and Leblond, 1973).5*'*??* For instance, Figure 5.26 

presents the average shape of red blood cells measured by Evans and Fung (1972) 

for an intermediate swollen stage with a volume of 116 um’. The initial unstressed 

shape in this case was that shown in Figure 5.22A. Figure 5.26 also shows the computed 

shape at a volume of 116 um’, starting from the unstressed shape of Figure 5.22A. 

The agreement of the computed and measured shapes is excellent. This indicates that 

values assumed for the material properties are reasonable. 

In the computations described above, it was assumed that the unstressed shape of 

the red blood cell was the normal biconcave discocyte such as shown in Figure 5.22A 

or §.22B. However, various authors have proposed other abstract forms for the initial
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FIGURE 5.24. Pressure vs. volume computed for the sphering of a 

red blood cell shown in Figure 5.23. The pressure increased rapidly 

in the final stage of sphering. (From Zarda, P. R., Chien, S., and 

Skalak, R., J. Biomech., 10, 211, 1977. With permission.) 

membrane shape, e.g., a flat plane (Canham, 1970; Bull and Brailsford, 1975)*5 or a 

surface of uniform curvature (Helfrich and Dueling, 1975).2° These authors consider 

only bending energy with no surface elastic behavior. The normal biconcave shape was 

interpreted as a prestressed shape, which resulted from the minimization of the bending 

or curvature elastic energy. The prestress was supplied by supposing the interior of the 

cell to be at a slightly negative pressure. The constraints imposed by the fixed volume 

and surface area resulted in the normal biconcave shape. In this kind of model (where 

the shear elastic energy of the membrane has been neglected in favor of the curvature 

or bending energy effects), the dimples may appear at any point of the membrane with 

equal ease. Thus, such a cell could easily exhibit the tractor tread type of motion in 

very slow shearing flows as reported by Schmid-Sch6nbein and Wells (1969)”* and by 

Bull and Brailsford (1975).* No prestress or residual membrane force resultants can 

be detected in the micropipet aspiration of normal red cell disks. The resolution of 

these experiments is limited to suction pressures greater than 10 dyn/cm2. Therefore, 

the maximum value expected for transmembrane pressure differential would be of this 
order of magnitude. 

The simplest abstract shape that can be assumed for the unstressed shape of the red 

blood cell membrane is a sphere. For instance, a radius of 3.35 um (curve S in Figure 

5.27) has the same surface area as the biconcave red blood cell shape in Figure $.22B. 

| fa
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FIGURE 5.25. Shapes computed for a red blood cell with a membrane 100 A thick 

having the material properties of latex rubber. The early stages (P = 0) were not 

accurately represented because bending stiffness was omitted. Note that the later 

stages are not spherical as in Figure 5.23. (From Zarda, P. R., Chien, S., and Ska- 

lak, R., J. Biomech., 10, 211, 1977. With permission.) 

In Figure 5.27, the shapes were computed by reducing the volume of the sphere to that 
of the normal red blood ceil volume, while the membrane surface area was held con- 
stant. The curves A, B, C, and D in Figure 5.27 correspond to different values of a 
dimensionless parameter (u£?/B) where » and B are the membrane shear and bending 
moduli, respectively, and # is a characteristic radius of curvature, taken to be 1 um 
(to approximately represent the red blood celi rim). Curve B in Figure 5.27 for (uf2/ 
B) = 1.84 is very close to the shape of the red blood cell in Figure 5.22B. However, 
to achieve this shape with » = 0.005 dyn/cm would require the bending modulus to 
be B = 27.2 x iO"? dyn/cm, instead of the values estimated in Section 4.9, and ap- 

proximately measured, to be 10°'? to 10°'? dyn/cm. The results in Figure 5.27 show 

that shapes very much like red blood cells can be produced by deflating an unstressed 
sphere. The deflated shapes in Figure 5.27 required smail negative pressure inside the 
ceil to maintain these computed shapes. The pressures were on the order of 1 to 10 
dyn/cm?, which could very easily be maintained by weak chemical effects. There ap- 
pears to be very little hope of measuring such smal! pressures inside a red biood cell
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FIGURE 5.26. Average shape of the human red blood cell at an intermediate state of sphering 

as measured by Evans and Fung (1972).'* The computed shape shown has the same volume (116 

ym') as the measured cell. The unstressed shape was that shown in Figure 5.22(A). (‘rom Zarda, 

P.R., Chien, S., and Skalak, R., J. Biomech., 10, 211, 1977. With permission.) 

directly. Hence, a direct verification of the unstressed shape by this means is unlikely. 

Although the unstressed shape of the red blood cell is not entirely clear, the relative 

roles of surface elasticity (area and shear) and curvature elasticity are evident from the 

computations discussed above. The obvious feature is that the large area compressibil- 

ity modulus results in a nearly constant surface area of the membrane ijn every case. 

Since hemolysis ensues if the increase in area is greater than a few percent, it is a g00d 

approximation to assume the area of the membrane is constant in most cases. A spa- 

tially variable isotropic tension is used instead of an elastic constitutive relation. Cur- 

vature elasticity (bending rigidity) plays an essential role in producing the smooth 

Shapes observed for cross-sections of red blood cells in many situations. Exceptions 

occur when large extensional deformations are present such that the bending rigidity 

is negligible. Here, the mechanical equilibrium is primarily maintained by the mem- 

brane force resultants (tensions). Bending moments are essential in any case where 

there is a region of curvature reversal in the membrane such as in the stages of red 

blood cell swelling before the dimple disappears. The membrane force resultants alone 

cannot satisfy the equations of equilibrium as pointed out by Fung (1966).”” 

Available evidence from observations of red ceil swelling does not provide a definite 

conclusion as to the relative roles of bending or curvature elasticity and surface shear 

elasticity for the intermediate stages of swelling. In the first example, Figure 5.23, 

where the initial shape is a biconcave disk, the curves E-I are for fixed volume and 

surface area. These remain essentially unchanged if either the bending modulus is set 

equal to zero or if the shear modulus is set to zero with the bending modulus retained 

(see Helfrich and Dueling’s results, 1975, for the latter).2? On the other hand, if the 

unstressed shape of the red blood cell were a sphere, then very distinct differences in 

the intermediate shapes could be demonstrated which would depend on the relative 

values of the shear and bending moduli. This is illustrated in Figure 5.28 which shows 

computed shapes that all have the same surface area and volume and that start from 

the same unstressed sphere, curve S. The differences between the curves A, B, C, and 

oe
 a

ch 
te
a 
n
c
 

e
e



. 179 

  

    
Z (4m) 

FIGURE 5.27. Equilibrium shapes of red blood cells whose un- 

stressed shape was chosen as the sphere, S. The cells A, B, C, D all 

enclose the same volume, 91.5 ym’. The sphere and cells A, B, C, D 

all have the same area, 141.6 um’. The ratios of shear rigidity to bend- 

ing stiffness (uf?/B) for A, B, C, D were 0, 1.84, 4.0, and 8.0, respec- 

tively. (From Zarda, P. R., Chien, S., and Skalak, R., J. Biomech., 

10, 211, 1977. With permission.) 

D correspond to the ratio of shear modulus to bending modulus as expressed by the 

dimensionless group (uf?/B). Curve A is the case where no shear rigidity exists and 

curve D is the opposite case where a large shear rigidity exists, compared to the bending 

stiffness. If we were to choose from these curves the ones that most resemble the red 

blood cell shapes at comparable volumes, we would pick A or B. Bull and Brailsford 

(1975)? pointed out that the shapes of curves C and D (Figure 5.28) resemble the forms 

that result from the deflation of a rubber sphere like a basketball or tennis ball. In 

rubber-like materials with three-dimensionally isotropic character, the ratio (uf?/B) is 

proportional to (£/h)? where h is the wall thickness. Since (#£/h) is usually large com- 

pared to unity, the role of the shear rigidity is dominant in these cases. 

Even though this discussion remains inconclusive and is purely academic with respect 

to red blood cells, the curves in Figure 5.23 look more like red cell shapes than those 

in Figure 5.28, and the curvature or bending modulus appears to be small, which would 

seem to imply that the unstressed (initial) shape of the cell is not a sphere. The concept 

of an unstressed state as an absolute reference may be untenable and at best abstract 

because the chemical environment strongly influences the cell shape. Thus, the initial 

shape must be taken only as a reference geometry in the same way as any chemical
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FIGURE 5.28, Equilibrium shapes of cells whose initial shapes were 

taken as the unstressed sphere, S. The cells, A, B, C, D all enclose 

the same volume, 134.6 pm‘. The cells differ in the ratio of shear 

rigidity to bending stiffness. The dimensiontess groups (.27/B) for A, 

B, C, D were 0, 4, 10, and 200, respectively. (From Zarda, P. R., 

Chien, $., and Skalak, R., J. Biomech., 10, 211, 1977. With permis- 

sion.) 

reference state. Thus, we can measure changes in energy that are produced by defor- 

mation relative to the reference geometry. The results are material properties, e.g., 

surface elastic moduli, bending modulus, etc. However, we recognize that over time 

the reference geometry may not be stationary and may evolve to a new equilibrium 

conformation. 

5.5 Thermoelasticity and Thermodynamics of Cell Membranes 
When we do mechanical work on an elastic substance at constant temperature the 

displacements of forces supported by the material produce a coherent or deterministic 

change in the internal energy and entropy states of the material which is reversible. By 

this we mean that the clastic forces are determined exclusively by the material defor- 

mation and that they have specific directions and magnitudes. On the other hand, if 

we change the temperature of the material, internal energy and entropy states may be 

changed in a reversible manner without displacements of deterministic forces. This 

occurs by the processes of heat exchange, i.e., by random exchanges of momentum 

between the material surface and the adjacent environment or by radiative transfer 

and molecular excitation. The two reversible processes for alteration of the thermody- 
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namic state functions are related by the combined first and second laws of thermody- 

namics and the material equations of state, as we developed them in Section 4.11. The 

interrelation of these processes is evidenced by the reversible heat exchange that is 

measured in a calorimeter when isothermal work is done on the material and by the 

thermoelastic forces that are produced in a constrained material when its temperature 
is changed. It is impossible to construct a calorimeter to measure the reversible heat 
exchange that occurs during micromechanical experiments on cell membranes, so we 

turn to the thermoelastic behavior to deduce the changes in material internal energy 

and entropy states that are produced by elastic deformations at constant temperature. 

This decomposition provides a direct assessment of the reversible changes in material 

structure that are produced by deformation, e.g., how much the configurational state 
of molecular complexes is altered by the deformation and how much the energy of 

these complexes is changed by the deformation. For a biological membrane structure 

composed of amphiphilic components, thermoelasticity may be used to study the co- 

hesive force that is provided by the. hydrophobic interaction at the membrane inter- 

faces. Also, thermoelasticity, or the reversible heat of expansion, represents the effects 

of thermal repulsive forces (i.e., surface pressure) internal to the membrane. 

Membrane anisotropy results from the natural reluctance of amphiphilic molecules 

to dissolve in an aqueous phase. As a result of the hydrophobic effect, short-term 
mechanical experiments do not alter the composition of the membrane and thus pro- 

vide information about the membrane structure as a closed system. This information 

complements the results from chemical analysis of the molecular components in open 

or freely exchanging systems. Comparison of the thermoelastic properties of a com- 

posite membrane (such as a red blood cell membrane) to those of pure, single-compo- 

nent lipid bilayers (e.g., large vesicles) gives quantitative information about the chem- 

ical state of the composite mixture in relation to the pure system (both of which are 

assembled as anisotropic structures). If we change the composition of the vesicle, we 

may determine: what effects are produced by various components, e.g., cholesterol, 

integral membrane proteins, peripheral membrane proteins, etc. These components 

contribute in different ways to the solid and liquid material behavior of the membrane. 

For the red cell, current evidence supports the thesis that peripheral proteins (e.g., 
spectrin) are the origin of the solid elastic properties of the membrane. Also, the lipid 

components in the outer bilayer are considered to exist in the liquid state. Thus, the 

bilayer system is a mixture of a lipid-cholesterol solvent with integral protein solutes. 

In this section, we will analyze the thermoelastic data that have been obtained for red 

cell membranes. We will compare the thermoelastic properties that are expected for a 

lipid bilayer system to those measured for the red cell membrane. Then, we will spec- 

ulate on the relationship of the thermodynamic results to the hypothetical membrane 

model described above. 

First, we consider the surface equation of state which represents both solid and liq- 

uid forms of membrane materials such as red cell membrane and lipid bilayer vesicles, 

respectively. In Section 4.11, we demonstrated that two equivalent forms for the equa- 

tion of state exist in a closed membrane system: (1) surface pressure as a function of 

surface area and temperature; (2) isotropic tension as a function of surface area and 

temperature. In any experiment, we can only measure differential changes in surface 

pressure. These are equal and opposite in sign to the changes in isotropic tension. The 

absolute value of surface pressure (which is the time average exchange of momentum 

between membrane molecules in the plane of the surface) is inaccessible. We can only 

model it by arbitrary relations Such as a form of Van der Waal’s equation of state in 

two dimensions. The two forms for the equation of state have one observable in com- 

mon, i.e., the isothermal compressibility modulus, K, which is proportional to the 

change in surface pressure or isotropic tension for a fractional change in surface area
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at constant temperature. As we discussed in Section 5.2, the area compressibility mod- 

ulus may be measured by mechanical experiments which cause area dilation. We can 

also measure the heat of expansion of the surface, which is the product of temperature 

times the thermoelastic change in isotropic tension. The area compressibility modulus 

and thermoelastic effect characterize the differential equation of state for the closed 

surface, i.e., mechanochemical equations of state. From Equations 4.11.6 and 4.11.15 

we recall thal 

= aT : ; 
dT = Kda + 4) dT . } 

a (5.5.1) 

and 

tro Kas | (e oe) | 

The reversible heat of expansion for the membrane is given by the thermoelastic effect, 

which is the temperature coefficient in the differential equation of state, 

()--7&) 
We have already discussed the area compressibility measurements, so we will now 

consider the reversible heat of expansion and the thermoelastic effect. In Section 4.11, 

we derived the heat of expansion as 

tG) re GG) <9 

(5.5.2) 

(5.5.3) 

or 

d T as =T (=) _T ¥ 

‘aw. aT dT 
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If the surface pressure equation of state is simply proportional to temperature, 

(5.5.4) 

= Tf (a) 

then the internal heat of expansion is equal to the surface pressure, 

T =r) _ 
—_— = 7 
oT 

ae 

This feature demonstrates that the heat of expansion is a measure of thermal repulsive 

forces in the membrane. An example is a Van der Waal’s equation of state for a surface 

gas or noncohesive liquid, 

cT 

(A ~ Ae) 

which was used in examples for Sections 4.6 and 4.11. Even for more complicated 

equations of state, e.g., with cohesive forces between surface molecules, it is apparent
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FIGURE 5.29. Apparent area change of a single red cell relative to its area at 25°C vs. temper- 

ature. The apparent area change is calculated with the assumption that the cell volume is constant. 

Data given here are for a cell swollen in 575 mOsm salt solution. Thus, the correction for cell 

volume change is less than 10%. The slope of the line is essenrially the thermal area expansivity 

of the red cell membrane. 

that the internal heat of expansion represents the thermal repulsive forces in the sur- 

face. This is analogous to Van der Waal’s original concept. 

The heat of expansion for the closed membrane surface is proportional to the ther- 

mal area expansivity at constant isotropic tension. With micropipet aspiration of sphe- 

roidal red cells or phospholipid vesicles (as described in Section 5.2), the isotropic 

tension can easily be controlled by the level of suction pressure. For instance, if a 

preswolien red cell is held with constant pressure, an increase in temperature produces 

an increase in the length of the aspirated ceil projection that is proportional to the 

area increase of the cell membrane. Using this method, Waugh and Evans (1978)?° 

obtain a value for the thermal area expansivity for red cell membrane of 1.2x1073/°C 

with a standard deviation of +10%. The surface area appears to increase linearly over 

the range of 0 to 50°C (Figure 5.29). This value is about half that measured for phos- 

pholipid multilayers with X-ray diffraction techniques (Costello and Gulik- 

Krzywicki;'° see the next section for a discussion of X-ray data). The heat of expansion 

is given by the product of temperature, area compressibility modulus, and thermal 

area expansivity. The area compressibility modulus for the red cell membrane has been 

found to depend on temperature (Waugh, 1977).°! The results are shown in Figure 

5.30. From these results, we calculate that the heat of expansion decreases from 196 

erg/cm?’ at O°C to 116 erg/cm? at 50°C. As we will show, the latter value at 50°C is 

interesting because it is similar to the value anticipated for a phospholipid bilayer. In 

the range of 45 to 50°C, the red cell membrane loses its shear rigidity and breaks up 

into a large vesicle plus many smailer vesicles. Presumably, this is the result of the 

disruption of the adsorbed spectrin layer into aggregated patches on the interior sur- 

face (see Elgsaeter and Branton, 1975).'** 

The range of values, 196 to 116 erg/cm’, that are determined for the red cell mem- 

brane is the range of natural heats of expansion when the membrane is free of tension. 

If the membrane is subject to a nonzero tension, the heat of expansion is given by 

Equation 4.11.31,
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FIGURE 5.30. The membrane area compressibility modulus measured by micropipet as- 

piration of red blood cells as a function of temperature. The circles are average moduli 

for about 20 cells at each temperature. These cells were artificially loaded with high salt 

concentrations so that cell volume changes were negligible. By comparison, the error brack- 
ets are the limits of plus and minus one standard deviation of moduli measured for 

hundreds of cells with normal salt concentrations, but with the cell volumes corrected for 

teversible water movements. (From Evans, E. A. and Waugh, R., Biophys. J., 20, 307, 

1977. With permission.) 

as \ _ dex den K) _ 
1 (Se = 7K (SF) | ~T ( ar) 7 

T T=0 

Thus, the temperature gradient of the area compressibility modulus must also be de- 

termined. From Figure 5.30, we estimate this to be 

Qn K 
(- )* — 0.014/°C   

aT 

With isotropic tensions on the order of 1 dyn/cm, the heat of expansion only differs 

from the value for the natural state by 4 erg/cm?, which is negligible. 

Now, we will estimate the heat of expansion for a lecithin bilayer. As in Sections 

4.6 and 4.11, we idealize the lipid bilayer behavior as twice the behavior of a lipid 

monolayer above its phase transition for ordered acyl chains. The bilayer equation of 

state is chosen as 

n(A-K,) = (0.7 X 10°9)T 

which models data for lecithin monolayers at oil-water interfaces (Yue et al., 197S)°* 

with A. = 38 A? per molecule. The surface pressure for the lipid bilayer at constant 

tension is governed by the effective interfacial tension, y. Therefore, the change in 

surface pressure with respect to temperature at constant tension is equal to the change 

in the interfacial free energy density with temperature. 

on dy 

aT) dT 

NM
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TABLE 5.1 

Lipid Bilayer Idealized as Two Monolayers (at an Oil-Water Interface) 

T(°C) n(dyn/cm) Ach’) K(dyn/em) —- (2a/T) (°C) 

0 75 63 190 2.5 x10° 

25 70 68 160 2.7 x10°3 

50 65 73 135 2.9 x10" 

With this relation and the equation of state for surface pressure, we can calculate the 

surface pressure and area per molecule, respectively, for the tension-free bilayer. Table 

5.1 demonstrates the estimated values for these variables. The temperature dependence 

of the surface pressure is assumed to be that of twice the interfacial free energy density 

for water-hydrocarbon interaction, —0.2 dyn/cm°C. In the next section, we will show 

that these estimates correlate with values which we will calculate from X-ray diffrac- 
tion measurements on hydrated multibilayers. 

The thermal area expansivity of the lipid bilayer at constant tension (equal to zero) 
is calculated from Equation 4.11.14, 

(= _ (=) 1 dy 

aT, ~\et/ ~ kK aT aT/ = 4 aT) 5.5.5) 

and the heat of expansion from Equation 5.5.4, 

as _ dy _ 2 
T (=) =nr- T aT 130 erg/cm 

(5.5.6) 

In the spherical state at 50°C, the red cell membrane surface is a two-dimensional 

liquid mixture. It also appears to have a heat of expansion that is expected for a lipid 

bilayer. On the other hand, the area compressibility modulus of the red cell membrane 

at 50°C is more than twice the value expected for a phospholipid bilayer, and the 

thermal area expansivity is less than half of the expected value for a bilayer membrane. 

These results indicate that the red cell membrane at 50°C behaves like a mixed phase 

of compressible lipids and much less compressible components (e.g., cholesterol, inte- 

gral proteins, etc.). If such a simple concept is reasonable, then the area compressibility 

modulus would be elevated by an amount proportional to the total area divided by 

the area occupied by the compressible lipid phase and, likewise, the thermal area ex- 

pansivity is expected to be lower by the inverse of this quotient. Thus, the heat of 

expansion would be the same for both the ideal mixture and the lipid phase, which is 

also consistent with the membrane surface pressure being equal in both cases, i.e., a 

simple two-phase mixture of compressible and incompressible components. 

Such deductions are speculative and often invalid when heterogeneous mixtures are 

considered. The simple model does provide an abstract basis for comparison to the 

red cell measurement. For example, if we assume thar 45% of the red cell membrane 

area is Occupied by the simple lipid phase ar 50°C and the other half by an incompres- 

sible component, we can calculate the expected values for the area compressibility 

modulus, thermal area expansivity, and heat of expansion for the temperature range 

of 0 to 50°C. Table 5.2 contains these results. 

From Table 5.2, it is apparent that this simple model differs from the observed 

behavior for the red cell membrane as shown by the area compressibility modulus and 

heat of expansion. The modulus at O°C is lower than the average value of 600 dyn/
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TABLE: 5.2 

Red Cell Membrane Modeled as 45% Lipid Bilayer Mixture (by 

Area at 50°C) with the Remaining Components Incompressible 

se) co) TE) corslom TPC) K(dyn/cm) (= CC) T 5a (ereiem®) 

0 470 1.0K 1073 128 

50 300 1.3x103 126 

cm measured for red cell membrane and the heat of expansion is lower than the cal- 

culated value, 196 erg/cm?, for red cell membrane at 0°C. This is not surprising be- 
cause the model is a gross oversimplification. A major consideration that was neglected 

is the effect of the adsorbed spectrin layer underneath the membrane bilayer. Desorp- 

tion of spectrin with increase in temperature would greatly influence the heat of expan- 

sion of the interface. For instance, if we double the temperature gradient of the inter- 

facial free energy density (i.e., to —0.4 dyn/cm°C), then we would match the red cell 

membrane thermoelastic measurements. 

We need to obtain direct measurements of the properties of vesicle membrane sys- 

tems that contain pure lipids and lipid mixtures with specific components which make 

up a biological membrane. Alterations of the membrane structure in situ by viral in- 
semination and immune reaction, for example, can also be investigated with thermo- 
elastic measurements. The natural heat of expansion is a direct measure of the surface 

cohesion due to interfacial effects. As such, the heat of expansion may be used to 

assess the intrinsic resistance to lysis of a cell membrane, which often results from 

disease or with exposure to degrading chemical agents. 

We now consider the surface equation of state that is peculiar to solid membrane 

materials, i.e., the membrane shear resultant as a function of extension and tempera- 

ture. Above the phase transition temperature for ordered acyl chains, a phospholipid 

bilayer is a two-dimensional liquid without surface shear rigidity. Unlike the phospho- 

lipid component of a biclogical membrane, the composite red cell membrane exhibits 

solid elastic properties; that is, the ability to support membrane shear force resultants 

in proportion to shear deformation or uniaxial extension in the membrane plane. Con- 

sequently, the red cell membrane surface must be characterized by an additional equa- 

tion of state as discussed in Section 4.11, 

aT; _ fats 
aT, = (=) dk + (——] aT 

ar / + oT/ ~ (5.5.7) 

In the differential form of the deviatoric equation of state, Equation 5.5.7, we assume 

that the surface area remains constant. This is reasonable for the red cell membrane 

since the fractional changes in area are less than 107* for the small force resultants 

necessary to produce shear deformation. We can also negiect the work and thermo- 

elastic change that are associated with the small area change. 

In Section 5.3, we showed that the red cell membrane exhibits first order hyperelas- 

ticity in its solid regime of material behavior. The first order deviatoric equation of 

state at constant temperature is the elastic constitutive relation, 

~ # 6S. _t-2 
Ts = QE") (5.5.8) 

where the shear modulus is assumed to be independent of extension. Using this rela- 

o
n
 

e
e
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tion, we developed the coefficients for the differential expansion of the deviatoric 

equation of state in Section 4.11 as 

oT ~ ~ 
(= =u(a + A%) 

OA/ T 

(3) «(ay aT/y \dT 2 (5.5.9) 

or 

  

at /~ dv 
r 

Equation 5.5.10 is the fractional change in shear resultant with temperature for a spe- 

cific or constant material extension, i.e., the thermoelastic change for the tension de- 

viator. The thermoelastic effect is related to the reversible heat of extension by Equa- 

tion 4.11.36, 

(5.5.10) 

aA (5.5.11) 
—) = -T —A-x? ( ) am (KX) 

T 

As we showed in Section 4.7, a simple two-dimensional, entropic elastomer would 

have a positive thermoelastic change, inversely proportional to absolute temperature, 

a2nT, 1 

( aT ) ~ TT 
A 

and, likewise, the membrane shear modulus would increase with temperature in such 

an entropic materia] modei. This is expected since an elastomer derives its free energy 

change from the reduction of configuration entropy and thus would exhibit a heat of 

extension that is equal and opposite in sign to its shear modulus times (A — 1-3). 

Because of the hyperelastic behavior exhibited by the red cell membrane and the 

magnitude of its shear modulus, it was anticipated that the membrane shear elasticity 

was due to the negative changes in configurational entropy when the material was 

deformed, i.e., due to ordering of the structural component. However, recent micro- 

pipet experiments by Waugh (1977)** have shown that the hyperelastic red cell mem- 

brane is not this type of simple entropic elastomer. The membrane elastic shear mod- 

ulus decreases with temperature (see Figure $.31). The configurational entropy of the 

membrane increases with extension. Extension of the membrane is endothermic, i.e., 

heat is taken up by the membrane. The heat of extension is calculated from Figure 

§.31 and Equation 5.5.11 to be 

  

T (=) = 2X 107+ (X —2°3) erg/cm? 

Tea an 

with the temperature gradient of the shear modulus of —6 x 10-5 dyn/cm°C (Waugh, 

1977).% Also, the reversible change in internal energy density with extension at con- 

stant area is given by Equation 4.11.36, 

aE ~~ 
(=) = 2.6 X 107%*(A~X%) exg/en? 

OA? Te
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FIGURE 5.31. The membrane shear modulus measured by micropipet aspiration of red blood 

cells as a function of temperature. Points are the average of about 25 cell moduli at each of the 

five experimental temperatures. Brackets are plus or minus one standard deviation. The solid line 

is the linear regression to the dala. (From Waugh, R. E., Temperature Dependence of the Elastic 

Properties of Red Blood Cell Membrane, Ph.D. dissertation, Duke University, Durham, N.C., 

1977, With permission.) 

The difference between these two relations is the free energy density change at constant 

temperature and density which is produced by extension, 

OO, Oe 
(5.5.12) 

where the coefficient, p, is the surface elastic shear modulus. li is apparent that the 

small shear modulus is the difference between two contributions of nearly equal mag- 

nitude. Consequently, the resolution of the temperature dependence of the shear mod- 

ulus is critical in the determination of the free energy decomposition. 

Biochemical and ultrastructural evidence strongly support the thesis that the spectrin 

material (adsorbed on or bound to the cytoplasmic face of the red cell membrane) is 

responsible for the shear elastic or solid behavior of the red cell membrane. As yet, 

little is known about the direct relation of spectrin to integral membrane proteins and 

the amphiphilic lipid components themselves. It is clear, however, that spectrin prefers 

the interfacial phase where it is adsorbed onto the membrane surface as opposed to 

dissolving in an aqueous phase of moderate ionic strength (>0.01 M). The natural state 

of spectrin in a normal red cell membrane is disrupted by temperatures in the range 

of 45 to 50°C, low pH (=5), and very low ionic strength aqueous media (e.g., distilled 

water).* At high temperature or low pH, spectrin still resists solution in the cyto- 

plasmic phase. Instead it self-aggregates, forming patches or clumps on the membrane 

surface. At low ionic strengths, spectrin will go into solution but some self-aggregation 

persists. The implication is that the conformation of the spectrin molecule is very sen- 

sitive to the balance of hydrophobic and electrostatic interactions. Furthermore, it 

* ATP depletion also appears to affect the spectrin configuration, but the evidence is deduced from red 

cell crenation (echinocyte formalion).
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appears that for the normal environment present in the red cell cytoplasm (pH and 

ionic composition), spectrin favors an adsorbed interfacial phase or layer configura- 

tion. Such a configuration is a moderately ordered state because the molecule is re- 

stricted to essentially two dimensions. The thermoelastic measurements for membrane 

shear deformation show that.the configurational entropy is increased by extension rel- 

ative to the natural state. This indicates that extension forces the molecular complexes 

to disorder or utilize more degrees of freedom. If the concept of a spectrin layer is 

valid, we expect that portions of the molecule would have to rotate out of the plane 
(e.g., by trans-gauche rotation) when extended with the constraints imposed by con- 

stant surface area and molecular flexibility. Another aspect of extension at constant 

surface area is that the material is compressed in the direction normal to the axis of 

extension (and in the plane of the membrane). The compression or condensation of 

dense surface material such as spectrin (while it is extended in the other direction) 

could easily disrupt the organization or order of the molecular arrangement. In any 

case, such actions essentially force spectrin to go partially into solution in the cyto- 

plasmic interior. 

Recent evidence (Bennett and Branton, 1977)? indicates that spectrin may be bound 

to an integral membrane protein or fragment of protein. In addition, spectrin exists 

in at least dimeric form as well as monomeric units when eluted from the red cell 

membrane and may be associated with other membrane proteins (Steck, 1975).*° 

Hence, extensional deformation of the red cell membrane (at constant surface area) 

could produce reversible (since it is elastic) changes in the association of these various 

membrane proteins by disrupting the normally ordered subsurface structure. This, too, 

is consistent with the observed entropy increase. 

The likelihood that spectrin is the primary structural element for surface shear rig- 

idity and the plausibility of the previous arguments indicate that the heat of extension 

and internal energy density change should be considered on a per mole basis of spectrin 

material. The surface density of spectrin for the red cell membrane is on the order of 

10°? g/cm?, and its molecular weight is on the order of 10° daltons. Therefore, the 

calculated molar density is about 107'? mol/cm?. With this value plus the measurements 

for the heat of extension of the red cell membrane and internal energy density change 

produced by extension, the values distributed per mole of spectrin are obtained. First, 

the reversible heat of extension is calculated to be 

(= =) ~2 xX 10'°- * (X —X3) erg/mol 

at 25°C. Next, the internal energy of extension is obtained as 

(= =). ~ 2.6 X 102° «(X—X3) erg/mol 

at 25°C. In terms of calories per mole, these functions are 

T (= =) ~ §00 + (X—2-3) calfmol 

(= =). ~ 650+ (K-73) cal/mol - 

When the interfacial phase is mixed with the adjacent aqueous phase, the increase 

in heat content due to the utilization of more degrees of freedom by the large molecule
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would be on the order of the gas constant, 8.3 = 10’ erg/K/mol, times the absolute 

temperature, i.e., 

Nz *k+T~ 2.5 % 10’° erg/mol 

= 600 cal/mol 

This is the same order as the measured value for the heat of extension per mole of 

spectrin material at constant surface density. As indicated originally, a natural tend- 

ency to increase entropy is represented by a positive heat of extension. In equilibrium, 

this is opposed by the internal energy or enthalpy required to mix two components 

such as spectrin and the aqueous phase. The energy changes are expected to be the 

result of exposure of normally sheltered hydrophobic regions of spectrin to the 

aqueous phase. Thus, we are prompted to ask the following questions: how much of 

the spectrin molecule is hydrophobic; what is the free energy for transfer of a hydro- 

phobic group to an aqueous phase; and, therefore, what proportion of the hydropho- 

bic region would necessarily be exposed to account for the measured internal energy 

change that is produced by membrane extension? 

Estimates of the number of hydrophobic groups are available, e.g., Marchesi et al. 

(1969},*’ but the free energy of transfer from a lipid layer interface to an aqueous 

phase is not known. The free energy of transfer has been measured (Nozaki and Tan- 

ford, 1971)** for various amino acid residues from organic solvents such as ethanol 

and dioxane to water. These results, combined with the composition data, give an 

estimate (Waugh, 1977)°' of the total energy potentially available in the transfer of 

spectrin residues to the aqueous phase. It is about 300 kcal/mol! This is a tremendously 

large value compared to that measured for red ceil extensional deformation, 600 to 

700 cal/mol. Consequently, it appears that a half percent increase in exposure of the 

hydrophobic portion of spectrin could account for the energy stored in shear defor- 

mation. This subtlety demonstrates the valuable insight that can be derived from ther- 

momechanical experiments in conjunction with biochemical analysis. However, it is 

emphasized that cxtensive data must be obtained for membranes of well-defined com- 

positions in order to make reliable deductions. The previous discussion on spectrin 

and the red cell is clearly speculative, but we hope that it will stimulate further studies. 

5.6 Thermoelasticity and Area Compressibility of Multilamellar Lipid Phases and 

Water 

Throughout our discussions, we have alluded to and made use of the amphiphilic 

nature of phospholipid molecules. Again, we recall that these molecules are character- 

ized by a polar head group which has a high affinity for aqueous solutions and two 

acyl chains (hydrocarbon polymers) that are attached to the glycerol backbone of the 

polar end. The hydrocarbon chains are essentially insoluble in the aqueous media. This 

amphiphilic feature of lipids and other membrane molecules (e.g., proteins, choles- 

terol, etc.) is responsible for the natural association that forms bilamellar structures, 

e.g., single-walled vesicles and plasma membranes. As yet, we know little about the 

mechanical behavior of the two-dimensional liquid materia] that makes up the contin- 

uous structure. in previous examples, we have abstracted lipid bilayer properties from 

the behavior of insoluble lipid monolayers spread at oil-water interfaces. However, 

there have been recent experiments that provide data for calculation of the clastic area 

contpressibility modulus and thermal area expansivity for a lipid bilayer directly. In 

addition to the calculation of elastic and thermoelastic properties, we will be able to 

examine the separation of the free energy density duc to surface expansion into an 

area dependent part and a part which depends only on the solution properties of the
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aqueous environment. We postulated this partition in Section 4.6. The result is that 

the isotropic tension, T, is equal to the difference, y ~ 1, between the interfacial inter- 

action and the internal surface pressure. The net force resultant is the isotropic tension, 

which is zero in the absence of externally applied forces. 

The particular experiments that we will describe take advantage of the regular la- 

meHar repeat distance of the multibilayer and water strata. In these experiments, the 

thickness of a single bilayer and the water gap distance between bilayers are derived 

from X-ray diffraction measurements as a function of water content. When water is 

removed, an osmotic stress is created because of the natural affinity of the polar head 

groups for water, i.e., the activity of water in the system is reduced. The osmotic stress 

acts to condense the lipid surface as well as to bring the bilayers closer together. This 

is analogous to squeezing water out of an elastic sponge. In this case, water is drawn 

out of the lipid multibilayer sponge by reducing the activity of water in the environ- 

ment external to the multibilayer-water mixture. 

The affinity of lipids for water has been known for many years (Elworthy, 1961; 

Luzzati, 1968).'*** The dependence of the weight fraction of water was measured as a 

function of the vapor pressure of water in equilibrium with the mixed phase of lipid 

and water (Elworthy, 1961).'* With gravimetrically determined lipid/water weight frac- 

tions, the bilayer repeat spacing was measured by X-ray diffraction of the regular 

multilamellar structure. Then, the X-ray and weight fraction data were combined to 

provide the bilayer thickness and water gap distance between bilayers as a function of 

lipid weight fraction (Reiss-Husson, 1967 and LeNeveu et al., 1977)5*-?? as shown in 

Figure 5.32 for egg lecithin. Experimental data for the work required to remove water 

from the mixed phase of lecithin lamelli and water has been reported recently (LeNeveu 

et al., 1977).5? The technique was to use osmotic pressure created by solutions of high 

molecular weight dextran to draw water out of the interbilayer space (since dextran 

cannot penetrate this space). With these results, the work per molar volume of water 

required to dehydrate the lecithin multilayers may be determined as a function of the 
water gap distance between bilayers (LeNeveu et al., 1977). 

The change in chemical potential of water specifies the work done per mole of water 

exchanged with the mixture at equilibrium. Consequently, when divided by the partial 

molar volume of water, the work per molar volume of water has units of pressure. 

LeNeveu et al. have presented their data accordingly as shown in Figure 5.33. The 

vapor pressure measurements of Elworthy may also be used to calculate the work re- 

quired to remove I mol of water from the multibilayer and water mixture. The vapor 

pressure data give values that are plotted as open circles in Figure 5.33 and the stars 

are for the osmotic pressure measurements with dextran solutions reported by LeNeveu 

et al. (1977).°? There is an apparent discontinuity between these two sets of results at 

the water spacing of 17 A. The reason for this difference is not clear. It is difficult to 

evaluate because the weight fractions of lipid/water in the multilamellar phase are not 

known accurately when suspended in the dextran environment. 

From the combined X-ray diffraction and gravimetric data, it has long been recog- 

nized that the bilayer thickness increases with progressive dehydration (Reiss-Husson, 

1967; Luzzati, 1968; LeNeveu et al., 1977).5?-%*”? Since the lipids are essentially volu- 

metrically incompressible (Liu and Kay, 1977),°> the increase in bilayer thickness is 

accompanied by a commensurate decrease in the area of the surface occupied by a 

lipid molecule. Consequently, it is expected that this surface compression will produce 

an increased surface pressure which is associated with a surface elastic free energy 

increase. We will now consider the magnitude of the surface pressure change for the 

bilayer and the origin for the lateral compression of the lipid component. From this 

development, we will show that the elastic area compressibility modulus is close to the
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FIGURE 5.34. Schematic illustration of the unit cell per lipid molecule with surface area, A; 

water half-space, Z.; and single layer (half-bilayer) thickness, Zg. Also shown are the principal 

force resultants that characterize the composite system: T is the isotropic tension (force per unit 

edge length) that acts parallel to the plane of the lipid layer; o is the stress resultant (force per 

unit area) that acts along the outward normal to the unit cell, defined by the lamellar plane. 

value abstracted from monolayer data. Similar methods of analysis are being used by 

Parsegian and coworkers (1978)°’ to investigate both surface elasticity and repulsion 

between bilayer surfaces across the water gap. The first step in our analysis is to ex- 

amine the work required to deform the lipid and water structure. The isothermal work 

is equal to the differential change in free energy defined by the combined first and 

second laws of thermodynamics. 

The work of water exchange to or from the lamellar lipid-water configuration can 

be expressed in terms of the work required to deform a unit cell of the multibilayer 

system. The unit cell is defined by a single lipid layer thickness, Zg, plus half the water 

space, Z., between layers, and the surface area, A, of a lipid molecule in the layer. 

The unit cell with appropriate dimensions is schematically illustrated in Figure 5.34. 

At constant temperature, the work is equal to the change in free energy produced by 

deformation of the lipid layer plus the free energy required to change the space between 

bilayers.* The total work per molecule of lipid is given by 

~ oF ~ aF 
w= f(— dA + f (— dz 

~ WwW 

0A T.Z. a2y, x (5.6.1) 

where the partial derivatives of the free energy per molecule, F, are taken along inde- 

pendent paths for the equilibrium process; T is the temperature. The partial derivative 

of the free energy with respect to area defines the isotropic tension (force per unit 

* Since the lipid component js essentially volumetrically incompressible, only the change in area per mole- 

cule need be considered (Evans and Waugh. 1977; Evans and Hochmuth, 1978)."* However, if large 

hydrostatic pressures are employed, this treatment must be modified to include the volumetric compres- 

sion of each phase.
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length) that acts in the plane of the lipid layer as developed in Section 4.4 (Evans and 
Waugh, 1977; Evans and Hochmuth, 1978),??-24 

- ar f= (=) 

8A’ TZ, 

The partial derivative of the free energy with respect to the half thickness of the water 

space defines a surface traction or stress resultant (force per unit area) that acts along 

the outward normal to the water space, perpendicular to the plane of the lipid ‘layer, 

(5.6.2) 

a. ( ) 

oO e = a 

az ~ 
W/ ThA (5.6.3) 

Figure 5.34 shows the unit cell with the force resultants defined by Equations 5.6.2 

and 5.6.3. Equation 5.6.1 is now written as 

W= fT -dA + fo-A-az, (5.6.4) 

There are two volume conservation equations that must be satisficd. The first specifies 
the change in volume of the unit cell, 

dV = (Zy + Z)+ dA + A+ d(% + Z,) (5.6.5) 

and the second represents the volumetric incompressibility of the lipid component, 

0 = Zo * aA +A- dZo (5.6.6) 

The work that is required to remove water may be called the work of lipid hydration. 

It is given by the change in chemical potential, Au, of the water exterior to the lipid/ 

water mixture times the number of moles of water, dn,, that are exchanged between 

the mixture and the environment in the process. Thus, 

W=- f Avs dn, 

This can be expressed on the basis of one molecule of lipid as 

~ 

We=- fAu . dn, (5.6.7) 

where dn, is the number of moles of water exchanged per lipid molecule. Therefore, 

vy * dny = — dV 

and 

~~ A me 

W=f—. a¥ 

Pw 

where v, is the partial molar volume of water. The ratio, Au/v,, has units of pressure 

(dyn/cm? or erg/cm?*) and will be identified by the variable, -P, such that P is a posi- 

tive quantity. We now use the volume conservation equations 5.6.5 and 5.6.6 to express 
the work per molecule of lipid as 

W= f(-P)+Z, + dA + f(-P)+ A> dz, (5.6.8) 

The work of hydration is equal to the work of deformation of the unit cell. There- 
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fore, we equate the two expressions for total work per molecule of lipid, Equations 

5.6.4 and 5.6.8, to obtain the following relation: 

O= f(F+P-Z)-dA+ fio + P)+ A> dZ, 

If there are no constraining forces that act at the boundaries of the lipid layers, then 

the change in area per molecule and change in water thickness may be assumed to be 

independent functions. Therefore, the coefficients of dA and dZ, must be zero. This 

gives the result that 

-T 
P=—F-a 

Zw (5:6.9} 

Consequently, the isotropic tension in the lipid layer can be obtained from the change 

in chemical potential of the exterior environment by 

Ans Zy, 
T= 

Bw (5.6.10) 

  

We see from Equation 5.6.9 that the work of removal of water creates a lower hydro- 

static pressure in the water gap that is in equilibrium with the repulsion between layers, 

o, and in equilibrium with the force resultant in the plane of a layer, T, distributed 

across the water gap. We examine next the compressibility of the bilayer surface and 

the effects of alterations in the chemical environmnt. Therefore, we focus on the iso- 

tropic tension or force resultant in the piane of the lipid layer. 

The isotropic tension of the lipid layer is obtained from the partial differentiation 

of the free energy per lipid moiecule with respect to area change at constant distance 

between layers. For small changes in area per molecule, the isotropic tension can be 

represented by the difference between the interfacial free energy density, y, of water 

that exchanges with the interstitial hydrocarbon interface and the lateral surface pres- 

sure, m, which is the time averaged exchange of lateral momentum between amphiphiles 

alone as we discussed in Section 4.6 (Evans and Waugh, 1977).”* 

T=y-3 (5.6.11) 

The superposition of free energy contributions of lipid-lipid interaction plus the free 

exchange of water with the interstitial hydrocarbon interface between polar head 

groups has been utilized by Tanford (1974)* in the successful treatment of micelle 

formation and by Defay and Prigogine (1966)? in the thermodynamics of insoluble 

monolayers. The primary basis for this decomposition is that the concentration of 

amphiphiles in the exterior environment can be neglected and the surface layer can be 

considered as a closed system, but water is free to exchange with the interstitial hydro- 

carbon interface as the area per molecule changes. We will present evidence here to 

support the free energy partition. 

Surface pressure is assumed to depend on temperature and surface area per lipid 

molecule in a surface equation of state, m = f{(T,A). Effectively, y is an interfacial 

tension, independent of area change, which represents the hydrophobic interaction. 

Although by definition it does not depend on area per molecule, y will depend on the 

state of the aqueous region with which water is ultimately exchanged. This is the result 

of the assumption that water is free to exchange with the interfacial hydrocarbon re- 

gion. Consequently, a change in interfacial free energy density, Ay, is determined as if 

the two regions were in direct contact (this is the principle of Gibbs, 1961).*? For in- 

stance, it is anticipated that temperature, pressure, and exterior solution composition
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will affect the interfacial interaction of water with the hydrocarbon region between 

polar head groups. Such changes are observed for interfacial tension of free water 

interfaces, 

The hypothesis represented by Equation 5.6.11, the chemical character that is as- 

sumed for the interfacial free energy density, y, and the surface pressure, n, require 

verification. Surface pressure is an intensive force resultant specific to an anisotropic, 

lamellar liquid. In monolayers, the surface pressure is defined by the change in surface 

tension of the substrate interface with the presence of the insoluble monolayer. The 

general definition that we use is the time averaged exchange of lateral momentum be-. 

tween amphiphiles in the surface. From the perspective of chemical equilibrium, the 
surface pressure may be viewed as associated with the reduced activity of water in an 

interfacial phase as developed in Section 4.6 (Defay and Prigogine, 1966; Evans and 

Waugh, 1977).'?:** The monolayer definition and measurement will not necessarily co- 

incide with surface pressure changes in bilayer structures without substrates. However, 

the change in surface pressure produced by a change in area per molecule at constant 

température is not yet known for bilayer membranes. Consequently, monolayer exper- 

iments provide the only data for a priori estimation of the elastic energy necessary to 

deform lipid bilayers. There is support for the use of monolayer data. For example, 

estimates of elastic area compressibility modulus, —A(@17/ @A)r, have been made from 

clectrocompression, micropipet aspiration of large vesicles, and bending fluctuations 

of cylindrical bilayer tubes (see Section 4.9 and Evans and Hochmuth, 1978, for dis- 

cussion).”? These estimates give magnitudes on the order of 10? dyn/cm. Such estimates 
are consistent with moduhis determinations from monolayer data of surface pressure 

vs. area per molecule. Even though surface pressure data is different for air-water and 

oil-water interfaces, little difference is seen if a limited range is taken relative to an 

initial area per molecule of 70 A? for lecithin. Figure '5.35 shows the change in surface 

pressure vs. reduction in area per molecule relative to 70 A? for egg lecithin spread at 

both air-water and oil-water interfaces. These data are for room temperature (25°C), 
replotted from Van Deenan et al. (1962),°° and Yue et al. (1975),°* respectively. We 
estimate the initial area per molecule using 1267 A? for the lecithin molecular volume 
and the bilayer thickness of 36 A determined from LeNeveu et al. (1977).°? Knowing 

the reduction in surface area per lipid molecule relative to the initial value of 70 AY, 
we can determine the change in surface pressure. The elastic area compressibility mod- 
ulus of a single lipid layer is about 80 dyn/cm for a surface area per molecule of 70 
A? as calculated from Figure 5.35. 

Changes in the interaction of water with hydrocarbon in bilayer membranes also 
temain to be measured for alterations in aqueous environment. However, it is possible 
to use data obtained for surface tension of free water interfaces to test the hypothesis 
that we posed earlier. If the state of water in the exterior environment is altered, then 

it is expected that the interfacial free energy density for water interaction with the 

interstitial hydrocarbon will also change. Thus, the differential form for the isotropic 
tension is given by 

and 

ag A (5.6.12) 

where $ is a variable that characterizes the state of water in the external medium, e.g., 
temperature, pressure, medium composition, etc. The isothermal modulus of com- 
pressibility is defined by 

—
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FIGURE 5.35. Surface pressure increases,At, produced by reduction in area per 

molecule relative to 70 &? for lecithin. The abscissa is the logarithm of the area per 

molecule divided by 70 2, in A — fn 70. The solid curve is data taken from the 

Van Deenan et al. (1962), which also appears in Gaines (1966),** for a lecithin 

monolyer at an air-water interface (the particular lecithin was y-stearoyl-f-oleyl-L- 

@-lecithin, an analog of egg lecithin). The dashed curve is data taken from Yue et 

al. (1975), for a lecithin monolayer at an oil-water interface (the particular lecithin 

was 1,2 dioleoyl-lecithin with two unsaturated chains). The surface pressure at 70 

A? was about 19 dyn/cm for the air-water interface and 33 dyn/cm for the oil-water 

interface. 

~~ 3 

Ky = —A (=) 

BAS y (5.6.13) 

which is also given by 

Ky =A (=) 
GA Ly 

for the case where the state of water in the exterior environment is held constant. An 

example of a change of interfacial free energy density produced by solution changes is 

shown in Figure 5.36 for the increase in surface tension of sucrose-water solutions at 

20°C (taken from CRC Handbook of Chemistry and Physics). A change in interfacial 

tension of about 2.1 dyn/cm occurs for a 40% by weight sucrose solution. 

LeNeveu et al. (1977)§? mixed lecithin with sucrose solutions. For constant lipid 

weight fraction, the water spacing between lecithin bilayers appeared to stay constant, 

but there was a slight increase in bilayer thickness, as show in Figure 5.37 (replotted 

from LeNeveu et al.). The bilayer thickness changed from 38.9 to 40 A as measured 

from the linear fit presented in the paper by LeNeveu et al. This change is equivalent 

to a 2.6% change in area per molecule according to the conservation equation, (5.6.6). 

If we assume (as did the previous authors) that water exchanges freely with the sucrose 

solution and that the sucrose is uniformly distributed in the mixture, there should be
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FIGURE 5.36. Increase in interfacial tension or free energy density, 
Ay, estimated by the increase in surface tension of sucrose solutions 

over pure water at an air interface. Data are for 20°C, taken from 

CRC Handbook of Chemistry and Physics (1972)."' 

  

  

2 (Zy+Z,) (AYOSL ate 

50+ 

° ° ——2 2 Z,(R) 7 OE ne ——s 

35 L lL 1 i j i   
  

5 5 25 35 45 

Weight Percent Sucrose (%) 

FIGURE 5.37, Lamellar repeat spacing, 2: (Z. + Zp), measured by X-ray dif- 

fraction for a fixed volume fraction of lipid (0.72) as a function of sucrose concen- 

tration, The bilayer thickness, 2 - Zz, is obtained from the volume fraction of lipid 

and the repeat spacing. This data is taken directly from the article by LeNeveu et 

al. (1977).™3 

no change in force resultant in the bilayer surface, i.e., zero tension change. Therefore, 

from Equation 5.6.12, the change in interfacial free energy density divided by the frac-
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tional change in surface area gives an estimate of the surface compressibility modulus, 

K,, for a lipid layer, 

ay ~ 
O= —dog—K, d(anA sp a0 — Ky d (en) 

If we use the data for interfacial tension change of a sucrose-water solution, we would 

estimate that the compressibility modulus is 

Ky = 80 dyn/em 

in order to account for the fractional change in surface area. This value agrees with 

the value derived from the lecithin monolayer data, Figure 5.35. A lecithin bilayer is 

represented by twice the single layer modulus of surface compressibility, 2K, ~ 160 

dyn/cm. 

Another example of the effect of the adjacent aqueous environment is the effect of 

temperature change. A model for the change in interfacial free energy density, y, is 

the decrease in interfacial tension at oil-water interfaces with increase in temperature. 

The temperature coefficient depends on the hydrocarbon chain length for paraffin oils 

(Adam, 1968).' The nominal value for the temperature gradient of the interfacial ten- 

sion is ~0.1 dyn/cm°C. In addition, Costello and Gulik-Krzywicki'? have measured 

the bilayer repeat distance with X-ray diffraction as a function of temperature. The 

ratio of lipid to water was fixed for each sample, then the X-ray patterns were observed 

for each sample as a function of both increase and decrease in temperature. The heat- 

ing and cooling phases were essentially the same, we!l within the limits of experimental 

resolution. Thus, their method provides the relative changes in bilayer thickness and 

water gap as a function of temperature. The fractional change in bilayer thickness with 

increase in temperature was determined to be in the range of —2 to 2.7 x 10°3/°C for 

ege lecithin multibilayers and water. Since the volumetric thermal] expansivity is much 

smaller than this value (Liu and Kay, 1977),** the fractional change in bilayer thickness 

is @ good measure of the opposite fractional change in area, i.e., the thermal! area 

expansivity. As we discussed in Section 4.11, the thermal area expansivity that is ob- 

served in an experiment implicitly represents both the heat of expansion of membrane 

amphiphiles and the heat of expansion of the interfaces, e.g., 

Lt dy 
—= ae ee 

I (==) - 7 

A \@T Kp-T Kya (5.6.14) 
  

where K; is the isotherma! modulus of compressibility. Using the data described above 

and monolayer data, we can evaluate Equation 5.6.14. For instance, in a lecithin mon- 

olayer, the surface pressure at 70 AX? per molecule is about 19 dyn/cm for air-water 

interface and about 33 dyn/cm for oil-water. The modulus of compressibility for a 

single layer (half of a bilayer value) is about 80 to 90 dyn/cm for either interface 

type (Figure 5.35). Therefore, the first term in Equation 5.6.14 is between 

0.8 to 1.3 x 10°°/°C, which is considerably less than the measured value from X-ray 

diffraction. The temperature gradient of oil-water or air-water interfacial tension is 

on the order of —0.1 dyn/cm°C. Using this value, we estimate the second term in 

Equation 5.6.14 to be 1.2 to 1.3 x 10°3/°C. Summing the two contributions, we see 

that the predicted thermal area expansivity for lecithin is 2.0 to 2.6 x 10°°/°C, which 

agrees well with the X-ray data. We now synthesize the effects of water removal and 

changes in interfacial free energy density, y, to evaluate the vapor hydration or dehy- 

dration of multibilayer and water mixtures. This will provide a correlation of bilayer



200 Mechanics and Thermodynamics of Biomembranes 

TABLE 5.3 

Vapor Pressure and Gravimetric Data for Egg Lecithin from Elworthy*” 

Relative vapor pressure Water spacing 

x Water/lipid weight ratio 2° Z. (A) 

0.50 0.10 5.0 

0.60 0.113 5.3 

0.70 0.135 6.0 

0.80 0.163 7.1 

0.85 0.20 8.5 

0.90 0.25 10.3 

0.92 0.29 11.8 

0.945 0.34 13.5 

0.96 0.39 15,0 

compressibility in the multilameHar configuration with monolayer compressibility 

data. 

Elworthy (1961)'* used sulfuric acid solutions to establish the vapor pressure of 

water to which a fixed quantity of lecithin was exposed in a separate weighing bottle. 

The lecithin absorbed water and was allowed to reach equilibrium. The weight frac- 

tions of lipid and water were determined simultaneously for these equilibrium mix- 

tures. The work per molar volume of water exchanged with the lecithin and water 

mixture at equilibrium is determined by the chemical potential change of water vapor 

relative to the reference state. The work per molar volume of water exchanged at equi- 

librium is calculated with the following relation plus the relative vapor pressure data 

of Elworthy (1961):"" 

k+Te Na 

P= = On X 
Py 

where k is Boltzmann’s constant, N, is Avogadro’s number, and X is the relative vapor 

pressure of the sulfuric acid solutions. At 25°C, this relation is 

p = —1.38 X 10? + gn X (erg/cm*) 

Table 5.3 contains a list of relative vapor pressures as a function of water: lipid weight 

ratios taken from the article of Elworthy (1961)'* for egg lecithin at 25°C. Also listed 

in Table 5.3 are the corresponding values of water spacing determined from the data 

of LeNeveu et al. (1977).5° The water gap space between bilayers is calculated from 

X-ray diffraction and gravimetric measurements. The open circles in Figure 5.33 are 

Elworthy’s data plotted vs. water spacing from LeNeveu et al. (1977).5* The work per 

molar volume of water exchanged at equilibrium is given by the combination of Equa- 

tions 5.6.9 and 5.6.11] as 

P= An/Z,, (5.6.15) 

Table 5.4 gives the corresponding values for the work per molar volume of water, P, 

taken from Elworthy’s vapor pressure data as a function of the calculated water gap, 

2- Z,,. Thus, the change in surface pressure may be calculated with the values in Table 

5.4and Equation 5.6.15,
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TABLE 5.4 

Surface Pressure Changes Calculated from Work per 
Molar Volume of Water Removed from Lecithin Mul- 

  
  

tilayers 

Work per molar Surface pressure 

Water space volume of water increase 

2 - ZA) Pi(dyn/cm’*) Anidyn/cm) 

5.0 9.5 10" 23.8 
5.3 7.0% 16" 18.7 

6.0 $.0 * 10° 14.9 
7.3 3.0 x 10° 10.9 
8.5 2.3 * 10° 9.7 

10.3 1.5 10° 7.8 

11.8 4.1 10° _. 6.6 

13.5 0.77 x 10" 5.2 

15.0 0.54 x 10° 4.1] 

4 

0.271 

4 

-A(inA) 

0.15 

0.0 : 

5 {0 15 
o 

2Z, 1A) 

FIGURE 5.38. The differential change in logarithm of the area per lecithin mole- 

cule, ~4(fn A), is plotted vs. the water space, 2 - Z, between bilayers. The differ- 

ential change in logarithm of the area per molecule is obtained using the bilayer 

thickness and conservation equation: A{in Z,) = —A{2n A). The values are calcu- 

lated with the data of LeNeveu et al. (1977),5? as presented in Figure 5.32. 

The results are also listed in Table 5.4. For an initial bilayer thickness of 36 A, the 

change in logarithm of the surface area is determined by the bilayer thickness data in 

Figure 5.32 and the conservation equation 5.6.6. Figure 5.38 is a plot of the differentia! 

change in the logarithm of the area per molecule as a function of the water space, 2 - 

Z., between bilayers. Now, the surface pressure increase can be plotted as a function
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FIGURE §.39. The increase in surface pressure vs. the differential change 

in logarithm of area per molecule is presented for the analytica] results (tri- 

angles) determined from the vapor hydration of lecithin (Elworthy, 1961).'4 

These results are values plotted from Table 5.4 and Figure 5.38, The analyt- 

ical results correlate well with the surface pressure data obtained from mon- 

olayer experiments (Figure 5.35), shown here as broken curves. 

of the change in logarithm of the surface area. Figure 5.39 presents the change in 

surface pressure calculated with Equation 5.6.15 and the values calculated for the va- 

por hydration experiments (shown as triangles). Also plotted are the lecithin monolayer 

surface pressure relations from Figure 5.35. The correlation is good and the modulus 

of surface compressibility, K,, for a lecithin layer is the order of 80 dyn/cm, or 160 

dyn/cm for a bilayer, which agrees with the value deduced from the change in bilayer 

thickness produced by sucrose solutions. 

It appears that the surface compressibility modulus calculated from vapor hydration 

experiments on Jecithin-water multibilayer systems correlates well with lecithin mono- 

layer data. By decomposing the free energy of the amphiphilic surface into the contri- 

bution of lipid-lipid interaction plus the contribution of the interfacial interaction of 

water with the exposed hydrocarbon interstices, we have shown that it is also possible 

to use the change in bilayer thickness produced by sucrose solutions to calculate the 

surface compressibility modulus. This method gives a value for a single lecithin layer 

which closely agrees with the monolayer data and the hydration experiments. In addi- 

tion, the fractional change in lecithin bilayer thickness with change in temperature has 
been shown to correlate with the free energy decomposition hypothesis. The surface 

compressibility modulus for a lecithin bilayer will be twice the value for a single layer, 

giving a result of about 160 dyn/cm. Coupled with the thermal area expansivity, 

(1/AX(8A/4T), of 2 to 2.7 x 10°/°C, the reversible heat of expansion at constant 

temperature for a lecithin bilayer can be calculated by 

aa
 
e
e
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~~ K ~- 

a T aA 
t (=) -r- 2. (4) 

aA/+ A 

where § is the entropy per molecuie of lecithin. The heat of expansion of the bilayer 

is calculated to be 100 to 135 erg/cm? or 5.2 to 7.0 kcal/mol of lecithin. The heat of 

expansion is similar in magnitude to the value obtained with thermoelastic experiments 

on the red cell membrane, Section 5.5. 

5.7 Viscoelastic Recovery of and Response to Membrane Extension 

Even though a membrane material resumes its initial shape after external forces are 

removed, the deformation process or cycle may have been irreversible in a thermody- 

namic sense. The application of force and the associated material deformation take 

place over a finite time period which implies that the rate of deformation is always 

nonzero. Thus, some internal dissipation of work by heat generation always occurs; 

this heat is lost to the environment. The loss of mechanical work is apparent as hyster- 

esis for a cyclic process at constant temperature. In a mechanical experiment, it is even 

possible that the material response may be dominated by frictional or dissipative force 

resultants if sufficiently large rates of deformation are involved. The material may still 

be considered as an elastic solid if its original shape can be recovered, but the consti- 

tutive behavior must reflect the time-dependent or viscoelastic nature of the real ma- 

terial. 

In Section 4.12, we developed first-order constitutive relations for viscoelastic be- 

havior of membranes. These equations represent simple superposition of reversible 

(elastic) energy storage and dissipative (viscous) processes. The dissipation and the 

frictional force components that result are determined by the inelastic kinetic processes 

within the membrane molecular structure. The coefficients of viscosity characterize 

the dissipation that is produced in response to continuous rates of deformation, i.e., 

long range compared to the microscopic structure. In other words, spatial averages of 

the kinetic processes are inherent in the continuum properties. By contrast, diffusion 

constants for kinetic motions within the membrane material also represent dissipative 

or irreversible behavior, but on a microscopic scale. Diffusion constants and material 

viscosities can be related (e.g., Stokes-Einstein equation) in some cases for homogene- 

ous, single component fluids. However, for heterogeneous materials such as mem- 

branes, this connection cannot be directly established. Even for a single-component 

bilayer membrane, the diffusion constant is not easily related to the surface viscosity 

(see Evans and Hochmuth, 1978, for discussion).*? Here we will only consider the 

dissipative effects measured by mechanical experiment. Mechanical experiments yield 

coefficients of viscosity which characterize the membrane as a surface continuum. In 

order to obtain a value for a membrane coefficient of viscosity, we must first test the — 
postulated viscoelastic constitutive relation, Equation 4.12.18. As is true with elastic 

constitutive relations, the behavior of a material may be significantly more complicated 

than the first-order equation, (4.12.18), e.g., the viscosity may depend on deformation 

and rate of deformation, or the superposition of elastic and viscous processes may not 

be valid. However, the resolution of micromechanical experiments on cell membranes 

limits the potential for evaluation of more complicated relations. As we will see for 

red blood cell membrane, the first order viscoelastic relation models the observed be- 

havior quite well. 

Measuring small (iess than 10-* dyn) time-dependent forces and displacements (~ 
10 cm) is extremely difficult. This is common when we study the viscoelasticity of 
cell membrane surfaces. One very useful approach is to observe the time-dependent 
recovery of an initially stretched membrane. The problem is greatly simplified because
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the net level of foree resullants in the membrine can be taken as zero, i-e., the elastic 

restoring forces are balanced by the internal frictional (viscous) forces. With Equation 

4.12.18, this is written as 

Zu ~ 
é i + 2ne V Tj, = 0 = T8;; + Gta? i ij ij 

Both the isotropic tension and the shear resultant component are identically zero. The 

result is the time-dependent recovery equations in Section 4.12, 

[ (1 + )] -t ba =_— K oe a t K 

~~ Fe Fe arn =o Mt 

4(1 + A(A? — ty! — = 
+ a) [Xe I srt (5.7.1) 

As an example of membrane viscoclastic recovery, we will consider the extensional 

recovery of red cell membrane. The area dilation recovery has not been observed be- 

cause it is faster than the experimental capability to change the applied forces (e.g., 

suction pressure in a micropipet aspiration experiment), and it is further complicated 

by the extremely small displacements involved. Indeed, we estimated that the rate of 

area recovery for a pure lipid bilayer (Example 1, Section 4.12) to be very fast, ~107° 

sec. On the other hand, recovery of extensional deformations of red cell membrane 

has been studied and provides an interesting illustration of the constitutive relation for 

shear viscoelasticity. Neglecting area changes, we expect the extension ratio at any 

location on the membrane surface to exhibit the following time-dependent behavior 

from the partial integration of Equation 5.7.1, 

  

~ 2 

~ A(e;)+et 

AE.) = | 

A(ei) -2* 

_ MGI 
ACEj) = ao] 

Ao CEG) (5.7.2) 

where the spatial coordinates of a material location are presented by é;, and Ao is the 

local extension ratio at the initial instant in time where the forces are set to zero (i.e., 

the material is released). The dimensionless time, t, is the quotient of the real time 

divided by the material recovery time constant, t., 

t. = Nelle 

and 

t = t/te 

Consequently, each extended element of membrane surface will recover its initial shape 

in accordance with the nonlinear recovery equation (5.7.2). Figure 5.40 shows the time- 

dependent recovery of an element for a specific initial value of extension ratio. The 

time axis is in units of dimensionless time, t. If the membrane recovers in this manner, 

then we can measure the intrinsic material time constant for the recovery process and 

with the previously measured value for membrane elastic shear modulus, we can de- 

duce the value for the coefficient of surface viscosity in shear for the membrane, 

Te = Me te
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FIGURE 5.40. The time dependent recovery of a membrane element for a Specific 

initial value of extension ratio. The time axis is in dimensionless units, f = t/t., 

where the recovery time constant, t., is equal to 4./p. This curve describes the exten- 

sional recovery of membrane material after it is released. 

This coefficient of viscosity represents dissipation in the material as a solid structure. 

Recently, Hochmuth has developed a novel experiment for extensional -recovery 

studies on red cell membrane (Hochmuth et al., 1978).*5 This experiment involves pull- 

ing a flaccid red cell disk at diametrically opposed locations on the rim of the cell. 

The cell is attached to glass on one side and pulled with a micropipet from the opposite 

side. The cell is then released and the recovery is observed with high speed photogra- 

phy. Figure 5.41 is a series of photographs taken of a cell during the recovery phase 

(kindly provided by Professor R. M. Hochmuth, Duke University, Durham, N.C.). 

Figure 5.42 shows the data for cell end-to-end length as a function of time for a single 

cell experiment (taken from Hochmuth et al., 1978).** Two major problems must be 

considered in the analysis of this experiment: the membrane extension (extension ratio, 

) is nonuniform over the cell surface; dissipation also occurs in the interior and exte- 

rior aqueous phases, which may artifactually increase the observed recovery time con- 

stant. In principle, the solution given by Equation 5.7.2 provides for the nonuniform 

membrane extension. However, it is difficult to solve the nonlinear equations of me- 

chanical equilibrium for the curved surface coupled with the elastic constitutive equa- 

tion, which determines the cell geometry and extension ratio distribution. It is possible, 

on the other hand, to investigate the effects of nonuniform extension with a flat surface 

or disk model of the membrane surfaces. A similar approach was used by Evans 

(1973)'5 to model the elastic behavior of fluid shear deformed red cells that are point 

attached to a glass substrate. The approach is to treat the disk as a set of small sections 

(slices or elements) that support uniaxial tension along the direction of extension. By 

conserving area (two-dimensional incompressibility) and balancing the forces on the 

element, we obtain the initial, static equilibrium shape with the hyperelastic constitu- 

tive relation (Figure 5.43 outlines the procedure}. Now, we know the initial extension 

ratio distribution. Next, the recovery of the elements in the deformed disk is simply
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FIGURE 5.41. Comparison of the extensional recovery predicted for a viscoelastic disk model to that of 

a series of photographs taken of an actual red blood cell during recovery. The correlation provides a time 

constant, t,, for the membrane recovery of 0.10 sec in this case. The dashed lines are an overlay of the 

model behavior onto the outline of the cell. 
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FIGURE 5.42. Extensional recovery of a red cell compared to that of a viscoelastic membrane 

strip and disk where the resting lengths of the strip and disk are chosen as the cell length after 

three to four time constants. The viscoelastic constitutive equation, Equation 4.12.17, is a good 

first-order approximation to red cell membrane behavior in the time dependent elastic domain, 

prescribed by Equation 5.7.2. The results are overlaid on the photographs of a red cell 

experiment in Figure 5.41 and are also shown as the line drawings directly below. Since 

the extension ratio is large near the attachment locations, the regions proximal to these 

points will recover faster than the central portion. Therefore, the total end-to-end 

length of the cell is expected to recover faster than the simple uniform extension of a 

membrane element or strip (given in Figure 5.40). The effect of the nonuniform exten- 

sion is not appreciable. Figure 5.42 shows the comparison between the recovery of 

both a uniformly extended strip and a nonuniformly extended disk with the experimen- 

tal results. It appears that the disk recovery models the red cell experiment somewhat 

better. In either case, the viscoelastic constitutive relation, (4.12.17), is a good first 

order approximation to red cell membrane behavior in the time-dependent, elastic do- 

main, 

The dala provided by Hochmuth et al. (1978),** give an average value of 0.1 sec for 

the material time constant, t., at 25°C. Using this value and the membrane elastic shear
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FIGURE 5.43. A diagrammatic outline of the procedure used to model the non- 

uniform extension of a membrane disk. The approach is to treat the disk as a set 

of small sections (slices or elements) that support uniaxial tension along the direction 

of extension. Local areas of elements are conserved during extension and recovery. 

The initial static force distribution is given by the principal tension, T, and the 

elastic constitutive relation as shown. After release (i.e., T, = 0), the local extension 

ratio (A = y./y) is prescribed by the time dependent function, Equation $.6.2, which 

is illustrated in Figure 5.40. 

modulus measured by Waugh (1977),”) p = 6 x 10°? dyn/cm, we determine the coeffi- 

clent of membrane surface shear viscosity to be 

Te = te + w = & X 10% dyn-sec/em 

which is in units of surface poise (dyn-sec/cm). 

Clearly, there is dissipation in the interior hemoglobin solution, as well as-the extra- 

celluiar medium, that acts to impede the whole cell recovery process. It is possible to 

estimate the magnitude of such effects by assuming that the rate of deformation (shear 

rate) is the same in the cytoplasm as in the membrane. This model is a reasonable 

approximation, since the projected celi surface area remains essentially constant, which 

implies that the mean thickness is constant during extension and recovery (due to con- 

stant cell volume). Therefore, the maximum shear in the liquid interior primarily oc- 

curs on planes normal to the disk surface at +45° to the direction of extension and 
with the same rate of deformation as the membrane surface. In this case, the quotient, 

neh 
Ne 
  

is the ratio of dissipation in the cytoplasmic interior to the membrane dissipation, 7 is
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the viscosity of the cytoplasm (poise), and h is the cell thickness from disk surface to 

surface (cm). Using a conservative estimate for the hemoglobin solution viscosity, 10°! 

poise (dyn-sec/em?’}, and a thickness of the order 10°" cm, we can estimate the ratio 

of cytoplasmic dissipation to membrane material dissipation with the value for mem- 

brane viscosity just derived from recovery, 6 < 10°" surface poise, 

ns | 

ee 2x 107? 
Ne 

The extracellular aqueous phase is neglected because its viscosity is nearly an order of. 

magnitude less than the interior hemoglobin solution. The ratio shows that we need 

only to consider membrane dissipation. Hochmuth has obtained direct evidence that 

hemoglobin dissipation can be neglected by observing recovery of red cell ghosts (cells 

which have been lysed to release the hemoglobin and are subsequently resealed). 

Since the lipid component of biological membranes appears to exist in a liquid state, 

we naturally desire to compare the surface viscosity values of red cell membrane to 

those of a single component or pure lipid bilayer membrane. Unfortunately, no direct 

measurements of surface viscosity have been made on lipid bilayer membranes. Lateral 

diffusion measurements in lipid bilayer membranes have been made (Wu et al., 1977}.*° 

With these measurements and a surface mobility relation developed by Saffman 

(1976),’"* it is possible to deduce a value of surface viscosity for lipid bilayers (see 

Evans and Hochmuth for discussion, 1978).?? The value obtained is on the order of 4 

x 10-* surface poise: two orders of magnitude lower than the red cel! membrane surface 

viscosity. This evidence implies that the heterogeneous composite of a biological mem- 

brane has significantly larger dissipative mechanisms than the pure lipid membrane 

system. 
The large dissipation in the solid membrane material limits the rate of response of 

the membrane to applied forces. This effect has important implications for the dy- 

namic response of red cells as they enter small capillaries in the microcirculation. For 

this reason, Chien and co-workers (1978)? have been studying the response of the red 

cell membrane to a sudden change in suction pressure which is applied to the surface 

by a micropipet. The technique is similar to the static method outlined in Section 5.3 

for measurement of surface elasticity. Here, we will outline an approach that can be 

used to analyze the time-dependent response of the membrane projection to the sudden 

pressure increase in the pipet. We will present results from a computer solution based 

on the analysis. Chien et al. (1978)’ present an approximate analysis, using a similar 

approach. 

In order to analyze the time-dependent response to a step change in suction pressure, 

we follow the procedure that was used in Section 5.3 for the micropipet aspiration of 

a flaccid red cell. The cell surface is approximated by a flat sheet, since the membrane 

shear force drops off as 1/r? from the pipet tip. The viscoelastic constitutive relation 

is used with the boundary condition at the pipet tip and the geometric description of 

deformation in the surface to provide a dynamic equation for the time-dependent 

length of the cell projection. We summarize these relations in the following equations: 

first the boundary condition, 

AP : Rp oo dr 

—T = f T; PY T 

Rp (5.7.3) 
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and the time-dependent state of deformation in the membrane surface exterior to the 

pipet, 

R 2 

=1+(2) ( - ) L>R, 
I Rp 

when the projection length exceeds the pipet radius. If we combine the last two rela- 

tions and substitute them into Equation 5.7.3, we obtain the sum of two integral terms. 
The first integral term is the result that we derived for the elastic behavior in micropipet 

aspiration of the flaccid cell. The term is essentially linear in the projection length, L. 

The second term is the integral of the rate of shear deformation over the membrane 

surface, . 

  2ne f at = =2nef Vs gr 
Rp Rp r 

Here, it is convenient to introduce the Eulerian expression for rate of deformation. 

From the incompressibility of the membrane surface, this relation may be written in 

terms of the velocity at the base of the pipet, vo and the instantaneous radius of the 

material point (see Example 2 of Section 2.6), 

  

= dr o % * Rp Ne Yo 
2Ne j Vs —_— = 2Ne f ——— dr = 

r r R Rp Rp P 

(5.7.4) 

For L 2 R,, the velocity of the membrane at the pipet entrance is simply the time rate 

of change of the projection length, 

Therefore, the dynamic relation between projection length and time is given by 

AP ° Rp 2L 2L 4 dL 

p Ry Rp Rp dt 

(5.7.5) 

for a step change in suction pressure and for lengths greater than the pipet radius. The 

time, t = t/t., is in units of the characteristic response time, t. = n/p, Which is also 

the recovery time constant. 

We see that Equation 5.7.5 gives esentially a first order exponential response of the 

length to the application of the suction pressure. This observation is interesting because 

the deformation is nonuniform over the membrane surface, and the differential equa- 

tion for the dynamic response is nonlinear in the extension ratio. The explicit solution 

of the equations for response of the membrane surface to the step change in pipet 

suction requires a definition of the projection height of the membrane cap in the range, 

0<L<R,. Using spherical segments to model this range, we obtain the solution by 

computer techniques. Figure 5.44 is the computer solution for the viscoelastic response 
of the membrane surface to a sudden application of pipet suction pressure. We see 

that the internal dissipation of mechanical energy as heat limits the rate at which the 

membrane material can deform as a Solid structure.
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FIGURE 5.44, The computer solution for the viscoelastic response of a flat membrane 

surface to a sudden application of pipet suction pressure. The internal dissipation of me- 

chanical energy as heal limits the rate at which the membrane material can deform as a 

solid structure. The time is normalized by the material response time, t. = y./p. 

5.8 Relaxation and Viscoplastic Flow of Membrane 
In the previous section, we discussed dissipation that occurs in recoverable defor- 

mation. We assumed that after release, the deformed material returns to its original 

undeformed state. Such behavior is characteristic of an elastic solid and implies that 

no irreversible changes in structure have taken place. On the other hand, if the material 

force resultants are of sufficient magnitude or duration, the material structure can 

permanently deform by structural rearrangement. The relaxation of the force result- 

ants is accomplished by plastic flow of the material. If the force resultant level is main- 

tained by external forces, then the material will continue to flow in a liquid manner, 

In Section 4.12, we discussed two representative constitutive relations for relaxation 

and viscoplastic flow processes. In this section, we will describe observations of relax- 

ation and plastic flow of red cell membranes. We will apply the appropriate constitu- 

tive relation to the analysis of cach experiment, which will provide estimates of the 

characteristic time limit for solid material behavior and the surface viscosity of the 

liquid flow of red cell membrane. 

Relaxation and creep have been observed for red cell membranes (Evans and La- 

Celle, 1975).?*" These experiments were cursory investigations, but they demonstrated 

the semisolid transition that represents the relaxation and reorganization of molecular 

structure (specifically spectrin and its associated protein components). The experiments 

involved the micropipet aspiration of flaccid red cells. The cells were held in the pipet 

(or fixed periods of time and with fixed suction pressures. Then the cells were expelled 

from the pipet, and the height of the residual membrane bump was measured. The 

membrane was permanently deformed with residual bump heights that increased in 

proportion to the length of time the cell was held in the pipet. 

To analyze this process, we again use the procedure that was developed in Section
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5.3 for micrepipet deformation of membrane surfaces of flaccid cells. Here, we employ 

the constitutive relation for relaxation and creep of the membrane surface, Equation 

4.12.29, 

  

aX aT, «oT 
ae erty +e a Bn, (5.8.1) 

where the function, f(T.), is the inverse elastic relation between extension and maxi- 

mum shear resultant. For a first-order hyperelastic membrane, this function is 

f(r.) = — - 
oT ee 

where u = p/T,. Equation 5.8.1 is the Lagrangian representation of the relaxation and 

creep behavior. It specifies the time rate of change of the extension ratio at a specific 

location in the material surface. For the viewpoint of a reference frame fixed in space, 
the Eulerian form of this equation may be expressed by 

_ dT aT T. 
= ar = f(T. y | = + Vv =| + s 

rds s dt 2n. (5.8.2) 

  

  

where s is the curvilinear distance along the membrane meridian as illustrated in Figure 

5.16, v is the velocity along the meridian, and the time derivative is the time rate of 

change as viewed from a Stationary or spatial reference frame. We recognize that Equa- 

tion 5.8.2 is reduced to two different expressions: one for membrane material in the 

pipet, 

aT, dT, ] T, 
= —— + — + — 0 f(T.) E Vo dz 20, (5.8.3) 

where Vo is the uniform velocity of the projection as it moves up the pipet and z is the 

axial coordinate of a membrane location in the pipet. The other expression is for the 

membrane surface exterior to the pipet, 

Vo * Rp _ qT, Vo ° Ry dT, T, 
—_— = f(T.) Re ee fee 

rT dt r dr 2n. 

(5.8.4) 

where the surface incompressibility condition (—v. - R, = v - r) has been introduced. 

Now, we recall] the integral relation for the boundary condition, 

p 7 (5.8.5) 

Along with Equations 5.8.3 and 5.8.4, the integral relation, (5.8.5), specifies the time- 

dependent length of the membrane projection, since v, = dL/dt. These equations are 

functions of the fixed spatial coordinates and time. The equations may be solved iter- 

atively on a computer. For any time, the distribution of the maximum shear resultant 

is known as a function of the spatial coordinates, r and z. Thus, with the inverse elastic 

relation, it is possible to factor out the recoverable deformation when the surface is 

released from the pipet. This leaves the residual or permanent deformation. Figure 

5.45 shows the results that are calculated for the residual membrane profiles as a func- 

tion of the length of time the surface is heid in the pipet. The time is in units of the



212 Mechanics and Thermodynamics of Biomembranes 

5.0   

Initial Height 

Z/R 

    
  

  

FIGURE 5.45. Calculated results for the residual membrane profiles as a function of the 

length of time the surface is held in the pipet. The time periods are in units of the charac- 

teristic time constant, n./y, for the relaxation process. 

characteristic time constant, 4./~, which represents the relaxation process. The same 
results are obtained if we use the Lagrangian expressions for constitutive behavior, 

force distribution, and time-dependent extension of material. We will outline the pro- 

cedure in Example 1 at the end of this section. With the preliminary data of Evans 

and LaCelle (1975),?*" we estimate the characteristic time constant, 4./p, to be on the 

order of 10° sec and the coefficient of viscosity for the creep and relaxation process to 
be on the order of 6 dyn-sec/cm (surface poise}. This viscosity coefficient is five orders 

of magnitude larger than the surface viscosity determined for heat dissipation in the 

solid regime, which indicates that different kinetic processes are involved in each case. 

From the results in Figure 5.45, we see that the time limit for solid material behavior 

{i.e., recoverable deformations) is on the order of 0.025 y./u for maximum extension 

ratios of 3:1. The value is estimated to be about 100 sec for red ceil membrane. If the 

extension ratios are less than 3:1, then the time limit for solid behavior is progressively 

longer than 100 sec. 

Another type of material alteration that is commonly observed with biological mem- 

branes is continuous plastic flow (or failure), The irrecoverable flow of material com- 

mences when the membrane shear resultant exceeds a threshold or yield shear. As a 

specific example, we will consider the plastic flow and growth of a microfilament or 

tether that is pulled from a red blood cell membrane. The tether is produced by fluid 

shear deformation of the cell which is attached to a glass substrate. Figure 5.46 is taken 

from Evans and Hochmuth (1977)?! and shows a scanning electron micrograph of the 

deformed cell and the membrane tether (original micrograph was furnished by Dr. J. 

R. Williamson, Washington University). The experimental observations are summa- 

tized in Figure 5.47 (taken from Hochmuth et al., 1976)."** The evidence is that the 

cell can elastically support the total force of the fluid shear stress for forces up to 107° 

dyn. Two material characteristics are apparent in these observations: (1) there is a yield 

shear, T,, above which the membrane begins to flow immediately in an irrecoverable
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FIGURE 5.46. A scanning electron micrograph of a fluid-shear deformed red blood cell and a membrane 

microfilament or tether. (From Evans, E. A. and Hochmuth, R. M., J. Membr. Biol., 30, 351, 1977. With 

permission.) 

manner; (2) there is a coefficient of surface viscosity, n,, that represents the dissipation 

in the material flow process. The surface viscosity in plastic flow characterizes the 

dissipative processes that are produced when the material behaves in a liquid-like man- 

ner. However, plastic flow differs from ideal liquid behavior in that there is a nonzero 

yield shear. We will outline the methods used by Evans and Hochmuth (1976)? to 

analyze the plastic growth of red cell membrane microfilaments. 

First, a constitutive relation which represents the observed behavior is chosen for 

viscoplastic flow of the membrane surface. The following discontinuous behavior was 

postulated for the membrane shear resultant in Section 4.12: (1) T. < T:: viscoelastic 

and (2) T. > T;: plastic flow with the rate of deformation given by 

np V ij = Fe Tij 

where the function, F, is a yield function that depends on the ratio of the maximum 

shear resultant to the yield shear, T./T,. The simplest form of this relation is the analog 

of a Bingham plastic, 

s a 
Fei-— for T, > T, 

Ts  
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FIGURE 5.47. Experimental observations of continuous, plastic 

flow (or failure) of red cell membranes. The data show that the cells 

elastically suppert the total force of the fluid shear stress for forces 

up to [0°* dyn, Above this level, the membrane yields and plastically 

flows with the microfilament growth rates given in this figure. (From 

Hochmuth, R. M., Evans, E. A., and Colvard, D. F., Microvasc. 

Res., 11, £55, 1976. With permission.) 

The result is Equation 4.12.32, which gives the rate of permanent shear deformation 

in proportion to the excess shear resultant. The proportionality is determined by the 

coefficient of surface viscosity for plastic flow, 

V2 = 
(5.8.6) 

for T, > T,. In Equation 5.8.6, we see the characteristic yield and steady growth that 

is observed for a membrane tether pulled from a red cell membrane. 

Figure 5.48 diagrams the concept of a dissipation region where the plastic yield oc- 

curs and membrane material flows to the tether (taken from Evans and Hochmuth, 

1976).?° The cell body is assumed (as observed) to behave in an elastic manner. The 

total force, F., that acts on the cell surface is given by the extracellular fluid shear 

stress, o,, times the exposed surface area, A., 

F, =o, * Ag (5.8.7) 

Now, we can describe the mechanical equilibrium of the cell membrane that supports 

the force, F.. If we assume that the hydrostatic pressure in the cell is equal to the 

external pressure, this axial force must be balanced by the meridional tension times 

the circumference of any membrane ring in the dissipation region, 

2nt cos@ Tm =F, (5.8.8) 

where the coordinates are shown in Figure 5.48. We assume cylindrical symmetry with 

the principal axes of the force resultants preserved along the curvilinear coordinates. 
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- FIGURE 5.48. Schematic illustration of the microtether and the region of viscous 

dissipation or ‘‘necking’’ region where the plastic flow occurs. The geometry of a 

membrane flow element is shown in the enlarged view. (From Evans, E. A. and 

Hochmuth, R.M., Biophys. J.,16, 13, 1976. With permission.) 

The second equation of mechanical equilibrium may be chosen as the balance of forces 

tangent to the surface to be satisfied with Equation 5.8.8, 

dT dr 

Tt Tm — Ty) ay = 8 (5.8.9) 

Implicit in the force equilibrium equations, (5.8.8) and (5.8.9), is the assumption 

that the membrane surface is thin in comparison to the cross-sectional dimension, r. 

This assumption is not valid in the vicinity of the permanent cylindrical tether. How- 

ever, the nature of the molecular structure is unknown in this region, and we rely on 

the first order approximation to model the flow behavior within the yield and dissipa- 

tion region. The observed feature of a fixed cylindrical radius for the tether is used in 

the model for the plastic flow process. Specifically, the model simply considers the 

yield of a cylindrical membrane surface with radius, rp, at the cell body followed by 

extrusional flow to a minimum radius given by the permanent tether dimension, r,. In 

the region between the cell body and the permanent tether, the membrane surface 

equilibrium is modeled by the equations of mechanical equilibrium Equations 5.8.8 

and 5.8.9. The membrane force resultants are produced by the material dissipation 

and are assumed to behave as the constitutive relation (Equation 5.8.6). 

Equations 5.8.8 and 5.8.9 may be expressed in terms of isotropic and deviatoric 

force resultants as 

F 
= a 

T+T = -— 
2ar cos @
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rt aT t+ pf om + 2T dr = Q 
ds Sod 

We combine these to obtain 

op oe Fo d 1 
S ds 2n ds r cos@ 

or 

T = Fo od 1 

s 4n dr \r cosg (5.8.10) 

Equation 5.8.10 gives the distribution of the deviatoric force resultant at any location 

on the dissipation surface. For the steady flow of material that has exceeded the yield 

shear, Equations 5.8.6 and 5.8.10 prescribe the surface kinematics. Consequently, the 

local rate of shear deformation is given by 

v= T, Fa d ] 1 

s 27 ant, dr r cos @ (5.8.11) 

At this point, we introduce the Eulerian rate of deformation into Equation 5.8.11. 

Since the red cell membrane is essentially an incompressible surface, we may use the 

expression for the rate of shear deformation of a conical surface element, which was 

derived in Example 2 of Section 2.5, 

  

Ys dr 
y= ——_- — 

5 r ds (5.8.12) 

v, is the flow velocity for material along the meridianal coordinate, s. The surface 

incompressibility also gives the continuity relation for conservation of material flow, 

35. = constant 
t 

i.e., the velocity increases with decrease in radius. The final velocity, v;,atr = r,, Is 

used to establish the magnitude of surface flow. With the minimum tether radius, r,, 

we combine Equations 5.8.11, 5.8.12, and the continuity relation to give 

v ~~ 

21, 5; sin @ d Fy ne 
—— me |] ewer Se ef eee OO 

T; mr! ] -? dr | fF cos@ (5.8.13) 

where the geometric relation, dr/ds = sin 8, has been used. The radius, f, is in units 

of tether radii, 

T = /T, 

The total force is also in dimensionless form, 

~ Fy 

a “ 

fare Ts (5.8.14) 

T "i 

This is the ratio of the force on the cell to the critical force threshold below which no 

tether growth will occur (Evans and Hochmuth, 1976).7° From the force balance on 

the ends of the cylindrical dissipation region, the ration, F., may be shown to equal 

the ratio of the radius, ro, for the yield location to the minimum tether radius, r,,
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The rate of tether growth, AL/At, is measured between the attachment point and the 

cell body. Therefore, it is equal to the difference between the initial material velocity, 

v;, ab = fo, and the final velocity, v:, at r = 1,, for the tether. With the continuity 

relation, we determine the tether growth rate from the final velocity and the ratio of 

radii, 

AL Tt 
—a = -— 

At St Ty 

This equation depends on the force ratio, F., 

AL ~ 
— =z Y 1-F “- 
At St G 

(5.8.15) 

Equation 5.8.15 expresses the nature of the yield process: the tether growth rate in- 

creases with force levels greater than the threshold value, F, > 1, as is shown in Figure 

5.47. A dimensionless growth parameter, G,, can be defined by 

  

G. = 8 Mp AL 
t =— - . — 

Fert = At (5.8.16) 

The critical or threshold force, F.°"", is given by 

Ferit = 4nt, T 

and is measured by the intercept in Figure 5.47 at 10°* dyn for the red cell membrane. 

Using the dimensionless tether growth parameter, Equation 5.8.16, and Equation 

5.8.15, we can express the kinematic relation for flow of surface material through the 

dissipation region as the following: 

    

. F 
~~ d ~~ 

-G, sin @ (a -Fry = a + en] 
Tr dr r T cos 6 (5.8.17) 

Given a specific force ratio, F,, there is a unique value for the dimensionless growth 
rate, G,, which will give a solution for the geometry of the dissipation regicn with the 

two conditions on the angles at the ends of the cylinder model, i.e., 

cosg = 1 

forr = r, and for r = ro. Details of the numerical solution of Equation 5.8.17 and 

additional discussion are contained in the article by Evans and Hochmuth (1976)." 

The results for the dimensionless tether growth rate as a function of the force ratio, 

F,, are shown in Figure 5.49, and the geometry of dissipation region is shown in Figure 

5.50 as predicted by the computer solution to Equation 5.8.17. 

The prediction of tether growth rate is given by 

crit 
ar_ fs. ( Fg ) 
At 8" t\ crit Pp FS 

Consequently, knowing the critical force threshold for tether growth, F,‘, and the 

data for growth rate vs. applied force, F,, we can use the predicted relation to calculate 

the coefficient of surface viscosity in plastic flow. Figure 5.47 shows the predicted 
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FIGURE 5.49, Results for the dimensionless tether growth 

rate, G,, as a function of the force ratio, Fu F. = Lis the yield 

condition, (From Evans, E. A. and Hochmuth, R. M., Bio- 

phys. J.,16, 13, 1976. With permission.) 

curves for three values of surface viscosity in comparison to the actual data taken on 

red cell tether growth experiments (Hochmuth et al., 1976).*** The coefficient for sur- 

face viscosity is caiculated to be on the order of 10°? surface poise (dyn-sec/cm). This 

value is 20 times greater than the value deduced for red cell membrane viscosity from 

viscoelastic recovery in the solid domain. . 

In principle, it is possible to calculate the yield shear, T,, that characterizes the plastic 

failure of the membrane material from the value of the critical force threshold, 107° 

dyn, 

a 
crit 

4nr, 

but it is impossible to accurately specify the radius of the structural material layer in 

the tether region. The scanning electron micrographs indicate that the tether diameters 

are less than 10°° cm. For a range of tether diameters from 2 to 8 x 10™* cm, the yield 

shear values range from 8 x 10°? to 2 * 10°? dyn/em. If it is assumed that the membrane 

is perfectly elastic up to the yield level (as given by the elastic constitutive relation 

[Equation 4.4.12}), then it is possible to estimate the maximum elastic extension ratio 

at which yield occurs from
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FIGURE 5.50. The geometry of the dissipation region for plastic flow as predicted by 

the computer solution to Equation 5.8.17. (From Evans, E. A. and Hochmuth, R. M., 

Biophys. J..16, 13, 1976. With permission.) 

eS a a - 
T, T (i? -X 2) 

which gives the range of 

3<i <5 

This is consistent with the observations of Evans and LaCelle (1975)7"* that departure 

from elastic behavior occurred rapidly for extension ratios greater than 3:1. In contrast 

to relaxation of membrane force resultants, the plastic flow process that we have just 

described occurs immediately if the magnitude of the shear resultant exceeds the yield 

shear. However, these mechanisms of permanent deformation are not distinct except 

in the conceptual limits of either subyield shear resultants with long duration or im- 

mediate shear resultants in excess of yield. 

Example | 

In the analysis of relaxation and creep of membrane surface that is aspirated with a 

micropipet, we used Eulerian representations for variables in the constitutive relation 
which are based on fixed spatial coordinates. Here we will outline the equivalent ap- 

proach for Lagrangian variables which are defined local to the material surface. For 

membrane surface in the pipet {i.e., the projection into the pipet), the constitutive 

behavior is simply given by the relaxation equation, 

since the rate of deformation is identically zero. (Note: we are only considering projec- 

tion lengths greater than or equal to one pipet radius, L > R,.) For the membrane 

surface outside the pipet, the constitutive equation (5.8.1) is used, 

acnd oT T, a f(T,) —— + — 
at 21. (5.8.18) 
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The state of deformation in the exterior surface ts defined with reference to the initial 

coordinate, r,, for the undeformed surface, 

~w 

2 ~ r 
Oo 

A? = 
~ 

r2 —~ 2b + 1 (5.8.19) 

where fy and L are the radial coordinate and projection length scaled by the pipet 

radius, i.e., f =ro/R, and L = L/R,. The rate of deformation is obtained by taking 

the time derivative of the extension ratio, 

agnrx aL ,n, =~ 
= — fr? ~ (2L - ] 

at at [to )] (5.8.20) 

  

The last step is to transform the integral relation for the boundary condition into a 

Lagrangian form. This is given by 

AP+R,, a ar
 

dr o 

4 Tots 

oo ~ 

: J ae 

p R o {t) ° (5.8.21) 

a
 

where Raft) is the location in the undeformed state that corresponds to the instanta- 

neous position at the entrance to the pipet, r = R,. Hence, 

R, =—2=2L 
Rp (5.8.22) 

The method of solution is simple. First, a value for the time rate of change of the 

projection length is assumed. Then, the trial distribution of the extension ratio and 

the membrane shear resultant are calculated for a small time increment with Equations 

5.8.18 through 5.8.20. These trial functions are used in Equation 5.8.21 to test the 

results. The process is performed iteratively until the proper choice of 9L/dt is found 

such that the integral relation for the boundary condition is satisfied. As expected, we 

obtain the same results using this Lagrangian approach as we do with the Eulerian 

method. 

EPILOGUE 

In our presentation, we have emphasized the rational methods of physical mechanics 

and empiricism of thermodynamics as they relate to the study of membrane biophysics. 

To facilitate this study, we developed analytical procedures that are designed to sepa- 

rate the intrinsic properties of the membrane as a continuous material from the extrin- 

sic morphology of the cellular envelope or capsule. Through specific applications of 

these methods, wc have attempted to provide a contemporary view of the material 

structure and properties (hat is derived from mechanical experiments. We focused pri- 

marily on red cell membranes and lipid bilayer systems with a brief discussion of the 

sea urchin egg membrane-cortex as an example of a more complex membrane system. 

The study of red cell membranes and lipid bilayer systems is parochial by nature and 

does not adequately represent the diversity of biomembrane materials. However, it 

does provide scientific insight into important aspects which are common to cell mem- 

branes. Membranes, in general, are thin anisotropic composites of amphiphilic mole-
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cules (e.g., lipids and proteins) which often possess peripheral structural components 

and which may interact chemically with the aqueous environment with negligible ex- 
change of amphiphilic components. 

The ultimate goal in science is reductionism; that is, to take complex phenomena 

and establish the simplest set of determinants for these natural occurrences. Thus, our 

goal as biophysicists is to determine the physical character of the protein and lipid 

structure which forms a membrane material. We recognize that physical data are not 

enough. We must utilize evidence provided by the study of molecular chemistry and 

the study of the ultrastructural arrangement of molecular components. No discipline 

in natural science can stand alone. For instance, we investigate the whole membrane 

structure as a continuous material which homogenizes molecular irregularity and char- 

acter; biochemists disrupt the structure to analyze the chemistry of small concentra- 

tions of the molecular constituents; ultrastructuralists observe the detailed arrange- 

ments of molecules with static or frozen microscopic images; and spectroscopists 

analyze the behavior of select probes as influenced by the molecular structure. All of 

these approaches must be synthesized if we hope to gain a unified and informed view 
of natural membrane systems. 

in order to transform this ideal into a reality, the language barriers between scientists 

must be adequately reduced; that is, biophysicists must learn about biochemistry and 

methods of high resolution microscopy. Likewise, biochemists and ultrastructuralists 

must develop a sufficient level of mathematical skill to benefit from the methods of 

physical analysis. We hope that our tutorial presentation will contribute to this process. 

GENERAL SYMBOLS 

Geometry and Deformation 

General matrix 

A Surface area in initial and deformed state 

Surface area per molecule 

Exciuded surface area per molecule 

Flux of surface area 

Initial coordinate along ith axis in a plane tangent to the surface 

Finger’s strain matrix 

Equilibrium curvature in natural state 

Changes in principal curvatures of the surface 

Velocity gradient matrix 

Almansi strain matrix (Eulerian) 

Maximum Eulerian shear strain 

Distance between two monolayers 

Invariant of a matrix 

Invariant of a deviator matrix 

Length 

Surface normal 

Unit vector along jth axis 

Rp Rotation matrix 

R,,R2 Principal radii of curvature of the surface 

R. Cylinder radius 

R, Pipet radius 
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Sphere radius 

Radial coordinate for a point in the deformed and undeformed 

state 

Curvilinear distance along a meridian of an axisymmetric surface 

Metric for the deformed surface 

Metric for the undeformed surface 

Rate of deformation matrix 

Isotropic rate of dilatation matrix 

Deviatoric rate of shear deformation matrix 

Maximum rate of shear deformation 
Velocily 

Radial and meridional velocity 

Coordinate of the deformed state along ith axis in a plane tangent 

to the surface 

Axis of symmetry and axial coordinate 

Fractional change in surface area with respect to deformed and in- 

itial area 

Rotationally invariant deformation parameter that is a quadratic 

function of the extension ratios with respect to deformed and inj- 

tial dimensions 
Average deformation parameter which characterizes extensional 
deformation at constant area 

Green’s strain matrix (Lagrangian) 

Principal or characteristic values of Lagrangian strain matrix 

Isotropic or mean Lagrangian strain 

Deviatoric Lagrangian strain matrix 

Maximum Lagrangian shear strain 

Cartesian spatial coordinates 

Polar angle relative to the axis of symmetry 

Surface extension ratio along ith principal axis 

Surface extension ratio for £th constituent layer along ith axis 

Surface extension ratio at constant area 

Azimuthal angie about the axis of symmetry; shear deformation 

angle between initial and instantaneous material elements; coor- 

dinate rotation angle about the norma! to the surface 

Forces, Moments, Resultants, and Stresses 

F; 
f; 
M; 

M,; 

M,” 

M,° 

P,P’ 

Qr 
T,, 

Force component in ith spatial direction 

Body forces in ith spatial direction 

Moment resultant that acts on the edge of the material element 

parallel to the ith axis and which acts to twist about the jth axis 

through the centroid (i # j) 

Principal moment resultant that acts on the edge of the material 

element normal to the ith axis and which acts to twist about the 

edge of the element 

Principal moment resultants due to bending 

Principal moment resultants induced by change in chemical state 

Hydrostatic pressure on upper and lower surface 

Transverse shear resultant that acts on edge norma] to ith axis 

Transverse shear resultant 

Force resultant matrix
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Deviatoric force resultant matrix 

Principal membrane tensions 

Principal tension tangent to the meridian in curvilinear coordinates 

with cylindrical symmetry 

Principal tension tangent to the latitude circle (circumferential ten- 

sion) 

Isotropic tension 

Initial isotropic tension 

Contribution to isotropic tension by the ith interface 

Maximum shear resultant 

Yield shear 

Tractions that act on a surface, e.g., fluid shear and normal stresses 

Normal stress that acts on a surface 

Thermodynamic Variables 
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Specific heat at constant surface area 

Specific heat at constant isotropic tension 

Specific heat at constant surface pressure 

Energy, energy density 

Helmhoitz free energy, Helmholtz free energy density 

Bending free energy density 

Curvature free energy density 

Free energy density of hydrophobic interaction 

Free energy density due to interactions between membrane amphi- 

philes 

Free energy density of shear deformation 

Free energy density due to interactions between the aqueous media 

and the interfacial groups 

Enthalpic densities 

Heat 

Entropy, entropy density 

Rate of entropy production in an irreversible process; dissipation 

function 

Temperature 

Mechanical work, work density 

Interfacial free energy density (effective interfacial tension) 

Number of system configurations 

Density of molecular configurations for Nth molecule 

Partial molar density of water in interfacial phase (per unit area) 

Chemical potential for water in bulk phase, interfacial phase, 

standard chemical potential in the interfacial phase 

Membrane Material Properties 

B 

r
A
M
 

cl
 

Curvature or bending elastic modulus; coefficient of bending re- 

sistance or rigidity 

Matrix of bending moduli 

Inverse elastic function; yield function 

Isothermal area compressibility modulus 

Coupling coefficients that relate flows to forces in the Onsager the- 

ory of irreversible processes 

Coupling coefficient related to area dilation viscosity, x



224 Mechanics and Thermodynamics of Biomembranes 

NeMestp 

Nac 

x 

Ll 

A®,,,J,, 

Coupling coefficient related to surface shear viscosity, 

Characteristic time constant for extensional recovery or response 

Induced moment coefficient 

Viscous coefficient of surface shear deformation 

Viscous coefficient of shear deformation for solid, semisolid, and 

liquid regimes of material behavior 

Viscocity of hydrocarbon interior of lipid bilayer 

Viscous coefficient for energy dissipation by finite rates of area 

dilation or condensation 

Surface elastic shear modulus of elasticity 

Conjugate force and flow in Onsager equations 

Miscellaneous Variables and Notation 

k 

M. 
N. 
R 

O: 
t 

Sin 
Q 
G 

AQ) 
<> 

() 
a()/at 

d¢)/dt 
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(8/8X)x,,, 

dQ) 
dQ) 
() 
() 
()” 
( 
()' 
Os 
()4 
()* 
()? 
{ yee 

{ yere 

()f 
Ou 
()e 

Boltzmann’s constant 

Molecular weight 

Avogadro’s number 

Gas constant 

Temperature as a subscript, denotes isothermal process 

Time 

Identity matrix 

Surface density (mass/unit area} 

Gaussian variance 

Difference 

Ensemble average 

Time rate of change 

The time rate of change measured at a fixed material location 
The time rate of change measured at a location fixed in space 

Partial differentiation with respect to the independent variable, X;, 
and with the variables, X,,;, held constant 

Variation 

Differential change 

Per unit initial (undeformed) area; per molecule 

Elastic part 

Viscous part 

Plastic part 

For the ith interface 

Symmetric part 

Antisymmetric part 
Rigid rotation . 

Deformation, independent of rigid rotation 

irreversible process 

Reversible process 

£th layer in the composite strata 

Component in meridional direction 

Component in azimuthal direction



APPENDIX 

A.1 Minimum Energy Deformation of Red Cell Membrane 

In Sections 5.2 through 5.4, we presented examples of mechanical experiments which 

demonstrated that the red blood cell membrane can store energy in a conservative 

manner. Subsequently, we showed that this elastic solid behavior is limited by the 

magnitude and duration of applied forces. The significant mechanical feature of the 

red cell membrane is that its resistance to area Change is four to five orders of magni- 

tude greater than its resistance to in-plane extensional (shear) deformation; bending 

rigidity or resistance to curvature change appears to be an even lower magnitude con- 

tribution. Thus, nonspherical membrane shapes are very flaccid and easily deformed 

by surface extension and curvature changes while the membrane area remains constant. 

Elastic deformations of the red cell are related to the forces applied to the cell through 

a convolution of the shear and bending elastic moduli with the cell shape. Therefore, 

the deformation of the red cell provides a direct measure of the forces that act on the 

cell in static equilibrium. The equilibrium shape of the unsupported cell membrane 

contour is established by the first law of thermodynamics for isothermal, reversible 

processes, i.e., the variation in the free energy of the membrane minus the variation 

in work of surface tractions which act on the membrane is zero. Such an approach 

was described in Section 5.4 as used by Zarda et al. (1977)' to study osmotic swelling 

of red cells. Zarda et al., use a finite element technique where the membrane is parti- 

tioned into sequential elements with several nodal positions inside each element. 

Within each element, the tension and moment resultants plus the surface geometry are 

approximated by polynomials of the degree appropriate to the number of nodal posi- 

tions; continuity at element interfaces is assured by adding constraint equations for 

element curvature at the interface. The requirement of surface incompressibility (i.e., 

constant local area) involves additional constraint equations. The result is a system of 

equations of very large dimensionality. In addition, these authors have only considered 

free energy density functions that are local in nature. In other words, the variation of 

the total free energy integral becomes the integral of the local variation of the free 

energy density. We discussed local and nonlocal features of curvature elastic energy 

in Section 4.10. Based on physical structure, for example, the bending elastic energy 

of a phospholipid bilayer is best represented by a nonlocal energy functional because 

its component layers can slip relative to each other. On the other hand, a membrane 

with strongly associated material (like the peripheral protein structure of a red cell 

membrane) will be characterized by local and nonlocal bending energy functionals in 

addition to the shear elastic energy contribution. 

In this section, we will outline another variational method (Evans, 1979)' which 

can be used to determine minimum energy (i.e., equilibrium) contours for deformed 

red cell membrane surfaces. Here, the axisymmetric surface geometry is represented 

by intrinsic or curvilinear coordinates which are defined such that the first and second 

derivatives are continuous over the entire contour. The angular coordinate values at 

only a few points on the contour and derivatives at the ends are the free variables in 

the variational procedure. The first and second variations of the free energy functional 

are derived analytically; therefore, the integrands are continuous functions over the 

entire contour. Nonlocal energy functionals are also considered, specifically nonlocal 

bending or curvature energy densities. The method has been applied to the analysis of 

micropipet aspiration of a flaccid red cell and red cell membrane adhesion to an adja- 

cent surface (Evans, 1979).'°? We will present some of the results and compare them 

to the approximation developed in Section 5.3 for the micropipet experiment.
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A.2 Virtual Work of Surface Tractions and Membrane Equilibrium 
Near equilibrium, the virtual work done on the cell membrane (as the result of a 

small virtual deformation of the shape) is the integral over the surface of the surface 

tractions times the local virtual displacement of the surface 

(A.2,1) 

where o,; are the components of the traction which act on the surface; dé, are the com- 

ponents of the local virtual displacement. In the micropipet aspiration experiment, 

only uniform pressure exists in the fluid phases; thus, the integral can be expressed in 

terms of the external fluid pressure, P., and the pressure in the pipet, P,, 

éW = tof (65,) dA -P,, (65,) dA 

p Oo 

a
 

where the integrals represent the cell segments outside and inside the pipet, respec- 

tively; dz, is the displaccment normal to the surface. (Friction at the pipet wall is as- 

sumed to be negligible.) It is recognized that the integrals are simply the virtual changes 

in the volumes of the cell segments outside and inside the pipet, respectively, 

sW = —P,+8V,-P,* 8Vp 

Since the cellular contents are an incompressible liquid solution, these volume varia- 

tions are equal but of opposite sign; thus, 

éW = AP + 6¥, 

where AP = P, — P,. The variation of the volume in the pipet is given by the variation 

of the projection length, L, in the pipet, 

6, = (nR,*) dL 

with R, as the pipet radius.* Consequently, the variation in work is produced by the 

virtual displacement of a pipet suction force, 

SW = (nR,?) AP+ 6L (A.2.2) 

* This assumes that the projection length, L, is greater than the pipet radius, R,, and that the shape of 

the projection cap is constant (e.g., a hemisphere).
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For an isothermal, equilibrium process, the variation in work is equal to the variation 

in Helmholtz free energy of the system (see Section 4.3). Since the cytoplasm is an 

incompressible liquid, the free energy variation is the membrane free energy variation, 

OF; hence, 

6F = 6W = (nR,?) AP- BL (A.2.3) 

The isothermal free energy is an elastic (conservative) potential function; thus, the 

pipet suction force can be obtained from equilibrium variations in the free energy with 
respect to projection length inside the pipet, 

oF = 2 

(25) (rRp') AP (A.2.4) 

Also, for a fixed projection length, we see that the variation in free energy is stationary, 

(GF), = 8 (A.2.5) 

Equations A.2.4 and A.2.5 provide the analytical recipes for determining the pipet 

suction pressure and equilibrium deformation of the membrane. Equation A.2.5 is the 

statement that the unsupported membrane contour will be a minimum energy shape 

for a specific value of the projection length. 

A.3 Minimum Energy Deformation 

In order to determine the contour that will minimize the membrane free energy, we 

must define a function of several variables, a,, which will describe the axisymmetric 

surface geometry; then, the membrane free energy will be made stationary with respect 

to these variables (for an excellent development of the methods of the calculus of 

variations, see Courant and Hilbert, Methods of Mathematical Physics, Vol. 1, 1966). 

The procedure is to expand the free energy in a Taylor series about a location defined 

by a specific set of independent variables, @,; to second order, the expansion is 

N N N 

oF - 1 oF - - 
= + — ~~.) + —_— -—Q- ~—@: 

FoF, > = (a — 8) 2 Baja; (aj ~ a) @j-ayt... 
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i=l] j=l 

i i? ; (A.3.1) »
 

um
 

where the free energy, F., and its derivatives are evaluated at the location given by the 

set, 4,, of N variables. If the location of a minimum is nearby, then Equation A.2.5 is 

satisfied by the simultaneous solution to the system of equations 

oF oF a? F _ SF eo = oF +> @.-F +... 
da; Ba, da;8a; J ) 

_ J -—— 
a ai. aj (A.3.2) 
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where the location of the minimum is defined by the set of variables, a;. Since the 

variable set, a,, determines the shape of the membrane surface, the partial derivatives 

in Equation A.3.2 represent the first and second variations of the free energy with 

respect to variations of the surface geometry. Often a particular problem involves sub- 

sidiary or constraint conditions (e.g., the cell volume is constant because of incom- 

pressibility). In such cases, the system of equations is enlarged and the set of independ- 

ent variables will include a Lagrange multiplier, g,, for each subsidiary condition, 

G,(a,). Thus, Equation A.3.2 becomes 

a
n
e
 

ee
 
e
n
e
 

G; (aj) = 0 

Ne 

ar, ook 
aa; ek aa; 

a (A.3.3) 

which represents a system of (N + N.) equations in (N + N.) unknowns; N, is the 

number of subsidiary conditions. With the definition of matrix and vector variables, 
we express the system of equations, (A.3.3}, to first order in terms of appropriate 

summations as 

  

  

G, = 0 

N No 

O=F + ) Fg @j— ap + ) Gui Bx 
jel kal (A.3.4) 

where 

F, = 2F | 
aa; 

Wj 

= a6 
ij - > 

0a;da; 

aj, aj 

aG ~ k G..=— 
"ki aa; 

aj 

The task now is to introduce the elastic free energy functional for the red cell mem- 

brane. As discussed in Sections 5.2 and 5.3, experiments have shown that the red cell 

membrane has a great resistance to area dilation and much lower shear and bending 

rigidities. Thus, the red cell membrane can be treated as a two dimensionally incom- 

pressible surface material, i.e., it deforms at constant area. As such, local deforma- 

tions of membrane can be described by a single surface extension ratio, A, and by 

changes in the principal curvatures, C, and C., that characterize the surface. Figure 

A.1 illustrates the deformation of an element of the axisymmetric membrane surface.
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FIGURE A.I. Illustration of the initial (undeformed) and final (deformed) geometries of a specific element 

of the axisymmetric membrane surface. The spatial coordinates are (ro, Zo, $) and (r, z, $) for the initial and 

final states, respectively; the corresponding curvilinear coordinates are (Ss, 8, $) and (s, 8, $). The principal 

radii of curvature for the surface element are labeled (R,°, R2°) and (R,, R.); Ror R,°} is the radius of 

curvature that describes a local arc of the surface meridian; R, (or R.°) describes a local are of the surface 

in the plane which contains the surface normal! and is orthogonal to the meridian contour. 

From Sections 4.8, 4.9, and 4.10, we take the first order elastic free energy functional 
for the membrane as the superposition of shear and curvature elastic effects, 

F= f: (A? +X? — 2)dA, + fz (C, + C, Pda, 
ete 

te 
“Shear” “Bending”
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2 

+ f mC, + C,)dA, + = f (C, + C,)dA, 
ee tg armen cee ease 

“Chemical” “Nonlocal Bending” (A,3.5) 

Where wis the clastic shear modulus; B is the coefficient of local bending rigidily; F is 

a chemically induced moment that can be caused by changes in the surface equilibrium; 

and B is the nonlocal coefficient of bending rigidity. The free energy per unit area (the 

integrand) is defined relative to the undeformed or inilial state (area); for the constant 

area case, the initial and final (deformed) differential areas are equal, i.e., dAp = dA. 

Of these material properties, only the elastic shear modulus has been measured exper- 

imentally; we estimated the bending rigidity in Section 4.10 from theoretical models 

which appear to correlate with meager experimental evidence (Evans and Hochmuth, 

1978).?? Furthermore, no discriminatory data are available for separation of local and 

nonlocal bending effects. We recall that local bending corresponds to a membrane 

material with rigidly connected layers of molecules which cannot slip relative to one 

another whereas nonlocal bending represents associated layers which can stip locally 

{e.g., a phospholipid bilayer where the terminal ends of acyl chains are unconnected). 

The difference between. local and nonlocal bending energies is apparent when we take 

the variation of the free energy, 

6 = (A—-2X7)6A + (B-C, + B-C, + r+ MGC, + 5C,) | GA, If ] (A.3.6) 

where 

=|
 

=B fe + C,)dA, (A.3.7) 

Note, the integrand includes a parameter, M, that is evaluated by the global integration 

of the mean curvature (a type of ‘‘global’’ bending moment), whereas the local bending 

moment, B(C, + C,), is involved in the integration over the contour. The physical 

significance is illustrated by bending a tablet of paper: if the sheets of the paper are 

glued together, the extrinsic bending rigidity of the tablet is very large; on the other 

hand, the tablet is very flexible if the sheets are unconnected. 

The first and second variations are related to the first and second partial derivatives 

through the following summations: 

N 

6éV = oF . ba; 

0a; 

i=l 

N N 
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With the elastic free energy functional, these are expressed as a set of integrals of 

partial derivatives, 

aF _ nx) Aewec+Bectr+m (+ )] aa 2a; u(r — a; ° da; aj "  (A.3.8) 
  

  

2 - 2h OA 8A JF . uf ax) Se +a 4 gxty OA A 
da;02; a;0a; aa; aa; 

- 2 : 
+(B-C,+B-C,+r+m { 20+ 2% 

daj8a; da;3a; 

+B ac, + ac, ac, + ac, - OM. BC, C2 dA, 
a, a aj 9a; da; \ 3a; da; (A.3.9) 

where 

aM =5 Ber 4 22 Vga, 
0a; Ga; 8 (A.3.10) 

In order to evaluate the necessary partial derivatives in Equations A.2.4 and A.3.8 

and to solve the system of Equations A.3.4 for the minimum, we define the axisym- 

metric geometry in curvilinear coordinates (s, 8, $) and (So, 80, $0) for the final (de- 

formed) and initial contours, respectively. The distance along the meridian (contour 

generator) is defined as ‘‘s’’; the coordinate ‘‘@’’ is defined as the angle between the 

outward normal to the surface and the axis of symmetry; the coordinate ‘‘$’’ is the 

azimuthal angle. Figure A.1 illustrates these coordinates for initial and deformed sur- 

face elements. The cylindrical coordinates (r,z) can be expressed as parametric func- 

tions of the coordinate, s. Likewise, for an axisymmetric surface, the angle @ can be 

expressed as a function of position and along the meridian, 

    

  

r = ffs) 

z= f(s) 

é@ = t(s) 

where 

ar = cos é@ 
ds 

dz . 
— = —siné (A.3.11) 
ds
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The principal curvature changes of the surface between the initial and deformed geo- 
metries are given by 

CG = JI i _ sin@ — sin@, 

7 RR, ORS r fy (A.3.12) 

The constant area restriction is explicitly satisfied by the relation 

tly "ds, = r¢ ds (A.3.13) 

where the subscript, 0, refers to the initial, undeformed surface geometry. We recall 

that the membrane extension ratio is defined by the ratio of differential lengths along 
meridians of the deformed and undeformed surfaces 

This specifies the planar deformation of the axisymmetric surface. Because of the con- 

stant area requirement, the membrane extension ratio is equivalently given by the ratio 

of radial coordinates for corresponding surface locations 

A= . (A.3.14) 

The surface deformation and spatial coordinates of the final shape can be expressed 

in terms of the initial surface geometry (presumed to be known); the differential rela- 

tions between the initial and final geometries are given by 

d 
Tos l a To = cos é 

ds A dss \A 

dav 

ds 

ul (A+ cos@, —A* + cos @)/r, 

dz 

ds 
—\: sin é 

D> | = f(so) (A.3.15) 

The curvilinear coordinate, 8, as a function of surface position specifies the shape 

of the axisymmetric contour. Thus, we need a functional form for the angle, 4, in 

terms of independent variables, (a;,s.), which satisfies the necessary continuity condi- 

tions. In order for the membrane force resultants (tensions and transverse shear} to
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be continuous, the angle with its first and second derivatives must be continuous. It is 

possible to define a piecewise continuous polynomial in s, that satisfies these criteria 

(Conte and deBoor, 1972);'" this is a sequence of fifth order polynomials, each defined 

for a specific region (say the p“*) by 

§ 

On(8,) = > ConSo — Sop)” (A.3.16) 
n=} 

where 

— 

  

p =~ p-1 
ds, ds, 

Sop Sop 

2 2 d?6, _ Fy, 

ds,” ds,? 

Sop Sop 

and s,, are the region boundaries for each polynomial of the sequence. The coefficients 

C,, are linear combinations of a set of variables, a,, given by, 

O{s,5) 

do ao 
ds, "dso 

5, =0 So =s 
a = ° ° “max (A.3.17) 

a? @ d*6 
ds, ? 7 ds,? 

Sy = 0 So = Smay 

In terms of the shape variables, a,, the geometric variations involved in the free energy 
minimization are given by a set of nonlinear differential equations 

A 
d (>) = & -€03 0, — 3x?» veosa +x sine 2) iy 

ds, da; da; a: da;
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dso \ 2a; aj aj 

Ore 1, BL Me Ld df 20 
Qa; A? aa; dsp Ady \ a; 

ac, = i ax *sin@ + A “Cos @ . 28 (A.3.18) 

a; Ty 0a; To 0a; 

The second partial derivatives are similar differential equations. Geometric constraints 
and partial derivatives are illustrated by the particular relation for constant volume 

G=V, of econ 

a6 22 . cos 6 —zsin@ 28 dA, (A.3.19) 
0a; 0a; da; 

where V, is the cell volume. The partial derivatives of the coordinate, 6, with respect 
to the independent variables, a,, are simply fixed matrices, which are determined by 

the derivatives of the linear combinations, C,,,, i.e., 

aon 
da; 

  

The computational method for obtaining a minimum energy contour involves an 

algorithm based on the Newton-Raphson technique of successive approximation to the 

variables, a,. The matrices, F,; and G.,, and vectors, F; and G,, are evaluated with an 
initial ‘‘guess’’, 4; then successive ‘‘guesses’’, a;, are obtained from the system of 

Equations A.3.4, until the system convergence criteria are satisfied, e.g., 

N No N 

EF, + GG; or (a; —4) (a; — 3) ~O0 

i=] isl i=] 

Equations A.3.8, A.3.9, A.3.15, and A.3.16 are integrated simultaneously to provide 

the required matrices and vectors used in Equation A.3.4. The system of equations 

usually involves no more than three free angles (with the angles at the ends fixed), a 

Lagrange multiplier (for constant volume), plus the appropriate derivatives at the ends 
as free variables to give a dimensionality of (7 x 7). 

A.4 Micropipet Aspiration of a Flaccid Red Blood Cell 

Micropipet aspiration of a flaccid red cell is shown in Figure 5.18C. The aspirated
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FIGURE A.2. Minimum energy contour for an aspiration length to pipet radius ratio 

of 2 to 1; the contour was required to lie along the pipet front face and inner wail. The 

bending to shear rigidity ratio, B, was 10°. 

cell projection length exhibits a linear dependence on suction pressure like the sample 

data in Figure 5.18A. In Section 5.3, we analyzed the experiment using an approxi- 

mation of the surface as a flat sheet (since the membrane force resultants drop off 

inversely with the square of the distance from the pipet entrance); neglecting bending 

rigidity, this analysis yielded a linear relationship with a first order elastic constitutive 

relation. Correlation of red cell aspiration data with the approximate analysis provided 

a value for the elastic shear modulus of 6.6 x 10°? dyne/cm at 25° (Waugh, 1977). 

Even though observations indicate that bending rigidity is small, no direct evaluation 

of bending effects has been previously undertaken for the aspiration experiment. 

With the minimum energy method described here, the micropipet aspiration experi- 

ment has been modeled for a two order of magnitude range of bending to shear rigidity 

ratio, i.e., B = B/p: Ro? ~ 10~* to 107? (Evans, 1979).'For an elastic shear modulus of 
6.6 x 10°? dyne/cem and an outer radius of the initial cell cross section equal to 3.91 x 

10-* cm, the elastic bending modulus would vary between 10-'? — 10-'! ergs (dyne-cm) 
for the above range. The outer radius, Ro, is the value appropriate to the initial cell 

cross section shown in Figure 5.22A (taken from Evans and Fung, 1972).'® With this 

initial cross section and an intermediate value of 10° for 8, Figure A.2 is a minimum 

energy contour for an aspiration length to pipet radius ratio, L/R,, of 2 to 1 where 

the contour was required to lie along the pipet surface on the front face and inner wall 

as shown, this constraint was accomplished by setting the curvilinear coordinate, @, 

equal to zero along the front face of the pipet and equal to n/2 along the inner wall. 

Since the shape of the projection cap inside the pipet has little influence on the total 

membrane free energy, the cap was defined to be a spherical segment for convenience. 

In order to assess the importance of the corner at the entrance to the inner cylinder of 

the pipet, an alternate pipet entrance condition was investigated for the contour which 

only required that the contour be constrained to the inner wall but was totally unsup- 

ported outside; Figure A.3 is the minimum energy contour. The total membrane free 

energy was different for the two different entrance conditions (illustrated in Figures 

A.2 ad A.3); however, the derivative of the free energy with respect to the aspiration 

length, which is the pipet suction pressure. was essentially the same for both condi- 
tions. Also, for the two orders of magnitude range of bending to shear rigidities inves- 
tigated, the radius of curvature of the membrane at the corner of the pipet mouth was
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FIGURE A.3. Minimum energy contour for the same aspiration length to pipet radius 

ratio as A.2, but the contour was only required to Jie along the inner wall of the pipet 

and was totally unsupported outside. The bending to shear rigidity ratio was the same 

value as that for A.2. 

very small such that the curvilinear coordinate, 8, went to zero within a very short 

distance from the corner. The radius of curvature for the contour meridian at the 

corner varied between 0.01 — 0.03 times the outer radius of the initial cell cross sec- 

tion; this range is equivalent to 0.04 — 0.12 x 10-*em. 

The pipet suction pressure is the derivative of the equilibrium free energy of the 

membrane with respect to aspirated length; in a dimensionless form, this relationship 
is 

  

AP+R, Ry? ar 
a - RD = (A.4.1) 

P aL 

where the free energy has been normalized by wR,’ and the cell projection length by 

R,, 

  

~ _ F Fe — 
URy 

T= + 
Rp 

Equation A.4.1 is a dimensionless form of the approximate membrane tension local 

to the pipet entrance derived in Section 5.3. For a pipet diameter to cell diameter ratio 

of 0.13 to 1 (which corresponds to a pipet diameter of 10-*cm), Figure A.4 shows the 

results of the dimensionless membrane tension vs. the dimensionless cell projection 

length; the effect of bending rigidity is demonstrated by the three curves which corre- 

spond to values of B equal to 107*, 1077, 1072.
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FIGURE A.4. The results of aspiration length to pipet radius ratio vs. the suction 

pressure times pipet radius, normalized by twice the elastic shear modulus. The dimen- 

sionless 1ension, AP - R,/2y, is essentially a linear function of the aspiration length to 

pipet radius ratio. A two order of magnitude range of bending to shear rigidity ratio, 

B = B/y: Rj, is represented by the three curves. For an elastic shear modulus of 6.6 

x 10°? dyne/cm, the elastic bending modulus would range between 10°" to 10°" dyne- 

cm (ergs). The dashed lines are linear extrapolations of the measurable data range. As 

shown in Figure 5.18A, the extrapolated pressure intercept for aspiration of a flaccid 

red cell is negative which demonstrates that the upper bound for the bending modulus 

is 10-'? dyne-cm (ergs). 

Each of these curves begins at the origin; the dashed lines represent the linear extrap- 

olation of the measurable data range. Because of the limitation of optical resolution, 

data cannot be obtained accurately for values of the projection length less than 0.5 x 

10 cm (L= 1). It is apparent, however, that the extrapolated intercept will correspond 

to a positive pressure if the value of B exceeds 10°. As shown in Figure 5.18A, the 

extrapolated pressure intercept is negative which demonstrates that the upper bound 

“for B would be 10~* for the red cell membrane. Again, this value corresponds to a 

bending modulus of 10-'? ergs for a shear modulus of 6.6 x 10° dyne/cm. The slope 

of the dimensionless tension vs. the dimensionless length provides the elastic shear 

modulus since the curves are nearly linear; the slopes of the two curves for B = 10™, 

10-3 are about 10% less than the slope obtained from the approximate solution given 
by Equation 5.3.10. In addition, a twofold increase in pipet diameter (1 x 10~* to 2 x 

10-* cm) has only a very slight effect on the slope (less than a few percent) and shifts 

the curves slightly to the left.
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INDEX 

Accéleration, zero, 50 

Adiabatic case, 31, 74 

Affinity of lipids for water, 191 

Almansi strain tensor, 10 

Amphiphilic layer system studies, 1—-2, 5—6, 69, 

85, 89-91, 97 

Angle, rotation, see Rotation angle 

Annular disc, flat, 60—6! 

Annular ring, 162—164 

Annulus, conical, see Conical annulus 

Area 

change in, see Change of area *- 

constant, see Constant area 

elastic, see Elastic area 

smail, see Small area 

Area compressibility, 190—203 

small, see Small area compressibility 

Area compressibility modulus, 90—91, 110—111, 

119-120, 184-—-185 

elastic, see Elastic area compressibility modulus 

isothermal, see Isothermal area compressibility 

modulus 

phospholipid bilayer, 90—9!1, 119 

red blood cell membrane, 119 

Area expansivity, thermal, see Thermal area 

expansivity 

Area specifie functions, 73 

Aspect Ratio, change of, 26—-27 

Aspriration length, see also Micropipet 

aspiration, 165-166, 235—237 

Axes 

centroidal, 62—65 

coordinate, see Coordinate axes 

instantaneous, 46, 49 

orthoganoi, 8 

principal, see Principal axes 

spatial, 53—54 

symmetry of, 40—41, 44 

Axial force balance, 59, 61—62 

Axially symmetric membrane envelope, 61—62 

Axial symmetry, 65 

Axisymmetric membrane surface 

equilibrium, 52—62 

with moment resultants, 65—67 

geometries of, 225—237 

radial expansion of, 11, 15—17 

surface density flow over, 40—41 

twist of, 11, 17—18 

B 

Balance of forces, see also Equilibrium, 66, 161 

axial, see Axial force balance 

Bending, 3—5, 113—114. 169—180 

red cell membranes, 3—5 

shear rigidity vs., 169-180 

Bending elastic energy, 169—180, 225 

Bending elastic energy density, 106, 108 
Bending energy, 68, 109—110 

local, 230 
nonlocal, 230 

Bending energy density, 115 

Bending free energy, changes in, 104—108, 

110—112 

Bending modulus, 109—1]11, 179—180 

Bending moments, see also Couples, 68—69, 

101—112, 114, 161 

isotropic, 109—110 

Bending resistance, 68—69, 101102, 112 

coefficient, 109—111 

Biconcave disc shape, red blood cells, 4, 169-—-180 

Bilayer 

lecithin, see Lecithin bilayer 

lipid, see Lipid bilayer 

phospholipid, see Phospholipid bilayer 

Bingham material studies, 135, 138—-140, 
213—214 

Biological membrane experiments, 141—142 

Body forces, 63 

Boltmann’s equation, 92 

Boundary conditions, 58—59, 89, 211, 220 

Brownian motion, 154 

Bulk aqueous phase, 87-—89 

Bulk isotropic malterial, 149—150 

Cc 

Cap, see Spheroidal cap 

Carnot cycle, 71 
Cell 

flaccid, see Flaccid cells 

nucleared, see Nucleated cells 

red blood, see Red blood cell membrane 

Cell membrane 

deformation studies, 6—45 

elasticity studies, 141-220 

equilibrium studies, 46-67 

red blood, see Red blood cell membrane 

shape and properties, 4—5 

thermodynamic studies, 67—14] 

thermoelasticity of, 180—190 

ultrastructure, |—3 

Centroidal axis, 62—65 

Chain Rule, 10, 76, 122 

Chains 

network, elastomers, 79, 94—97 

polymer, 129 

Change of area, effects of, 3—4, 10, 41, 77, 

97—98, 113, 115—116, 119—-120 

fractional, see Fractional change of area 

Change of aspect ratio, 26—27 

Characteristic equations, 29 

Chemical equilibrium, change of, 112, 117 

Chemically induced curvature 112—J!7
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Chemically, induced moments, 112—117 

Chemica! potential, water in interface, 87-—88 

Circular disc, 157—-160 

Closed membrane system studics, 68—69, 80, 85, 

90 

Compressibility, see Area compressibility; Smal! 

area compressibility 

Compression 

along coordinate axis, !3—14 

between two flat surfaces, !|43—145, !48—155 

force, vs. distance between plates, 152-—153 

Compression modulus 

isothermal, 119 

lecithin bilayer, 119 
Conceptual! isotherm, internal equation of state, 

86—87 

Condensation, isotropic, see Isotropic dilation 

and condensation 

Cone 

conical! annulus, see Conical annulus 

truncated, 59—60 

Configurational entropy, 94—95 

Conical annulus, 11, 17—18, 39—41 

Conservation of energy, see also First law of 

thermodynamics, 67, 70—71 

Conservative Forees, 67—68 

Constant area, effects of, 37—--39, 44, 97— 101, 

118, 162—164, 232 

Constant surface density, 4! —45 

Constitutive equations and relations, 67—70, 134, 

138—139, 203—-204, 219—220 

elastic, see Elastic constitutive relations 

hyperelastic, 99 

inelastic, see Inelastic constitutive equations 

isothermal, see Isothermal constitutive 

equations 
Contact, area of, membrane and plates, 154—-155 

Continuity conditions and equation, 40—4!, 43, 

45, 232—233 
Continuous plastic flow, 212—214 

Continuum, cell structure, see Two-dimensional 

continuum 

Coordinate axes 

curvilinear, see Curvilinear coordinates 

cylindrical, 52 

deformation, 34, 36, 38 

differential, see Differential! coordinates 

equilibrium studies, 52—-53 

extension and compression along, 13—15 

infinitesimal cartesian, 8—9 

initial, see Initial coordinates 
instantaneous, see Instantaneous coordinates 

isothermal constitutive equation studies, 

79—81, 83—84 

magnitude of deformation, 18—19 
rotation of, 47—48 

spatial, 8—9 

tangent plane, 8—9 

Coupled layers, see also Uncoupled layers, 48, 
101—113 

Couples, see also Bending moments; Force 

couples, 46—48, 50, 62, 68—69 

Creep studies, 70, 135—139, 141, 210-212, 

219—220 

Cross derivatives, 122—-!23, 125 

Curvature 

changes of, see also Bending, 8, !Ol—112 

differentia!, 106 

chemically induced, see Chemically induced 

curvature 

continuous, 46 

elastic, see Elastic curvature ; 

radii of, $2, $7, 68, 101—103, 106, 112 . I 
principal, $2—53, $7 

spontaneous, see Spontaneous curvature 
Curvature clastic modulus, see Elastic curvature 

modulus 

Curvilinear coordinates, 52, 56—57, 65—66 

Cyclic integral, 71-72 

Cyclic process, 7! 

Cylinders, 58—59, 110 

Cylindrical coordinates, 52 

Cytoplasm, viscoelasticity studies, 207-208 

Cytoskeleton (spectrin network), 

D 

Deflection of surface by rigid spherical particle, 

143— 145, 155 

Deformation, 6—45, 67—85, 122—124 

bending, see Bending 

characteristics, 8—18 

chemically induced curvatureand, 1f2—1!17 

elastomers, 92—93, 95, 97 

Eularian strain components, see Eularian strain 

components 

extensional, see Extensional!l deformation 

finite, 78-—-79 

flat surfaces, 43—45 

heat of, 118, 123—124 

incremental, 74—75 

independent variables, 24-30 

intensive, see Intensive deformation 

invariants of strain, see Invariants of strain 

irrecoverable, see Irrecoverable flow and 

deformation of materials 

Lagrangian strain components, see Lagrangian 

Strain components 
minimum area, 225, 227—234 

neutral surfaces, sec Neutral surface 

deformation 

nonuniform, 41—45 

path-independent process, 74 

permanent, 69-—7} 

plastic, 69—-70 

principal axes, see Principal axes 

rate of, see Rate of deformation 

recovery, 134 

red blood cell membrane, 3—6 

residual, 211—212 

reversible, 80 

shear, see Shear deformation 

small area, see Smal! area deformation



square elements, 23—25, 26 

strain and, see Strain 

symbols, 221—222 

thermoelastic, see Thermoelasticity 
time-dependent, 5—6 

uniform, 15 

variables, see Variables, deformation 

viscoelastic, see Viscoelasticity 

viscoplastic, see Viscoplasticity 

work of, 193—195 

Dehydration of lecithin, 191—192 

Density, 50 

entropy, 73, 123,129 

free energy, see Free energy density 

phospholipid bilayer, effect of pressure on, 

90—91 . 

surface, constant, see Constant surface density 

Density flow, surface, 40—41 

Density functions, 73 

probability, 92—94 

Deviators and deviatoric parts, 22—24, 29—30, 

35, 49—50, 77, 84, 135, 143, 215—216 

Dextran solution experiment, 191—192 

Diagonal matrix, principal axis, 21—23 
Differential 

elastic free energy, 112—113 
exact, 122, 131 

Differential coordinates, 9—10, 17—24, 54, 56 

change in, 18—24 
initial state, 17 

instantaneous state, 17 

Differential element, small, 53—55 

Differential equations 

equilibrium, 47, 61—62 

isotropic tension, 196—-197 

partial derivatives, 233—234 

state, thermoelastic studies, 118—123, 182, 

186— 187 

Differential increments, 56—57 

Differential operator, 56 

Differential work, 72—74 

Diffusion constant, 203 

Dilation, 123 

elastic area, see Elastic area, dilation 

isotropic, see Isotropic dilation and 

condensation 

Dimensionless force vs. particle displacement, 

155—156 

Dimensionless tether growth rate, 271—218 

Disc, studies, 165—166, 205—207 

annular, 60—61 

biconcave, 4, 169—180 

circular, 1457—160 

flat, 111—112 

Discocyte, shape of, 4, 170-—172 

Discacyte-echinacyte-stomatocyte shape change, 

117 

Discontinuity in membrane structure, 67—68 

Displacement 

annular ring, 162-164 

cell projection into pipet, 147 

particle, 155—156 

245 

thermodynamics and, 67 

Dissipation, 69—72, 129— 142, 203, 207—208, 

213—217, 219 

Distances 

between plates, 152—153 

end-to-end, 92—-95 

incremental, 17 

layers separated by, 114—-115 

mean square, 92—95 

point-to-point, 8—11 

water gap, between layers, 191—193, 199-202 

Distribution functions 

Gaussian, 93—94 

network, 93 

probability, Gaussian, 93—94 

Drops, studies, 152—153, 155—156 

Dummy indices, 8 

Dynamic euqations, deformation recovery, 134 

E 

Edges, 46—47, 49, 56, 64 

Eigen value equations, 29 
Elastic area, dilation, 142—147 

resistance to, 97—98 

Elastic area compressibility modulus, 148, 
155—157, 190—193 

lecithin bilayer, 91 

phospholipid bilayer, 97 

Elastic coefficients, 69 

red blood cell membrane, 5 
Elastic compressibility modulus, 80, 124 

Elastic constitutive relations, 4 
bending moment studies, 106—107 

elasticity studies, 149—150, 154—155, 

17§§—173 

hyperelastic membrane studies, 99—101 
isothermal, 118 

thermodynamics and, 68—70, 74, 80—81, 

118—-119, 121 

viscosity studies, 129—130 

Elastic curvature 

changes in, 169-180 

constitutive relations, 108—109 

effects, 68—69, 178 

Elastic curvature energy, 169—180 

Elastic curvature modulus, 109-—111, 115 
radii, 116 

Elastic energy, 78, 117 
changes in, 69—70 

shear, see Shear elastic energy 

Elastic energy density, 106, 108 

Elastic extensional deformation, |57—169 

Elastic extension ratio, maximum, 218—219 

Elastic force resultant matrix, 133—134 

Elastic forces, 68 

Elastic free energy 

changes in, 104 

differential, 112—113 

functional, 228—231



246 Mechanics and Thermodynamics of Biomembranes 

Lihastic free enerpy clensity, 74, 44 85,173 

Elasticity 

Gibbs, 80 

hyperelasticity, see Hyperelasticity 

red blocd cell membrane, 3—5 

shear, see Shear clasticity 

studies, 141—220 

theory, linear and nonlinear, 79—80 

thermodynamics of, 68—71 

thermoelasticity, see Thermoelasticity 

viscoelasticity, see Viscoelasticity 

viscoplasticity, seeViscoplasticity 

Elastic modulus 

area, 140 

curvature, see Elastic curvature modulus 

red bload cell membrane, 3—4 

shear, see Elastic share modulus 

Young's, 3 

Elastic potential, see also Helmholtz free energy 

density, 74—77, 81—82 

changes in, 75—77 

Elastic potential energy density, 74, 76—77, 

79—-80, 92 

Elastic potential energy function, 72—73 

Elastic shear modulus 

elasticity studies, IS7—160, 166—168, 

179— 180 

elastomer studies, 91-92, 96—97 

micropipet aspiration studies, 166—168, 

236—237 
thermoelasticity studies, |21—-122, 187— 188 

viscosity studies, I40—I4] 

Elastomers 

end-to-end distance, 92—95 

entropic quality of, 126, 129 

hyperelasticity of, 79, 91—97 

networks, 79, 92—97, 126—129 

shear hyperelasticity of, 91—-97 

structure, 92 

thermoelasticity and, 187 

Elastomer shear modulus, 79, 96-—97, 126, §29, 

167—170 

nucleated cells, 1}67—170 

Elongation, square element, 99 

Encapsulating membranes, 133-—134 

End-to-end distance, elastomers, 92—95 

Energy 

conservation, see Conservation of energy 

elastic, see Elastic energy 

internal, see Internal energy 

minimum deformation, 225, 234—237 

strain and, 74 

thermal, transfer of, 71—72 

Ensemble average, networks, elastomer, 96 

Entropic elastomers, see Elastomers, entropic 

quality of 

Entropy, see also Second law of thermodynamics 

area specific function, 73 

configurational, 94—95 

density, 73, 123, 129 

elastomer studies, 91—97 

thermodynamics of, 67, 72, EHO TRI 

thermoelasticity and, 117—118, L22—123, 125 

viscosity studies, 130-—143 

Equations of state 

internal, sce Interna! equations of state 

mechanochemical, see Mechanochemicalt 

equations of state 

surface, see Surface equations of state 

thermoelastic, 118—129 

Equilibrium 

chemical, changes in, 112, 17 

curvature, 1{2—117 

mechanical, 46, 50 

axysymmetric membrane, 65-67 

axysymmietric surface layer, 52-—62 

differential equations, 47, 61—62 

equations, 50, 143—147, 162 

flat membrane, 62—65 

force-free, 85 

force resulitants, see Force resultants 

plane surface layer, S0—52 

red blood cell membrane, 3 

virtual work of traction and, 226—227 

static, defined, 50 

thermodynamic, 50, 67—75, 81 

Eularian strain components 

deformation studies, 11—13, 16, 21, 25, 28, 

30—31, 33—34, 37— 39, 43 

equalibrium studies, 46 

force resultant studies, 48 

isothermal constitutive equation studies, 78, 81 

maximum Eularian shear strain resultant, 78 

thermodynamics and, 70 

viscosity studies, §31, 139—140, 211, 216, 

219—220 

Exact differential, 126, 131 

Expansion 

heat of, see Heat of expansion; Reversible heat 

of expansion 

tadial, [5—-17 

Expansivity, thermal area, see Thermal area 

expansivitiy 

Extensibility, thermal, 121 

Extension 

area, resistance to, hyperelastic membrane, 

97—99 

circular disc, 157—~160 

coordinate axis, 13—15 

detformation and, 10, 13—I5 

elastic, see Elastic extension 

elastomic studies, 92, 96—97 

heat of, see Heat of extension 

isothermal constitutive equation studies, 

76—78, 81 

square elements, 11—13 

thermcoelasticity studies, 123, 
188—189 

unfaxial, red blocd cell, 157—160 

viscoelastic recovery and response to, 203—210 

Extensional deformation, 74, 77—78, 95-—96, 157 

elastic, 157—169



recovery, 134 

Extensiona! recovery, red blood cell membrane, 

204—-208 

Extension ratios 

bending moment studies, 102—103, 105—107 
deformation and, 16—17, 25---27, 36, 42—45 

scaled, 27, 36 

free changes in, 129 

hyperelastic membrane studies, 98 

isothermal constitutive equation studies, 78—79 

plastic, 138 

viscosity studies, 137—138 

Extensive variables, 70 

External forces, 46—47, 50, 57, 68, 71 

ExtraceHular fluid, Brownian motion in, [54 

Failure, 212—214, 218 

Finger’s strain tensor, 83—84 

Finite deformation, 78—79 

First law of thermodynamics, see also 

Conservation of energy; Second law of 
thermodynamics, 67, 70—73, 75, 118, 123, 

130—131 

Fixed mass, 80 

Flaccid cells, red blood 

bending vs. shear rigidity in, 169—180 

elasticity studies, 157, 159 

extensional deformation of, 157 

micropipet aspiration experiments, 112, 

165—166, 225, 234—-237 

Stretching of, 4 

Flat annular disc, 60-—61 

Flat membrane equilibrium, 62—65 

Flat surfaces, compression between, 143—145, 

148—155 
Flicker, red blood cell membrane, 111 

Flow 

irrecoverable, membrane, 212—214 

liquid, membrane, 70 

plastic, see Plastic flow 

surface, incompressible, 43, 45 

viscoplastic, relaxation and, 210—220 

Flow channel experiment, 157—160 

Fluid mosaic, cell membrane as, 1, 7 

Force caupies, see also Couples, 67—68 

Farce equilibrium equations, 63—64 

Force-free equilibrium, 85 

Force moments, intrinsic, 47 

Force resultant couples, 62 

Force resultant matrix, 50, 133, 135 

elastic, 133— 134 

Force resultants, 4—5 

bending moment studies, 101— 106, 108—109 

chemically induced curvature studies, 115 

equilibrium and, 46—-53, 6I—62 

hyperelastic membrane studies, 98—101 

intensive, see Intensive force resuitants 

intrinsic, 47 

2a7 

isothermal constitutive equation studies, 74, 

T7—78, 80-—85 

isotropic, 98, 114, 215—2I6 

micropipet experiments, 161 

principal, see Principal force resultants 

shear, see Shear force resultants 

temperature, dependent, 118 

thermoelasticity studies, 118, 193—195 

viscosity studies, 132—133 

Forces 

balance, see Balance of forces; Equilibrium 

body, 63 

compression, 152-153 

conservative, 67—68 

deformation and, 6—45 

elastic, 68 

elasticity and, 141—220 

equilibrium and, 46—67 

external, see External forces 

principal, 75 

shear, deformation and, 157—169 

symbols, 222—223 

thermodynamics and, 67—141 

Fractional change of area 
deformation and, 26-28, 36, 74 

hyperelastic membrane studies, 98—99 

isothermal constitutive equation studies, 76, 

79—80 

isotropic tension and, 148 

pressure- and tension-free state, 91 

thermoelasticity studies, 120, 181—183 

Free-body layer, diagram, 47 

Free energy, 124—125, 195 

bending, see Bending free energy 

changes in, 69, 77, 84—85, 113, 115—116, 227 

Free energy density, 69 

bending moment studies, 104—105, 107—108, 

1{—112 

chemicaily-induced curvature studies, 113, 115, 

117 

elastic, 78, 84—85, 173 

elastomer studies, 92, 96 

Helmholtz, see Helmholtz, free energy density 

hyperelastic membrane studies, 97—98 

induced, 116 

interfacial, see Interfacial free energy density 

isothermal constitutive equation studies, 77, 
79—80, 82 

red cell membrane, 225 

thermoelasticity studies, 129 

unitary, of transfer, 88—90 

G 

Gaussian probability density functions, 93-—94 

Geometry 

axisymmetric, 225—237 

symbols, 221-222 

Gibb’s principles, 80, 195 

Green’s strain tensor, 10
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H 

Heat, see also Temperature, 67 

changes in, 117—118 

dissipation, 71 

generation, internal, 69 

loss, reversible, 131 

specific, 125—126, 128-129 

Heat exchange, 67, 70—72, 131-—132 

incremental, 70—72 

reversible, 118, £25—126 

Heat of deformation, 118, 123—124 

Heat of expansion, 124—125, 185—186 

Kelvin's, 125 

natural, 124—125 

reversible, see Reversible heat of expansion 

heat of extension, 96—97, 126, 187~-190 

‘Helmholtz free energy density, sec also Elastic 

potential, 73—75, 79—82, 86, 92, 118, 

171—1i73 

Hemisphere, 111—112, 116 

Hole of radius, 4!—43 

Hydrocarbon 

model, phospholipid bilayers, 90, 140 

water interface with, 127—128, 195—197 

Hydrophobic effect, 89, 181, [90 

Hydrophobic interaction, 69, 89, 127—129 

interfacial free energy density of, 86, 90 

Hyperelastic constitutive relations, 99 

Hyperelasticity, 79, 91—97, 166, 168, 186—£87 

shear, 91—97 

_Hypereiastic membrane materials, 97—101, 122, 

136— £37 

small area compressibility, 97101 

Hysteresis, £31 

identity matrix, 10 

immiscible drops, 552—153 

incompressibility of surface, 36—37, 44 

Incompressible flow of surface, 43, 45 

Incremental deformation, 74—75 

Incremental distances along meridian, £7 

Incremental heat exchange, 70—72 

incremental work, 70—7I 

increments, differential, 56-—57 

Independent deformation variables, 24—30 

Independent time derivatives of strain, see also 

Time-dependent deformation, 82 

induced free energy density, 116 

Induced moment coefficient, 114—117 

induced moments, 117 

Inelastic constitutive equations, 69 

Enfinite flat surface, 44 —42 

infinitesimal cartesian coordinates, 8—9 

infinitesimal displacement field, 31—33 

infinitisimal increments, first law of 

thermodynamics, 70 

Infinilesimal scale, 47 

Infinitesimal shear components, 13 

Infinitesimal theory, 78—79 

initial coordinates, 9-10, 17, 30—31, 101 

Enitial matrix, 9—10 

initial state or area, 8—9, £1, 70—71, 74, 77—78, 

80—84, 95 
Instanlaneous axes, 46, 49 

Instantaneous coordinates, 9—10, 17, 306—31, 33, 

36—39, 43, 48, 79—-81, 83—84 

Instantaneous matrix, 9—10 

Instantaneous mechanical power density, 81—82 

Instantaneous state or area, 9, 11,42, 71, 74, 77, 
79—84, 95 

Integral relations and equations, 61, 211, 220 

integrand, 230 

Intensive deformation, 6—8, 68—69, 75—76 

Intensive force resultants, see also Principal 

membrane tensions, 57, 75—77, 81 

Intensive variables, 70 

Interactions 

hydrophobic, sce Hydrophobic interactions 

interface, 85—91, 1£9—-121, [25—129, 

195—-197 

Enterface 

chemically induced curvature, 112 

closed, 80 

hydrocarbon and water, interaction, 127—£28, 

195—197 

interactions at, see interactions, interface 

liquid, 80 

surface tension, 80, 85—86 

Interfacial free energy density, 87—90, 112, 

184—185, 195—199 

Intermediate state, 70—7I 

Internal dissipation, 129—14] 

Internal energy, 67, 70, 117—EE8, 122—i24, 126, 

180—181 

area specific function, 73 

density function, 73 

Internal equations of state 

conceptual isotherm of, 86—87 

mechanochemical equation of state and, 90 

thermoelastic, 111, 128, 126—129 

Internat heat generation, 69 

Intrinsic force moments, 47 

Intrinsic force resultants, 47 

Invariants of strain, 19, 24—30, 34—37, 83—84 

irrecoverable flow and deformation of material, 

see also Permanent deformation, 6, £30, 

212—214 

frrecoverable heat loss, 130--131 

irreversible processes, 67, 68—70, £30—!43 

isotherm, conceptual, 86--87 

Isothermal area compressibility modules, 80-——8I, 

127, 181—183 

Isothermal constitutive relations and equations, 

74—85, 118 

tsothermal medulus of compression, 119 

Isothermal process and response, 71, £19 

Isothermal work, 74—75, 77-—78, 81-82



{sotropic bending moments, 109—110 

{isotropic dilation and condensation, 74, 79—80 

Isotropic equations, 119, 124 

[sotropic force resultants, 98, 114, 215—216 

Isotropic matrix, 22—-23 

Isotropic moments, 114 

Isotropic tension 

elastic area dilation produced by, 142—157 

force resultant studies, 49 

fractional change of area and, 148 

hyperelastic membrane studies, 9899, 101 

isothermal constitutive equation studies, 77, 

79—80, 84 

pressure- and tension-free state, 86, 90 
thermoelastic studies, 118-—120, 126, 181—-184, 

191, 195—197 

viscosity studies, 134 

lsotropic tension resultants, 79-—80, 133 

Isotropic thermoelastic coefficients, 119—120 

isotrophy 

local, 28 

surface, defined,2 

K 

Kelvin's principles, 125, 133—134 

Kronecker delta, 10 

L 

Lagrangian strain components 

deformation studies, 11—13, 16, 20, 25—-26, 

29—30, 34, 37, 41—43 

isothermal constitutive equation studies, 

77—78, 81—84 

shear strain, 77—78 

stfain matrix, 81—84 

thermodynamics and, 70 

viscosity studies, 135--136, 139, 212, Z19-—220 

Langmuir trough technique, 127 

Layers 

amphiphilic, see Amphiphilic layer system 

studies 

coupled, 48, 101—113 

distance between, 114—115 

free-body, diagram, 47 

lecithin, see Lecithin bilayers 

lipid, see Lipid bilayers 

molecular, coupled, 48, 101—113 

phospholipid, see Phospholipid bilayers 

single, 74 

surface, see Surface layer 

trilamellar, !fT1—11I2, 116-——117 

uncoupled, 115—116 

Lecithin bilayers 

bending moments, 110 

compression modulus, 119 

dehydration of, I9E—192 

249 

elastic area compressibility modulus, 91 

thermoelasticity studies, 119, 128, 184—185, 

191—192, 196-203 

Linear elastic theory, 78—79 

lipid bilayers 

bending moments, 110—111 

chemically induced curvature studies, 116—-117 

elasticity studies, 157, 159 

hyperelastic membrane studies, 99 

surface viscesity studies, 208 

thermoelasticity studies, 128, 181—203 

time-derivative behavior, 140—141 

Lipid hydration, work of, 194 

Lipid phases, multilamellar, area compressibility 

of, 190-—-203 
Lipid weight fraction, 191—192 
Liquid drops, 152153, 155—156 

Liquid state, effect of, 60, 70, 79-80, 134—135, 
138—139 

Local bending energy, 230 

Local isotropy, defined, 28 

Local spatial axes, 53—54 

M 

Magnetic particle experiment, 6 

Marker particles, small, Brownian motion of, 154 

Material edges, 46—47, 49, 56, 64 

Material points, 30—31, 40 

Material properties, membrane, see also specific 

properties by name, 67—72, 84—85 

symbols, 223—224 

Material strain, 10 

Maximum elastic extension ratio, 218—219 

Maximum shear force resultants, 61 

Maximum shear resultants, 77—80, 84, 134 

Eularian, 78 

Maxwell equation, 135—1!37 
Mean deformation, bending moment, 102 

Mean square distance, 92—95 

Mechanical equilibrium, see Equilibrium, 

mechanical 

Mechanical power, 131—132 

Mechanical power density, 81 —82, 131 

Mechanical power functional, 171 

Mechanochemical equations of state, 69, 80—81, 

90, 198—119, 121—122, 126—129 

internal equations of state and, 90 

isothermal constitutive equations and, 

80-—8! 
Membranes 

axisymmetric. see Azisymmetric membrane 

surface 

biological experiments with, 141—142 

cell, see Cell membrane 

encapsulating, 133—134 

flat, equilibrium, 62—65 

hyperelastic. see Hyperelastic membrane 

materials 

layers, see Layers
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liquid, see Liquid state 

semisolid, see Semisolid state 

solid, see Solid state 

systems, see Closed membrane system; Open 

membrane system 

thin, see Thin membranes 

Meridional tensions, 52—62 

Metric, B—11 

initial and instantaneous, 9—10 

Micropipet aspiration studies, red blood cell 

membrane, 110, 141, 143—148, 157— 1460, 

167~—-170, 176, 183—184, 187—188, 

208—220, 226—227 

membrane region local to pipet, 162, 211 

suction force and pressure, see Suction force 

and pressure 

sudden increase of pressure in pipet, 208—210 

Microtether, 215 

Minimum energy, deformation, red cell 

membrane, 225, 227—234 

Molecular fractions, 69 

Molecular layers 

coupled, 48, 101—113 

uncoupled, 115—116 

Moment resultants 

axisymmetric membrane equilibrium, 65—67 

bending, 106, 108 

chemically-induced curvature studies, 114—115 

equilibrium studies, 46, 50—67 

flat membrane equilibrium, 62—65 

force resultants and, 48 

principal, 62—67, 106 

Moments 

bending, see Bending moments 

chemically-induced, 112—117 

energy produced by, 67—68 

force, intrinsic, 47 

induced, and coefficient, 114—117 

isotropic, 114 

symbols, 222—223 

Mosaic nature, membrane surface, |, 7 

Motion, equations of, Newton’s, 50 

Multilamelar lipid phases 

area compressibility of, 190203 

thermoelasticity of, |[90—203 

N 

Necking region, 215 

Network distribution function, 93 

Networks 

chemically-induced curvature studies, 116—117 

elastomes, 79, 92-+97, 126—129 

chains in, 79, 94—97 

end-to-end distance effects, 92—95 

thermoelastic studies, 176—179 

spectrin, 1—-2, 97 

Neutral surface deformation, 102—109, 113—114 

Newton-Raphson technique, 234 

Newton’s equations of motion, 50 

Nonlinear elastic theory, 78—79 

Nonlocal bending energy, 230 

Nonmammalian red cells, micropipet studies, 

167—170 
Nonuniform deformation, see also Uniform 

deformation, 41—45 

Nonzero strain, 12—13 

Notation symbols, 224 

Nucleated cells, mickopipet studies, 167—170 

0 

Onsager equation, 132 

Open membrane system studies, 85 

Orthoganal axes, 8 

Osmotic stress, 87 

Osmotic swelling, 6 

flaccid cells, 169—180 

preswollen red blood cells, 142—143, 146 

Outline, thermodynamic, 70—72 

P 

Parabaloid énvelope, infinite, 43—45 

Partial! derivatives, 10, 83, 119—121, 123, 126, 

193— 194, 230—231, 234 

Particle, marker, small Brownian motion of, 154 

Particle displacement, dimensionless force vs., 

155—156 

Path-independent deformation process, 74 

Perfect plastic material, see Bingham material 

Peripheral protein, see Spectrin 

Permanent deformation, see also Irrecoverable 

flow and deformation of material, 69—71 

Phases, lipid see Multilamellar lipid phases 

Phospholipid bilayers 

area compressibility modulus, 99—91, 119 

chemicaly induced curvature studies, 117 

elastic area compressibility modulus, 97 

equation of state for, 90—$1 

hydrocarbon model, 90 

thermoelasticity studies, 183, 185—186 

Phospholipid vesicle, see Vesicle 

Pipet suction force and pressure, see Suction 

force and pressure 

Planar bilayer films, 89—90 

Plane surface layer equilibrium, 50—52 

Plastic deformation, 69—70 

Plastic extension ratio, 138 

Plastic flow, 130, 141, 210—220 

relaxation and, 210—220 

Plastic material, perfect, see Bingham material 

Plastic state, see Liquid state 

Plates, 152—154 

Point-to-point distance, 8—11 

Polar head groups, 89—90 

Pressure 

pipet



suction, see Suctions force and presure 

sudden increase in, 208210 

surface, see Surface pressure 

vapor, see Vapor pressure 

Primid system, strain matrix in, 20 

Principal axes systm 

deformation studies, 10, 18—25, 28—30, 

34—36, 39 
equilibrium studies, 50—52, 64 

force resultant studies, 48—49 

hyperelastic membrane studies, 98—-100 

isothermal constitutive equations, 74—85 

vaiues and invariants, symmetrical matrix, 

28—30 

Principal components, 100 

Principal curvature changes, 232 

Principal extension ratios 

bending moment studies, 102—103 

deformation studies, 16—17, 25—27, 26—37, 

39, 44 

differential changes, 75—-76 

elasticity studies, 159, 163-164 

isothermal constitutive equation studies, 

15—76, 82 

micropipet experiments, 163—164 

Principal force resultants, 65, 103—107, 

161—162, 173 

Principal forces, 75 

Principal moment resultants, 62—67, 106 

Principal radii of curvature, 52-53, 57 

Principal Rate of deformation, 39 

Principal tensions, see also Intensive force 

resultants, 48, 60—61, 75—77, 84—85, 

98-99 

Probability density factor, 92—94 

Probability density functions, Gaussian, 93—94 

Process, defined, 70-—71 

Product summation rate, 8 

Projection lengths, viscoplastic flow, 208—212, 

219—220 

Properties 

cell membrane, chemical effects on, 4—5 

material, see Material properties 

Protein, peripheral, see Spectrin 

R 

Radial expansion, axially symmetric surface, 

15—17 

Radial tension, 60—61 

Radial velocity, 39, 43 

Radius 

curvature, s¢e Curvature, radii; Elastic 

curvature modulus, rodii 

hole of, 41—43 

tether, 216-217 

Rate of deformation, 6—8, 30—45, 68—69, 

81—82, 132, 135-136, 220 

intensive, 6—8 

matrix, 135 
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nonuniform, 41—45 

principal, 39 

shear, 35—37, 41, 43, 45 

total, 135 

Recovery 

deformation, dynamic equation for, 134 

viscoelastic, 203—210 

Red bload cell membrane 

area compressibility modulus, 119 
bending 3-—5 
biconcave disc shape, 4 

coupling, 111 

curvature, changes in, 111—112 

deformation of, 3—6, 225 

discocyte, shape of, 4 

elastic properties, I—~5, 155—157, 166—169 

equilibrium, 3 

flaccid, see Flaccid cells, red blood 

flicker, 111 

hyperelasticity of, 92, 97-—98 

mechanics of ,2—3 

micropipet experiment, see Micropipet 

aspiration studies, red blood ceil 

membrane 

minimum energy deformation of, 225, 

227—234 

nonmammalian, 167—1i70 

shape, see Shape, membrane, red bload cell 

shear deformation, 211—212 

shear modulus, 97 

sphering of, 174—178 

surface shear viscosity, 5 

structure, i—4 
thermoelasticity, 5, 181—190 
time derivative behavior, 140—141 

uniaxial extension, 157—-160 

viscoelasticity, 5—6, 203—210 

viscoplasticity, 210—220 

Relative velocity, deformation, 31—33, 38—40 

Relaxation studies, 70, 129—i141, 210—220 

equations, 219 

Residual deformation, 211—212 

Responses, viscoelastic, 203—-210 

Resultants 

force, see Force resultants 

moment, see Moment resultants 

symbols, 222—223 

Reversibility, process 
eformation, 50, 67—72, 84 

thermodynamic activities, 67, 72, 74, 180—i81 

thermoelastic activities, 117—118, 123—1i24 

Reversible heat exchange, 118, 125—126 

Reversible heat of expansion, see also 

Thermoelasticity, 181182, 202—203 

Rheology, blood, 5—-6 

Rigidity, see also Stiffness, 112 
shear, see Shear rigidity 

Rigid rotation, 32—33 

Rigid spherical particle, deflection by, 143—145, 

155 

Rolation angle, 19—24, 48—49
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Time-dependent length of membrane projection, 

211—212 

’ Time-dependent recovery equation, 204—205 

Time-dependent response of membrane 

projection, 208—210 

Titne-derivative, material behavior, 135—137, 

139—141 

Time-independent derivative of strain, 82 

Time rate of change, 30—31, 33—34, 36, 69, 

81—-82 

Tractions, 50—52, 54, 56—58, 63, 65 

virtual work , 226—227 

Transverse shear resultants, 46-—47, 65—66 

Trapezoidal shape, 54—56, 65 

Trilamellar lyaer, 111—112, 116—-117 

Trumcated cone, 59-—60 

Twist of axisymminetric surface, 17—18 

Two-dimensional continuity equation, 37 

Two-dimensional continuum cell at ructurc, 2—3, 

9,67—68 

Two-dimensional symmetric matrices, 28—30 

U 

Ultrastructure, cell membrane, |—3 

Uncoupled layers, see also Coupled layers, 

1I5—I16 

Uniaxial extension, red cell, 157—160 

Uniaxial tension, 99, 157 

Uniform deformation, see also Nonuniform 

deformation, 15 

Unitary free energy density of transfer 

hydrocarbon to aqueous solution, 90 

water to interface, 88—89 

Unit vectors, principal axis, 29 

Unprimed system, strain matrix in, 20 

Unstressed shape of cell, 170—172, 174—-180 

Vv 

Vander Waal"s equations, 90—91, 181—183 

Vapor pressure, 191, 200-—201 

Variables 

deformation 

independent, 24—30 

isothermal constitutive equation studies, 74 

extensive, 70 

intensive, 70 

symbols, 223 

Vector projection along principal axis, 29 
Velocity 

deformation, 31—34, 37—41, 43, 45 

radial, 39, 43 

relative, 31-33, 38—40 

spatial distribution of, 32 

Viscosity studies, 139—146, 211, 216—217 

Vesicles, studies of, 143, 1S2—153, 155—156, 

159, 167, 181, 183, 190 

Virtual work, tractions, 226—227 

Viscoelastic deformation, 70 

Viscoclasticity 

cell membrane, 5—6 

red blood cell membrane, 5—6 

thermodynamics, of, 129—141 

Viscoelastic recovery, 203—210 

Viscoelastic response, 203—210 

Viscoplasticity 

cell membrane, 5-6 

relaxation studies, 210—220 

thermodynamics of , 70, 129—14] 

Viscosity, 129—14] 

surface, 133 

coefficient, 130—143, 213, 217—218 

surface shear, red blood cell membrane, 5 

Volume conservation equations, 194 

WwW 

Wall friction, micropipet, 161 

Water 

area compressibility of, 190-—203 

chemical equilibrium with bulk aqueous phase, 

87—89 

chemical potential for in interface, 87—88 

gap distance between bilayers, 191—193, 

199—-202 

hydrocarbon interfaces with, 127-128, 

195---197 

lipid affinity for, 191 

thermoelasticity of, 190—203 

work, see Work, water exchange 

Work 

changes in, 105 

deformation, 193—195 

differential, 72—-74 

elastomer studies, 92, 96 

incremental, 70—71 

irrecoverable, 131 

irrecoverable heat-loss and, 130—131 

isothermal, 74—75, 77-78, 81—-82 

lipid hydration, 194 

mechanical, 117—118, 123 

pressure- and tension-free state, 86 

virtual, tractions, 226—227 

water exchange, 191—195, 200—202 

x 

X-ray diffraction measurements, 191—-192 

Y 

Yield shear, 141, 212—213, 218—219 

Young’s elastic modulus, 3 

Z 

Zero acceleration, 50


